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PREFACE. 



The present volume contains the solutions of the problems and 
riders set in the Mathematical Tripos Examination for 1878; in 
several cases where it was thought that useful information could 
be given, additional remarks on the subject of a question have 
been added. For example, pp. 162 — 169 may be regarded as a 
brief general statement of the method of least squares. Although 
the Moderators and Examiners are collectively responsible for the 
questions set in the examination, the solutions here given are due 
to the proposers of the questions individually and have not been 
submitted to the other examiners; so that each author is alone 
responsible for the solutions to which his name is attached. I 
may also state that although my name appears on the title-page 
as editor, my duties have been confined to the arrangement of the 
solutions and their passage through the press, &c.: I have not in 
any way altered the solutions as written or attempted to secure 
uniformity even in matters of notation. 

It may be convenient to state that the examination occupies 
nine days, the first four days being separated from the last five days 
by an interval of ten days. The examination began on Monday, 
December 31, 1877, and ended on Friday, January 18, 1878. The 
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subjects of examination on the first three days (Monday, December 
31, 1877, to Wednesday, January 2, 1878) were the following : — 

Euclid. Books I. to VI. Book XI. Props, i. to. xxi. Book XII. 
Props. I., II. 

Arithmetic; and the elementary parts of Algebra; namely, the rules 
for the fundamental operations upon algebraical symbols with their 
proofs, the solution of simple and quadratic equations, ratio and propor- 
tion, arithmetical, geometrical and harmonical progression, permutations 
and combinations, the binomial theorem and logarithms. 

The elementary parts of Plane Trigonometry, so far as to include the 
solution and properties of triangles. 

The elementary parts of Conic Sections, treated geometrically, but 
not excluding the method of orthogonal projections ; curvature. 

The elementary parts of Statics; namely, the equilibrium of forces 
acting in one plane and of parallel forces, the centre of gravity, the 
mechanical powers, friction. 

The elementary parts of Dynamics; namely, uniform, uniformly 
accelerated, and uniform circular motion, falling bodies and projectiles 
in vacuo, cycloidal oscillations, collisions, work. 

The first^ second, and third sections of Newton's Principia; the pro- 
positions to be proved by Newton's methods. 

The elementary parts of Hydrostatics; namely, the pressure of 
fluids, specific gravities, floating bodies, density of gases as depending 
on pressure and temperature, the construction and use of the more 
simple instruments and machines. 

The elementary parts of Optics; namely, the reflexion and refraction 
of light at plane and spherical surfaces, not including aberrations ; the 
eye; construction and use of the more simple instruments. 

The elementary parts of Astronomy; so f^r as they are necessary for 
the explanation of the more simple phenomena, [without the use of 
spherical trigonometry; astronomical instruments. 

The subjects of examination on the fourth day (Thursday, 
January 8, 1878) and on the last five days (Monday, January 14, 
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1878 to Friday^ JanuAiy 18, 1878) are contained in the following 

schedule of the divisions of the subjects. 



First Diviricn. 



Algebra. 

Trigonometiy; Plane and Spheri* 

cal. 
Theory of Equations. 
Analytical Geometry; Plane and 

SoHd. 
Finite Differences. 
Differential and Integral Caloulus. 



Differential Equations. 

Btatica 

Hydrostatics. 

Dynamics of a Particle. 

Dynamics of Rigid Bodies. 

Optica 

Spherical Astronomy. 



Second Division. 



Higher parts of Algebra and of the 
Theory of Equations. 

Higher parts of Finite Differences. 

Elliptic Functions. 

Higher parts of Analytioal Geome- 
try. 



Higher parts of Differential Equa- 
tions. 

Calculus of Yariationa 

Theory of Chances, including com- 
bination of obsenrationa 



Third Division. 



Newton's Principia, Book I., Sec- 
tions IX. and XI. 
Lunar and Planetary Theoiiea 
Higher Parts of Dynamics. 



Laplace's Coefficienta 
Attractions. 
Figure of the Earth. 
Precession and Nutation. 



Hydrodynamics. 
Theory of Sound. 
Physical Optics. 
Waves and Tides. 



Fowrth Division. 



Vibrations of Strings and Bars. 
Theory of Elastic Solids treated as 
continuous. 



Fifth Division. 

Expression of arbitrary functions Heat, 
by series or integrals inyolving Electricity, 
sines or cosines. Magnetism. 



VI 
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The Examination was conducted according to the following 
schedule. 



DAYS. 


BOUBS. 


SUBJEOTff. 


BXAMINEBS. 


Monday, 
Deo. 31. 


9 to 12. 
IJto 4. 


Eudid and Conies. 

Arith. Alg. and Plane Trig. 


Jun. Mod. and Hen. Exam. 
Sen. Mod. and Jun. Exam. 


Tuesday, 
Jan. 1. 


9 to 12. 
lito 4. 


Statics and Dynamics. 
Hydrostatics and Optics. 


Sen. Mod. and Jun. Exam. 
Jun. Mod. and Sen. Exam. 


Wednes. 
Jan. 2. 


Q to 12. 
lito 4. 


Easy Problems in aU the 

three days' Subjects. 
Newton and Astronomy. 


Sen. and Jun. Moderators. 
Sen. and Jun. Examiners. 


Thursday, 
Jan. 3. 


9 to 12. 
IJto 4. 


Easy questions from 1st Div. 
and from Phys. Sub. in 
other Divisions. 


Jun. and Add. Examiners. 
Sen. and Add. Examiners. 


Monday, 
Jan. 14. 


9 to 12. 
li to 4. 


Nat. Philos. from 1st Div. 
Pure Math, from 1st Div. 


Jun. Mod. and Add. Exam. 
Sen. Mod. and Jun. Exam. 


Tuesday, 
Jan. 15. 


9 to 12. 
14 to 4. 


Easy Problems. 
Ist Division. 


Senior Moderator. 

Sen. and Jun. Examiners. 


Wednes. 
Jan. 16. 


9 to 12. 
lito 4. 


Easy Problems. 

2nd, 4th, 5th Divisions. 


Jnnior Moderator. 

Jun. and Add. Examiners. 


Thursday, 
Jan. 17. 


9 to 12. 
IJto 4. 


2nd, drd, 4th Divisions. 
2nd, 3rd, 5th Divisions. 


Sen. Mod. and Sen. Exam. 
Sen. and Add. Examiners. 


Friday, 
Jan. 18. 


9 to 12. 
IJto 4. 


2nd, 3rd, 4th, 5th Divisions. 
3rd, 4thj 6th Divisions. 


Sen., Jun., and Add. Exam. 
Jun. Mod. and Add. Exam. 
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SOLUTIONS OF SENATE-HOUSE PKOBLEMS 

AND EIDERS, 

FOB THE 

YEAB ONE THOUSAND EIGHT HUNDBED AND SEVENTT-EIGHT. 



Monday, Decmnber 31, 1877. 9 to 12. 

Mr Pbiob, Arabic nmnbers. 
Mr Febbbbb, Koman numbers. 

1. Parallelograms on the same base, and between the same 
parallels, are equal to one another. 

In a given triangle it is required to inscribe a parallelogram 
equal to half the triangle, so that one side is in the same straight 
line with one side of the triangle and has one extremity at a given 
point of that side. 

Let ABC (fig. 1) be the given triangle; D the given point 
in BC; and let BD<DC. 

Bisect AB, AG in E, F. Join EF, ED. Draw FG parallel to 
ED to meet BC in G, EDGF is the required parallelogram. 

Join EC, FB. Then ^AEF= i^BEF, these being on equal bases; 
similarly aAFE= t^CFE\ therefore £^BEF=^CFE\ therefore EF, BC 
are parallel j therefore, by construction, EDGF is a parallelogram, and 

^2:^EBF = ^ABF=li^ABG, 

2. If a straight line be bisected, and produced to any point, 
the square on the whole line thus produced, and the square on the 
part of it produced, are together double of the square on half the 
line bisected and of the square on the line made up of the half 
and the part produced. 

If a straight line AB be bisected in C and produced to D so 
that the square on AD is three times the square on GDy and if CB 
be bisected in J?, shew that the square on ED is three times the 
square on EB. 

We have, by the proposition, 

sq. on AD +sq. on BD= 2 sq. on AC + 2 sq. on CD; 
and by hypothesis, 3 sq. on CD ^ sq. on AD. 

TS. S.-H. P. 1 
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Adding these equals to the above equals, and then taking from each 
sum the sq. on AD + 2 sq. on (72>, we have 

sq. on CD + sq. on BD = 2 sq. on AO 

= 2 sq. on £7^ = 8 sq. on CE. 
But by the proposition, 

sq. on CD + sq. on BD = 2 sq. on CE + 2 sq. on ED^ 

therefore 2 sq. ouGE + 2 sq, on ED = 8 sq. on CE, 

therefore 2 sq. onED^Q sq. on CE, ] 

therefore sq. on ED = 3 sq. on CE = 3 sq. on EB. 

3. The opposite angles of any quadrilateral figure inscribed 
in a circle are together equal to two right angles. 

If a quadrilateral be inscribed in a circle, and the middle 
points of the arcs subtended by its sides be joined to make another 
quadrilateral, and so on : shew that these quadrilaterals tend to 
become squares. 

Let A^B^C^D^f A^jCJD^, AJSC^D^ be three successive quadri- 
laterals, made as the question directs, the omer of points being given by 

A^AJB^B^ and A^^B^B^. . . 

Then 2 arc AJB^ » arc A^B^ + arc B^C^ , 

2 arc BjO^ = arc B^C^ + arc C^D^ , 



Let A^^ be the greatest; B^C^ or C^D^ the least of the arcs A^B^, 
Bfi^ , CjZij , D^A^ . Then the above equalities shew that the arc A^B^ is less 
than the greatest and greater than the least of these arcs, and that the 
same is true for the arcs BjO^j ^A» -^^a* Hence -4^-5^(7^^ has no 
side so great and no side so small as the greatest and least sides of 
A^Bfi^D^ respectively : Le, A^JJJD^ is more nearly equilateral than 
A^BfiJ)^ : and so on. Hence the quadrilaterals tend to become rhombi, 
but the only rhombus that can be inscribed in a circle is a square, 
therefore the quadrilaterals tend te become squares. 

Or the proof may rim thus : 

We have 

2 arc A^B^ = arc A^B^ + arc B^C^f 

2 arc B/)^ = arc B^C^ + arc C^D^ ; 

therefore 4 arc A^B^ = 2 arc -4^, + 2 arc BjC^ 

= arc A^B^ + 2 arc B^C^ + arc C^D^ : 

also 2 arc D^A^ + 2 arc B^C^ = 2 arc ^^5, + 2 arc C^D^ : 

therefore, adding these equalities, and taking from each side 2 arc B^C^, 
we have 

4 arc A^B^ + 2 arc D^A^ = 3 arc ^,5^ + 3 arc C^D^. 

Similarly 4 arc BJJ^ + 2 arc -4 ^-6^ = 3 arc Bfi^^ + 3 arc D^A^. 

Now arc A^B^ + arc D^A^^ = arc B^C^ + arc D^A^ ; 

therefore 4 B,r(^ A^B^ + 2 arc C^D^ = 4 arc BjO^^ + 2 arc A^B^ ; 
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therefore the difference of the adjacent arcs A^Bi, I^iA^ = twice the 
difference of the ac^acent arcs A^B^y ^fiz'i 

therefore the quadrilaterals tend to become rhombi; therefore as before, 
thej tend to become squares. 

iv. Inscribe a circle in a given triangle. 

Prove that four circles may be described, touching the three 
sides of a triangle, and that the square on the distance between 
the centres of any two, together with the square on the distance 
between the centres of the other two, is equal to the square on the 
diameter of the circle passing through the centres of any three. 

It is known that the line joining any two of the centres of 
these circles is perpendicular to the line joining the other two. Let 
then 0, P, Q, R (fig. 2) be the four centres, and through Q, R draw 
QEy RE respectively parallel to OR, GQ» Then the angle ERQ is equal 
to the angle RQO, and therefore is the complement of the angle FRQ. 
Hence PRE is a right angle. Similarly FQE is a right angle. There- 
fore the points P, Q, R, E lie on the circumference of a circle, of 
which 'Pi^ is a diameter. Again OREQ is a parallelogram, and there- 
fore ER is equal to OQ, Hence the square on OQ and the square on 
RP are together equal to the square on PEy the diameter of the circle 
PQR, 

V. If the sides of two triangles, about each of their angles, be 
proportionals, the triangles shall be equiangular to one another, 
and shall have those angles equal which are opposite to the homo- 
logous sides. 

The side BC of a triangle ABG is produced to -D, so that the 
triangles ABD, AGD are similar. Prove that AD touches the 
circle described about the triangle ABG. 

Since the triangles ABD, AGD (fig. 3) are similar to one 
another, and the angle at i> is common to both, it follows that the 
angles AGD^ BAD must be equal to one another, and the angles DAG, 
ABG equal to one another. Hence uiZ> is to GD as BD is to ^Z>, and 
therefore the square on DA is equal to the rectangle containcKl by 
DB, DG» Hence DA touches the circle described about the triangle 
ABG, 

vi. If two straight lines be cut by parallel planes, they shall 
be cut in the same ratio. 

If an equifacial tetrahedron be cut by a plane parallel to two 
edges which do not meet, the perimeter of the parallelogram in 
which it is cut shall be double of either edge of the tetrahedron 
to which it is parallel. 

Each edge of an equifacial tetrahedron is equal to the edge 
opposite to it. 

Let A, By Gy D {^, 4) be the four angular points of the given tetra- 
hedron. Draw a plane, parallel to the edges AB and GD, meeting the 

1—2 
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edges AG, AD, BCy BD in E, F, Gy H respectively. Then, EFGH will 
be a paxallelogram. And EF is to CD as ^^ is to AG, Also EH is to 
AB as GE is to AG, Therefore EF and EH together are equal to half 
AB and GD together. Or the perimeter of the parallelogram EFGH 
must be equal to the sum of the edges AB and GD. 

vii. In the parabola, prove that the distance between the foot 
of the ordinate of any point and the foot of the normal at that 
point is equal to half the latus-rectum. 

Inscribe a circle in the segment of a parabola cut oflf by a double 
ordinate. 

Let Q V (j^g, 5) be half the bounding ordinate of the parabola. 
From the axia cut off VN equal to QVy draw NP at right angles to the 
axis, and draw PG the normal at P; G shall be the centre of the required 
circle. 

For FN^ = iAS . AN 

^^AS.AV^^AS,NV 

= iAS,AV--US,QV 

= QV -• 4:AS , QY 

= Qr'-2NG,Qr; 
therefore PG' = © F* - 2NG .QV+NG^ 

= FV*--WG,NV-\-NG^ 

= GV'', 
therefore PG = GV; 

and therefore G is the centre of the required circle. 

viii. Prove that the tangent, at any point of an ellipse, makes 
equal angles with the focal distances of that point. 

From the foci of an ellipse, perpendiculars are let fall to the 
tangent at any given point of the curve. With the feet of these 
perpendiculars as foci, an ellipse is described touching the axis 
major of the given ellipse. Prove that the point, in which it 
touches the axis major, will be the foot of the ordinate of the 
given point, and that the ellipse described will be similar to the 
given ellipse. 

Let SY, HZ (fig. 6) be the perpendiculars from the foci on the 
tangent. Draw PN perpendicular to the axis major, and join BP, 
HP, YN, ZN, Then, since SYP and BNP are each right angles, a 
circle can be described about the quadrilateral SNPY, and therefore the 
angles SNY, SPY are equal to one another. Similarly the angles 
HNZ, HPZ are equal to one another. Therefore the angles SNY, HNZ 
are equal to one another, and an ellipse described with Y, Z dj& foci, and 
passing through N, will touch SH at N, 

Again, SP is the diameter of a circle in which NY subtends the 
angle NPY, and HP is the diameter of a circle in which NZ subtends 
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the angle NFZy and these angles are supplementary. Hence NY is to 
NZ as aS'P is to HF, And if through Z we draw ZV parallel to SH^ 
meeting SY in F, we see that YZ is the diameter of a circle, in which 
YZ subtends the angle YYZ^ which is supplementary to NFY, There- 
fore /S'ZT is to F^ as iSfP is to FiV, t.e. as SF + HF is to YN+ZN. 
Therefore the distance between the foci of the new ellipse is to its axis 
major as the distance between the foci of the old ellipse is to its axis 
major; or the ellipses are similar. 

ix. Define conjugate diameters of an ellipse ; and prove that 
the sum of the squares on any two conjugate diameters is constant. 

A system of parallelograms is inscribed in an ellipse whose 
sides are parallel to the equi-conjugate diameters ; prove that the 
sum of the squares on the sides is constant. 

CFy CD (fig. 7), being the equal conjugate diameters, we have, 
with the usual notation, 

FV. VG : ,QY' :: (7i* : (7i>'i 

therefore FV.VG^Q 7\ 

But FV.VG = CF'-CV' (Euc. ii. 5), 

GV'+Qr'=GF', 

or QQ'^+Q^^^GF*', 

therefore the sum of the squares on the sides of the parallelogram is 
constant. 

10. The tangents drawn from any point to a conic subtend 
equal angles at the focus. 

If P be any point of an hyperbola whose foci are 8 and H, and 
if the tangent at P meet an asymptote in T, the angle between 
that asymptote and HP is double the angle 8TP. 

Let HF (fig. 8) meet the asymptote in K, Join SFy and from 
S draw SL parallel to the asymptote. 

Then TF and the asymptote are the tangents from T^ and T8L is 
the angle subtended at the focus by the asymptote ; 

therefore F^T=^ TSL = S^K= SI'F + RTF', 

therefore FST + S^F = 2STF + K^'F, 

and Th= TFK; 

therefore adding, and reversing sides, we have 

2STF-^K^F+TpK=Fh^S^F-^TPs 

= 2 right angles 

= fAt+K^F+tPk; 
therefore 2STF = Fjtr. 
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11. If two chords of a rectangular hyperbola be at right 
angles, each of their four extremities is the orthocentre of the tri- 
angle formed by the other three. 

If four such points and the tangent at one of them be given, 
find the centre of the hyperbola. 

Let Ay By Gy P (fig. 9) be four such points, each being the ortho- 
centre of the triangle formed by the other three, and let the tangent at 
P be given. 

(1) The centre of any rectangular hyperbola passing through 
Ay By C lies on the nine-point circle of aABG, (Besant's GonicSy Art. 
139.) 

(2) Let T'PT be the given tangent. Join AP, and produce it. 
to meet BG in L, From L draw LQ parallel to T'PT to meet the 
nine-point circle in Q. Join QPy and produce it to meet the nine-poiut 
circle in 0; then is the required centre. 

For, let AP he bisected in V; then F is on the nine-point circle. 

Join VO. Then VOP = VLQ = VPT; therefore (Besant's Gonica, Art. 
136) VO is the diameter conjugate to APy therefore is the centre of 
the hyperbola. 

12. The section of a cone by a plane, which is not perpen- 
dicular to the axis and does not pass through the vertex, is either 
an ellipse, a parabola, or an hyperbola. 

In a given plane are drawn a series of confocal conies, upon 
which stand cones with their vertical angles right angles. Shew 
that the locus of their vertices is given by the intersection of an 
hyperbola, whose vertices are the foci of the conies, and a circle 
concentric with the hyperbola and passing through its foci. 

Let the given plane intersect at right angles the plane of the 
paper (fig. 10) in the line A'HSA, and let >S^, H be the given foci Let V 
be the vertex of the cone which cuts the plane- in the conic whose foci 
are S, Hy and vertices Ay A\ Then the circle inscribed in the triangle 
YAA! will touch AA! at B or H, Lei it touch it at 8^ and let it touch 
YAy YA' at L, L\ 

Then A' Y - AY = A' L' ^ AL ^ A! 8 - AS = o^sn^i^xA,. Hence F is a 
point on the hyperbola whose foci are Ay A' and vertices S^ H, 

Also, by hypothesis, AY A' is a right angle; therefore Flies on the 
circle of which -4^' is a diameter, and this is a circle concentric with 
the hyperbola, and passing through its foci. 
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Monday, December 31, 1877. 1^ to 4. 

Mr Glaisheb, Arabic nnmbers. 
Mr Gbeenhill, Boman numbers. 

1. Obtiaiix the value of tt to six places of decimals from the 
series 



TT 



=v{i+i(ife)+o(ifer+|^?(^)'+&c.} 



+Tft%{l+I( 



2.4 



r^) + 3^5 \v^ 



y+l^(^y+&<^]' 



If 2 and — be converted into circulating decimals, find the 

relatiou between the figures in their periods, n being supposed to 
be prime to 10 and p less than w. 

(i) The series are 

|1 + 3 (loVboo) ■*• 3^ (loVooo; + <fec- j • 



1 80886 
■^ 10000 



The work is as follows, every figure that has to be written 
being printed, 

^ = 0013333 33 1 

16 0013 333 33 



213 333 3 
12 



7 265 999 



213 33 
3 66 

7 



36 57 


• 


1-013 550 39 

28 

8 108 403 12 
20 271 007 8 




First series 


= 2-8 379 410 92 


0-00U4 
2 


1152 
96 

6912 
10368 


1 

0-000 960 00 
1 11 


3 0-00288 


1-000 961 11 


0-00096 


30 336 




110592 


6 005 766 66 
30 028 833 3 
300 288 333 
30 028 833 3 



30 365 156 2 
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First series = 2-837 941 092 
Second „ = 0303 651 562 

ir = 3141 592 654 

Thiis, value of w to six places is 3*141 593. The true value is 3*141 
592 653 589..., so that the above calculation is correct to the last figure. 

(ii) Let 

J = 0.a)8y...f, !i^=0.a')3y...i', 

w"999...9' n " 999. ..9 ' 
and; since the sum of the fractions is equal to unity, 

aj8y...f+a'jSy...i' = 999...9 

so that, the number of figures in each period being the same, 

a + a' = )8 + /3'=...=f + f' = 9. 

[The principal rules relating to the conversion of vulgar fractions 

M 
into decimals are as follows : — Let -^ be a proper fraction in its lowest 

terms, then (1) if iV is of the form 2'"5", the decimal terminates after r 
figures &*om the decimal point, r being the greater of the numbers m and 
n; (2) if iV be prime to 10 the decimal circulates from the figure next to 
the decimal point (t. e. is a pure circulate) and the number of figures in 
the period is equal either to <f> (iV), or to a submultiple of <f> (N), <^ (N) 
denoting the number of numbers less than iV and prime to it ; (3) if 
iV=2"'5"i?, B being prime to 10, there will be r figures between the 
decimal point and the first figure of the period, r being the greater of the 
numbers m and n, and the number of figures in the period will be equal 
to <^ (E), or to a submultiple of ^ (R), It is to be noted that if iV be a 
prime, then ^ (N) = iV- 1. 

If the period of -^ (iV prime to 10) contains n figures, then the period 

M 

of -^ (M any number prime to N) also contains n figures, and the total 

number of differmt periods obtained by giving all admissible values to M, 

is — — - . Thus if the period of -^ contains iV — 1 figures (in which case 

iV must be a prime, though the converse is not true, viz. if iT be a 
prime the number of figures in the period is either iT— 1 or a submultiple 
of i\r— 1), then there is only one distinct period. For example 

^=•142857, |=*285714, |=-42857i, |= *571428, ^=*714285, ^=*857142, 

and the periods all contain the same figures in the same order, though 
beginning with a different figure. Also when the period contains i\^ — 1 
figures, the second half of the period is camplementcMry to 9 to the first 
half (i.e, the two portions when added together = 999... 9 : take for 
example the period of ^, here 1 + 8 = 9, 4 + 5=* 9, 2+7=9). 
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If -n. has a period of n figures, -pof p figures, q^^ 9 figures. . . , and 

1 
if iV, P, ^...be primes, then ^p^ — has a period of a figures, a being 

the least common multiple of n, p, q,,,. But the demonstration does 

not apply to the case of a power of a prime. QeMToXLy however, -^^ has 

a period of nN figures, ^ of nJP figures, &c., but for an obvious reason 

this is not true when i^Ts 3 (a factor of 10 — 1), and it is also not true of 

the number 487, for -j^ has a period of 486 figures, and -r^ffi has also a 

4o7 4o7 

period of 486 figures. It is, however, true for all other primes less than 

1000*, so that if iV^, P, ©... be any primes, each less than 1000 (3 and 

487 excepted), the period of ^^ p^ ^^ contains a figures, where a is the 

least common multiple of nN*^-^ , pF^~'^ , qQ^"'^* . ..] 

2. Prove that, if ^ (a?) be a rational and integral function of 
X which vanishes when sc is put equal to a, then a; — a is a factor 
of ^(o?). 

Shew that 

is a complete cube. 

By actual development the expression is found to be equal to 

3. Explain to what extent the equation a"*, a* = a"*"*"* admits 
of being proved. Obtain the values of a^ and a~^. 

shew that 






The equations are at once verified by substituting the values of 
if>{x), 4>{y\ F{x\ F{y)j in the right-hand members, and performing 
some slight reductions. 

4. Find the sum of the cubes of the first n natural numbers ; 
and shew that every cube is the diflference of two squares, such 

* Desmarest, TMorie des Nombres (Paris, 1852), p. 295. 
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that if the cube contains an uneven factor a", each of the squares 
is divisible by a*. 

Find the sum of the cubes of n consecutive terms of an arith- 
metical progression ; and shew that it is divisible by the sum of 
the corresponding n terms of the arithmetical progression. 

(i) Since l" + 2» ... +r^" = {Jw(7i+ 1)}' it follows that 

n' = {^{n+l)Y^{^n{n^l)]\ 

Let n = ah, we have to shew that ^b(n-\-l) and J6(7i-1) are 
integers. This is evident, for (1°) suppose n even, then since a is uneven, 
b is even and J6 is an integer ; (2°) suppose n imeven, then J (w ± 1) is an 
integer, 

(ii) a» + (a + 5)"...+{a+(n-l)6}« 

= wa»+ 3a"6 . Jm(w- 1) + 3a5". ^{(ii- 1) w(2w- 1)} + 6». {Jw(ii- 1)}' 

= |n{2a + (M-l)6}{a»+(w-l)a5 + jM(w-l)6»}. 

5. Solve the equations : 

a?' - (2a - 6 — c) a? + a* + 6' 4- c' — 6c - oa - aJ = ; 

a? + 2xy ^ j^ = ax + by] 
a? — 2xy ^y*=bx^ ay) ' 

If x^=px + q, shew that 

where a + ^ =p, afi = '-q. 

If a^ :^pa? -{-qx + r, express a?" in the form Aa? -{-Bx + C. 

(i) The roots of the equation are 

a + 6(0 + CO)', a + b<a* + cw, 
where o) is an imaginary cube root of unity. 

(ii) Adding and subtracting the equations, we have 

2 (cc" - y") = (a + 6) 05 + (6 - a) y, ixy = (a - 6) a + (a + 6) y, 
which may be written 

{x-\{a+b)y-{t,-\{a-b)Y = lab, 

{«;- i (a + 6)} {y - i (a- 6)} = tV («• - 6*) ; 

or, putting x — ^(a + b)=u, y — \'{a^b) = v, these are w'-v' = Ja6, 
tM; = ^ (a* — 6*), which give on solution 

u^^-iia+l))} w = J(a+6)'i w= ii{€i>-b))^ u :k - ^ (a -- b)\ 
^^^:^(a^b)y v = i(a--b)y t;=-Jt(a + 6)r v= ii{a-hb)r 

(where «* = -!, as usual), leading to 
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x = 0\ x = ^(a + b)\ ai = i{(l+t)a + (l-t)6}) 
y = or y=h{<*-b)}' y-i{(l-t)o-(l + t)6}/' 

x = i{{l-i)a + (l+i)b}\ 
y=i{(l+t)«-(l-»)6}r 

(iii) Let x" = Ax-\- By then we have 

x^'-Ax-B^O, aT-Aa-B^O, /8* - J)5 - J? - 0, 

whence, eliminating A and B, 

aT (o - j8) - a: (a- - )8") + a)8 (a"-> - j8""*) = 0, 

which gives at once the required equation. 

(iv) The result is obtained by the elimination of A, B, C from the 
equations 

Qcr=Aaf-\-Bx + C,ar=Aa'-hBa-^G,p' = Apr4-Bp + G,y' = A'^ + By^Gy 

where a, fi, y are the roots of of —paf — qx — r = 0: It is of course best 
expressed as a determinant. 

6. Prove that the logarithm of the product of any number of 
quantities is equal to the sum of the logarithms of the quantities. 
Given that a* + J' = 1 and that 

log 2 = 0-3010300, log (1 + a) = 0-1928998, log (1 + 6) = 02622226, 

find log (1 + a + 6). 

Since a* + 5' = 1, we have, 

l+a+6 = ^2(l+a)(l+6), 

as is evident by squaring both sides of the equation. Thus 

log (1 + a + 6) = J. {0-3010300 + 0-1928998 + 0-2622226} 

= 0-3780762. 

[The numbers in the question correspond to a = sin 34^] 

vii. Define the Trigonometrical Batios of an angle so as to be 
true for all magnitudes of the angle ; and make a table shewing 
the values of the trigonometrical ratios in terms of any one of them. 

Prove that the equation tan x^kx has an infinite number of 
real roots. 

As X increases fix)m wtt - Jw to ww + Jtt, tan x increases through 
all real values from — oo to oo , and therefore passes through a root of 
the equation tan x = kx; and to every positive root there is a correspond- 
ing negative root. 

viii. Prove geometrically 

(i) sin ^ + sin J? = 2 sin i (-4 4- JB) cos J (-^ - -B), 
(ii) cos -4 - cos J? = 2 sin ^ (J3 4- -4 ) sin ^ (5 - -4) ; 

and explain how such formulae are shewn to be true universally 
for all magnitudes of the angles A and B. 
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COS (g 4- i8 4- ) _ cos(7 + g4-g) 
. sin (a + 0) cos* 7 sin (7 + a) cos* ' 

and /3 and 7 are unequal, prove that each member will be equal to 

cos (/8 4- 7 + ^ 
sin ()8 4- 7) cos* a' 
and that 

g_ sin (0 + 7) sin (7 + a) sin (g + 13) 

cos (/8 + 7) cos (7 + g) cos (g + /8) + sin^ (a + /8 + 7) * 

From the given equation 

^ _ sin (a + )8) sin (y + a) cos* )5 - sin (y + a) sin (a + /S) cos' y 
"" cos (a + p) sin (y + a) cos* ft — cos (y + a) sin (a + )8) cos* y ' 

of which the numerator 

= sin ()8 + y) sin (y + a) sin (a + )8) sin (y - )8), 
and the denominator 

== I {cos (a + P) sin (y + a) - cos (y + a) sin (a + j8) 

+ cos (a + )8) sin (y + a) cos 2)3 - cos (y + a) sin (a + fi) cos 2)3} 

= i {2 sin (y - )8) + sin (2a + j8 + y) (cos 2)3 - 2 cos 2y) 

+ sin (y - j3)(cos 2)3 + cos 2y) = ;^sin (y - )8){2 + cos 2a 

+ cos 2/3 + cos 2y- cos (2a+ 2)8 + 2y)} 

= J sin (y - )8) {4 sin' (a + )3 + y) + cos 2a + cos 2)8 + cos 2y 

+ cos(2a + 2)3 + 2y)} = sin(y-)8).{sin*(a + )3+y) 

+ cos (a + )8) cos ()8 + y) cos (y + a) }. 

Throwing out the factor sin (y — )8), which is common to the numerator 
and denominator, this becomes the expression for cot in the question, 
and since it involves a, )8, y symmetrically it follows that each side of 
the given equation also 

cos()3-fy + g) 

~ sin ()3 + y) cos* a ' 

ix. Find an expression for all angles having a given sine. 
!£ A+B+C+D=^ 27r, then 

cos ^ ^ cos ^ jD sin ^ £ sin ^ (7 — cos ^ J? cos ^ (7 sin ^ ^ sin ^ 2) 

cos I A coB^D sin ^B sin | (7 - cos ^B cos ^Csm^A sin ^2> 
= i{coBj(^-2>) + cosi(^ + i>)}{cosJ(5-a)-cosJ(^+C)} 
- J{cosi(il -i>)-cos J(^+J9)}{cosi(-5-C) +COS J(jB+ C)} 
= Jco8j(ii+i>)cosJ(^-(7)-JcosJ(.i-i>)cosJ(5+C) 
= i{cos J(^- C^ + cos i(^ -i>)} cos J(-4 + 2)) 
= cos i ( ii + ^ - (7 - i>) cos 1 (ii - i? + (7 - i>) cos J (il + 2>) 
= sin i (^ + J) sin J(^ + (7) cos J(^ + 2>), 
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X. Prove that, in any triangle, a" = 6" -f c* — 26c cos A ; and 
hence prove that 

g _ 6 __ c 

sin -4 sin -B "" sin C/ * 

In a triangle ABG, AB^AC+^BC, and BC is divided in O 
so that BO : 00 :: 1 : 3; prove that the angle AGO is twice 
the angle AOC. 

If A is the perpendicular drawn £rom the angle A on the side 
J5C7, andc = 5 + Jo, 0C7=|c*, 

aii2A0G = 2 Bm AOC cos AOC 

h AC + OC^-AC* 



= 2 



= h 



OA 2A0 . 00 > 

0C^-\-AC^^20C.AC.co&C-^0C^-AC* 
(OC ^AC" 200 . AC. ooa 0)00 



, j^a'-t-y-fo5oo8g-fJVa'-6' 

~~ 'V tfA a «a nya va a 



= T- = sin (7 and therefore angle AGO = 2 angle AOC. 

xi. Solve a triangle in which one angle at the base, the oppo- 
site side, and the altitude, are given ; and explain when the solu- 
tion is ambiguous or impossible. 

If the angle is 36°, the opposite side 4, and the altitude isJ5 — 1, 
solve the triangle. 

•75— 1 
Since sin 18® = ^^^—r — , there is therefore one triangle satisfy- 
ing the given conditions, with angles of 18°, 36° and 126°, and sides 

4,^^^ 4aiid4^5i^ orl '^^ '^ j and 1 ^^^^ 

*sin36°' ^^'^^ 8in36°' """^ * ^(10" V^) ' V(10-2V5)' 

xii. Find expressions for the radii of the inscribed and cir- 
cumscribed circles of a triangle. 

If the centre of the inscribed circle of a triangle be equidistant 
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from the centre of the circumscribed circle and the orthocentre, 
prove that one angle of the triangle is 60®. 

If be the centre of the circumscribed circle, / of the inscribed 
circle, and P the orthocentre, 

IF" = /i" + ^P* - 2/4 . AP cos lAP. 

■ 

And lA = -^Vt, AP^iRoo^A, 

sin J -d 

angle 74i>= ^^-(7- J^ = i(J?-(7). 

Therefore if OP = IP', 

E^^^Rr^-^-Cn + 4i?"cos« .i -i^l-^i^ cos \{B - (7). 
sm « ^ sin -k ix 

And r = -, i? = ^, 

ther^re ^,= ^ = 4(*-«)(»-&)(^-o) 

r aoc« abc 

= 4 sin J-4 sin \B sin i C, 

Therefore 1 -8sin J^sin|i?sin|C 

= 16 sin« J^sin^l C+4cosM - 16 sin|^ sin |(7cosil cos|(5- C\ 

or 1-2 cosJl - 2 cos^- 2 cos (7+ 2 

= 4(l-cos-B)(l-cosC) + 4:CosM - 4 cos ^i sin -B sin (7 

-16cosJ[sin«J^sin'C 
= 4 (1 - cos J9)(l - cos C) + 4 cos ^ (cos -4 - sin ^ sin (7) 

— 4 cos -4 (1 - cos ^) (1 — cos C) 
= 4(1 -cosjB)(1 - cos - 4 cos 4 cos -B cos C 

— 4 cos ii (1 — cos -B)(l - cos C), 
or 1 - 2 (cos -4 + oosJ? + cosC} + 4 (cos jB cos (7 + cos C cos4 + cos ^ cos B) 

— 8 cos 4 cos 5 cos (7=0, 

or (1 - 2cos4)(l -2 cosi9)(l - 2 cos (7) = 0; 
therefore cos 4 or cos B or cos C = |, 
and therefore -4 or ^ or (7 is 60*^. 
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Tuesday, January 1, 1878. 9 to 12. 

Mr Glaisheb, Arabic nmnbeni. 
Mr Gbeenbill, Roman nombors. 

1. Define the resolved part of a force in any given direction. 
OA, OB, 00,., are any number of fixed straight lines drawn 

from a point and spheres are described on OA, OB, 00.,. as 
diameters. Any straight line OX is drawn through and a point 
P taken in it so that OP is equal to the algebraical sum of the 
lengths intercepted on OX by the spheres. Find the locus of P. 

Let OX make angles 6^, 0^, ... with OA, OB, . . . j then 
OP — OA cos $1 4- OB cos ^2 + &c., that is, OP = the resolved part in the 
direction OX of forces represented by OA, OB, ... If, therefore, OR 
denote the resultant of the forces OA, OB. . ., the locus of P is the sphere 
described upon OR as diameter. 

2. If three forces are in equilibrium, they must lie in a plane, 
and meet in a point or be parallel 

A uniform rod hangs by two strings of lengths I, t, fastened to 
its ends and to two points in the same horizontal line, distant a 
apart, the strings crossing one another. Find the position of equi- 
librium, and shew that if a, ol be the angles that I, V make with 
the horizon, 

sin (a + a') (V cos a'— Z cos a) = a sin (a — a'). 

In fig. (11)6^ the centre of gravity of the rod is vertically under 
0, the point of intersection of the strings, so that the perpendiculars Cm, 
Dn are equal. Thus OC cos a! = OD cos a, that is 

{V - OB) cos a = (Z - OA) cos a. 
And since 

OA OB a 

sin a! ~ sin a " sin (a + a) 
this equation becomes 

(., a sin a "i , (^ a sin a ) 

{I - -^—, Tv \ cos a! = { l--r—, K \ cos O, 

( sm (a + a)) ( sm (a + a ) j 

viz. sin (a + a') (Z' cos a - if cos a) = a sin (a - a) (1). 

If tf be the inclination of the rod to the horizon, and 6 be its length, 

hsm0 = V sina —Isina, h cos 6 = 1 cos a + Z' cos a - a, 
and these, with (1), give the value of ^ in terms of I, V, a, h. 

3. Two parallel forces P and Q have a resultant R which lies 
between them and is distant a and b from them respectively. Find 
the relations connecting P, Q, R, a, h. 

ABGD is a quadrilateral, and two points P, Q are taken in 
AD, BG such that AP : PB :: CQ : QB. From P, Q straight 
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lines PP, QQ are drawn equal to, parallel to, and in the same 
directions as BG and DA respectively. Shew that forces repre- 
sented by AB, CD, PP', QQ are in equilibrium. 

Replace QQ by parallel forces Si, S^ acting at B, G (fig. 12): 
then Si, in magnitude, = ~~. QQ = ^^,AD = AP, since -r^-TTn- 

Similarly S^ is equal in niagnitude to FD, Thus Si and AB acting at B 
have as their resultant FB, and S^ and GD acting at G have as their re- 
sultant GF, so that the four forces AB, GD, FF, QQ are replaced by 
PBy GF, FF' which, since FF = BG, are in equilibrium by the triangle 
of forces. 

4. Given the centres of gravity of a body and of any part of 
it, find the centre of gravity of the remainder. 

A body consists of two parts, and one of them is moved into 
any other position ; shew that the line joining the two positions 
of the centre of gravity of the whole body is parallel, and bears a 
fixed ratio, to the line joining the two positions of the centre of 
gravity of the part moved ; and apply this theorem to find the 
position of the centre of gravity of a circular arc. 

Let W be the weight of the whole body, and w that of the part 
moved. Let g {^, 13) be the centre of gravity of the fixed part, and 
^i> 9%'i ^i> G^ the centres of gravity of the moved part and of the whole 
body in the two positions. Then gG^ : ggi = w : W, and gG^ : gg^ = to : W; 
so that Gfi^ is parallel to g^g^, and bears to it the ratio of to : W, 

To apply the theorem to find the centre of gravity of a circular arc 
AB oi radius a subtending an angle 2a at the centre (fig. 14), remove 
from the end of the arc, A, to the other end of the arc, B, an element 
subtending at the centre an angle 0, The effect of this is to turn the 
arc through the small angle 0, and therefore to move the centre of gra- 
vity through a distance x$, x being the distance between the centre 
and the centre of gravity. The element 6 is moved through a distance 
2a sin a, and the weights are proportional to aO, and 2aa, so that, by the 
theorem, 

xd : 2a sin a = ad : 2aa, 

. . sin a 

and hence x = a. 

a 

6. In the Roman steelyard the distances of the graduations 
from a certain point are in arithmetical progression, and in the 
Danish steelyard in harmonical progression. 

A brass figure ABDC, of uniform thickness, bounded by a 
circular are BDG (greater than a semicircle) and two tangents 
ABy A G inclined at an angle 2a, is used as a letter- weigher as 
follows. The centre of the circle, 0, is a fixed point about which 
the machine can turn freely, and a weight P is attached to the 
point A, the weight of the machine itself being w. The letter to 
be weighed is suspended from a clasp (whose weight may be 
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neglected) at D on the rim of the circle, OD heing perpendicular 
to OA, The circle is graduated and is read by a pointer which 
hangs vertically from : when there is no letter attached, the 
point A is vertically below and the pointer indicates zero. Ob- 
tain a formula for the graduation of the circle, and shew that if 
P= Jt(;sin*a, the reading of the machine will be ^ ti; when OA 
makes with the vertical an angle equal to 

-1 ( ('?'• + 2g) sin* g -f 2 sin a cos a ) 
^^ 1 (tt + 2a) sin'i + 2 cos a ]' 

Let a be the radius of the circle, and the centre of gravity of 
the machine (fig. 15). Taking moments about 0, 

Wa oobO = {u)» OG + Fa cosec a) sin 9, 

W being the weight suspended from D, and the angle made by OA 
with the vertical. Suppose OG determined; then 

*a^*= nn ^ • (1)» 

w . OG + Fa cosec a ^ ' 

and putting for W values corresponding to the weights to be engraved 
upon the lunb of the machine, this formida gives the positions of the 
graduations. 

To find OG, we have (fig, 16) area of sector BO DC = a* (Jir + a), area 
of triangle BOO = a" sin a cos a, area of triangle ABC = a' cos* o cosec a, 
and Gj , G^, G^ being the centres of gravity of these areas, 

OG\=^a ^, 0^, = fasina, 0&, = a sin a + faces' a cosec a; 

whence, noticing that OG^ is negative, 

OG . a' (|7r+a+coto)= Ja* (- 2ooso+2cosasin*a+ 3 cos" a + cos* a cosec* a), 

= J a* cos' a cosec* a; 
and therefore 



/i/y 2 cos* a 

OG = ia 



^ (^ + 2o + 2cota)sin*a ' 

Substituting this value in (1) 

A_ m (^ + 2a) sin* a + 2 sin a cos a 

" |ii?cos*o + P{(fl' + 2a)sina+2 oosa}' 

and the result in the question follows at once on putting 

W = ^w, F = ^w sin* o. 

6. State the laws of friction ; and explain how they may be 
verified experimentally. 

Two rings, each of weight w, slide" upon a vertical semicircular 
wire with the diameter horizontal and convexity upwards. I'hey 
are connected by a light string of length 21 (supposed less than 2a, 
the diameter of the semicircle) on which is slipped a ring of weight 

S.-H. p. 2 
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W. Shew that when the two rings that slide on the semicircle 
are as far apart as possible, the angle 2a subtended by them at 
the centre is given by the equation 

( W + 2wy tan" (a + e) (P - a' sin» a) = TT V sin« a, 

where tan € is the coeflBcient of friction between the rings and the 
wire. 

Let 26 (fig. 17) denote the angle between the portions of the 
string, and let T be the tension of the string when the rings are at 
A, B &a fax apart as possible. Then W=2TcobO, and the normal 
pressure on the wire at A ia w cos a + ^cos ($ — a). Resolving along the 
tangent at A 

^ sin (d - tt) = 1^? sin a + tan € {«^ cos a + ^ cos (0 - a)}, 

whence T sia {0 — a — e) = w aia (a + c), 

W 

viz. 2i Tisin (^-a-€) = t£;sin(a + €). 

2 cos ^ ^ ' ^ ' 



This gives 



W+2w 
tan = — == — tan (a + c). 



W 
Biit I sin 0=^a sin a, so that this becomes 

a sin a W+2w, . . 

-7755 g . a V = rfr — tan (tt + €). 

vii. State Newton's laws of motion, and explain the bearing 
of the second law upon the definition of force: prove also that a 
force may be measured by the kinetic energy generated in the unit 
of length. 

Given that a quadrant of the Earth's surface is 10® centimetres, 
and the mean density of the Earth is 6*67, prove that the unit of 
force will be the attraction of two spheres each of 3928 grammes, 
whose <;entres are a centimetre apart, the acceleration of gravity 
at the Earth's surface being 981; a centimetre, second, and gramme 
being the units of length, time, and mass. 

The attraction F between m and rd grammes at a distance I 
centimetres is 

where (7 is a constant. 

To determine (7, consider a gramme on the earth's siurface, attracted 
by the earth. 

Then^=981, m = l, fi»'=^^ x 10*^ x 6-67, ^=-xlO^ 
and therefore G z= 



mm' 8xlO«x5-67' 
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To find the number of grammes m, which at a distance of 1 centi- 
metre from an equal mass would be attracted with the unit of force, we 

*^^^^ 1 = Cm% 



~\ C 



and therefore m = ^ -^ = 3928. 

(Everett, The CenttTnetre-Gramme'Second (C. 0, S,) St/stem of Units, 
p. 32.) 

viii. Describe the theory of Atwood's machine, and explain 
how it is used to verify the laws of motion. 

If the groove in the pulley in which the string runs be cut to 
that depth at which it is found that the inertia of the pulley may 
be divided equally between the moving weights, and if Q be the 
weight required to be added to overcome the friction of the axle 
of the pulley when equal weights P are hung at the ends of the 
string, prove that an additional weight R will produce acceleration 

R 

2P+2Q+Eh-F^' 

where W is the weight of the pulley. 

All the mass of the pulley may be supposed collected into a ring 
of certain radius (the radius of gyration), and if the groove in which the 
string runs be cut down to this depth, the inertia of the pulley may now 
be allowed for by dividing the mass of the pulley equally between the 
moving weights. 

Suppose now the pulley weightless, and P + J TT the weights sus- 
pended from the string: let a be the radius of the groove, h of the 
axle of the pulley; ^ the angle of friction of the bearing. 

If be the centre of the pulley, -4 the point of contact of the axle 
in the bearing (fig. 18), then when the pulley is in motion or bordering on 
motion, the inclination of OA to the vertical is ^. 

If the pulley is bordering on motion when Q is added to one weight, 
then for equiHbrium, taking moments about A, 

(P-fe + iH0(a-5sin</i) = (P + JTF)(a + 6sin<^). 

Suppose f the acceleration when an additional weight R is added, 
and let T and T be the tensions of the strings. 

Then 2'(a-6siQ<^) = T' (a + 6 sin i^), 

g'^ P+g + P + i^^ " P + \W ' 

Therefore 

T ^ a + 5sin<^ _ P+_Q+j W 

2—2 
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(/> + (? + iZ + i IT) (l--0 



or 



therefore 



1-/ 






E 



f^ 

The same result will be obtained supposing the pulley to retain its 
weight W \ for then taking moments about A when the weight Q is 
added, and the pulley is bordering on motion, 

(P+C)(a-^ sill *) = ^ (» + ^sin^) + F5 sin ^, 

a4-5sin<^ P+g-f-ITT 
^'^ a-6sini^"" P + ^TT ' 

as before. 

And when the weight B, is added, and the acceleration of the system 
is ^ if T, jT be the tensions of the strings; for the motion of the 
pulley, taking moments about 0, 

g" Wa ' 

and for the motion of the weights 





9 


J' + Q + Jt " P 


Therefore 


T = 


(i' + <? + i2)(l-^, 




T'n 


-(-^. 


h 


sin^ 


Q 




a 


'2P + Q+W' 


ThftTfifnrft 


f 


S 



and 



g 2P+2Q + M-^W' 
as before. 



ix. If a body, attached at its centre of mass to one end of a 
string of length r, the other end of which is attached to a fixed 
point on a smooth horizontal plane, make n revolutions a second, 
prove that the tension of the string is to the pressure on the plane 
as 47r Vr to g. 
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Prove that at the equator a shot fired westward with velocity 
8333 or eastward with velocity 7407 metres per second will if un- 
resisted move horizontally round the Eartn in one hour and 
twenty minutes and one hour and a half respectively. 

Let r be the radius of the earthy to the angular velocity, and v 
the velocity with which the shot is fired westward relatively to the 
eartlu 

Then since the earth turns round from west to east, 

or v = na^Jgr 

= rto (1*^289) 

= r«i(l*17) 

= 18ra> or »16ra». 

The earth's equatorial drcumferenoe being 4 x 10' metres, the velocity 
at the equator due to the rotation 

4x10' 



r«= 



27x60x60' 



and therefore 18rtt)=8333y 16r(i>=7407; and the shot will go round 
the earth in -^^ or ^^ of day: that is, in one hour and twenty 
minutes, or one houi: and a half. 

X. Fi'ove that the path of a projectile if unresisted is a para- 
bola, and that the velocity at any point is due to the level of the 
directrix. 

A shot of m pounds is fired from a gun of if pounds, placed on 
a smooth horizontal plane and elevated at an angle a. Prove that, 
if the muzzle velocity of the shot be F, the range wiU be 



V 
2 — 



• (i+5)**^« 



*i+(i+5)t«.-. 



Let tif V he the horizontal and vertical components of the 
velocity of the shot, U the velocity of recoil of the gun, and P the angle 
of departure of the shot. 



V . ^ V 



Then ~^tan^: ==tano, and mu = MU. 

Therefore tan /S = n + p. j tan a. 
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The range =2 — sinjffcosjS 

= 2— *^^ 



gr l+tan^jS 



F 
= 2 — 



. (l+5)*^^* 



^^ 



xi. Define an impulse, and explain how it is measured. Find 
the velocity of a particle of given elasticity after oblique impact at 
a fixed smooth plane ; and prove that, after impact on two planes 
at right angles, the velocity of the particle is reversed in direction. 

If a stream of particles of elasticity e all moving in parallel 
directions with velocity u impinge successively on two smooth 
fixed planes at right angles, prove that the average resultant of 
the pressures on the planes is Mu (1 +6), where M is the mass of 
the particles which strike each plane in* one second. 

After impact on the two planes, the particles form a stream 
moving in the opposite direction with velocity eUy and therefore momen- 
tum has been communicated, Mu{\-¥e) per second, to the original 
incident stream; Mu (I + c) may therefore be taken as the measure of the 
average resultant of the pressure due to the continued impact of the par- 
ticles on the planes. 

xii. Prove that the kinetic energy of two particles is equal to 
the kinetic energy of a mass equal to the sum of their masses 
moving with the velocity of the centre of mass, together with the 
kinetic energy due to the motion of the particles relative to their 
centre of mass ; and extend this to the case of any number of 
particles or a material system^ 

Of the kinetic energy of a material system in free space, how 
much is available for conversion into work ? 

(Maxwell, Matter and Motion, Articles lxxix., lxxx., lxxxi.); 



Tuesday, January 1, 1878. 1^ to 4. 

Mr Priob, Arabic munbers. 
Mr Febbebs, Boman numbers. 

1. From the behaviour of known fluids under the action of 
external forces obtain a definition of a perfect fluid; and deduce 
the characteristic property of the internal forces in such a fluid. 

If the linear dimensions of a fluid medium at rest under 
parallel forces uniformly distributed throughout it be varied 
uniformly in the ratio 1 : w, shew that the pressure at any 
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point is varied in the ratio n* : 1; and that, i£ A, B, G he 
three specified elements of the fluid, the moment of the pres- 
sure on the plane ABC, about the line AB, is varied in the ratio 
1 : n. 

Let A'y B'f C denote the elements A, B, G after the variation. 
Let m be the pressure at C, m' that at C; and let M be the moment of 
the pressure on the plane ABC about AB, M' the same for A'BCf 
about A'B. 

Then since the whole pressure on the area ABC is equal to that on 
A'BC\ we have in the limit, when ABC is made indefinitely small, 

cr X area ABO = tar' x area A'BC'y 

or area A'BC* w* 



therefore 



w' area ABG 



Again, since the pressures -on any area before and after the variation 
are equal, and when these areas are indefinitely diminished, their dis- 
tances j9, 'p' from AB before and after the variation are as 1 : n, 
we have 

M=% {pressiu:^ on any small area x 'p\ 
M' = 2 {pressure on the corresponding area x 'p\ 
therefore = w2 {pressure on the corresponding area x jo}, 

the^fore ^,=1. 

M n 

2. The difference between the pressures at any two points of 
a homogeneous liquid at rest under gravity is proportional to the 
distance between the horizontal planes in which the points lie. 

A regular tetrahedron of thin metal, whose weight is equal to 
the weight of water it would contain, is emptied of water, and cut 
into two halves by a central section parallel to two opposite edges. 
If one haK be held fast in any position, shew that the force 
required to draw away the other half from it will be the same, 
provided the centre of the tetrahedron be always in the same 
horizontal plane. 

Let W be the weight of the half-tetrahedron, n the pressure at 
the centre G of its base, a an edge of that base. Let a be the angle 
which each face of the half-tetrahedron makes with a line GX perpen- 
dicular to its base, $ the inclination of GX to the vertical. The pressure 
on each of the faces is equal to the product of its area into the pressure 
at its CO., and has a component along (7X=«thi8 product x sin a. Then 
the component along GX of the pressures on two similar faces is, by 
symmetry, = 2 sin a x the product of the area of e^ch into the pressure 
due to the depth of the point in which the line joining their centres of 
gravity cuts GX. Therefore the component of all the pressm*es 
= 47ra' {n - gph cos 0}, where h is the distance from G of some fixed point 
G on GXf G being the centre of gravity of the surfaces pressed by the 
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water, and p being the density of water. Let F be the force required to 
draw away the haJf-tetrahedron. Then we have 

Fe « 4ira* {11 - gph cos 9] + TTcos ft 

But by symmetry, when 6 = Jtt, since the tetrahedron would be in 
equilibrium, 

Fm = 47ra"n, 

therefore W must = 4:ira'gphy 

1 heref ore F0 = 4ira'II. 

Or thus : 

Since the weight of the tetrahedron is equal to the weight of water 
it woidd contain, suppose it replaced by water which would then be at 
rest, and the half-tetrahedron of water could be moved by any the 
slightest force; thei^fore the force which would move one half-tetra- 
hedron of metal from the other is the force across the plane that 
separates the half- tetrahedrons of water; which force ia constant, 
because the centre of this plane is always at the same depth. 

3. Find the conditions for the equilibrium of a solid body 
floating in a liquid of greater density than the solid; and shew 
that, when it is in stable equilibrium, the height of the common> 
centre of gravity of the solid and liquid is a minimum. 

If a body be floating in a liquid contained in a cylindrical 
vessel, and be pressed down through a small distance c, shew that 
the common centre of gravity of the liquid and body will be raised 

B c* 
through a height J a _ j> T» where A, B are the areas of the cross- 
sections of the cylinder and solid in the plane of floatation, and d 
is the height of this plane above the base of the cylinder. 

Let W be the siun of the weights of the liquid and body, which 

remains unaltered; and let z -be the original height of the C.G. of W, 

Let z be the height through which it is raised, l^e plane of floatation 

A 
is raised through a height -^ — ^c, and the weight of liquid raised 

above the original plane of floatation is Acgp where p is the density of 
the liquid. Suppose the change made by lowering the whole system 
through a depih c, and then raising a weight Acgp from below the 
original base of the cylinder to the top of the liquid. This process gives 
the equation 

W{z^z)^W{z^c)-^Aegp(d-^^\.-^^, 

therefore « = - c + -^ \d-^\* a^B ^) ' 

But W= Agpd, because the weight of "the body is equal to the weight 
of the fluid displaced. 
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Therefore » = - c + Tr(i + J . ^ ^ cj 

4. Explain the statement '' when gases of different kinds are 
placed in the same vessel, each acts as S the other were a vacuum" : 
and from it deduce Boyle's Law. 

The original pressures of three gases contained in vessels 
A, Bf C of equal volume are a, ft 7. If 0^, ftai 7a be their pres- 
sures when - th of the contents of B and have been transferred 
n 

to ^; ow, fia,, 7a» their pressurea when 1th of the new contents 
of C and A have been transferred to By aabc fiabet lahe their pres- 
sures when - th of the last-formed contents of A and B have been 
n 

transferred to G\ and if other symbols have similar meanings, 
shew that 

dhea "" ^ahe _ ^bca — gcoft _ gg^ft — agbe __ g + ft + 7 

2n — 1 n ri — 1 w* ' 

By the conditions of the question 
l//> \ n w— 1 n n—\ 

n n' ^ '" '^ n n '^ n '' ' n ' 

««6e = ^ a^a + i — 5-^ (^ + y), ^^ = — ^ a + . B + —j-yi 

y^ = a+/J+y-a^-^^=-a+-^+ -^ y; 

therefore by cyclical changes we obtain 

w»-27i* + 3n-l 1« 1 
«*« = 8 a + — p + - y, 



w-1 



a^ = 



w'-2w* + 2w-l w-1^ w-1 

a «+ — r-p + — r"yi 

w w* '^ w" '' 



therefore a^^-a^^ ^^, (a-fff + y), 
a«i6 - cf«*e = -j^ (a + ^ + y). 
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5. Describe Nicholson's Hydrometer; and explain its uses. 

An old Nicholson's Hydrometer is found with its stem uni- 
formly coated with rust. Two weights of unknown magnitude are 
also found with it. The stem has three marks AyB, G upon it 
which marked the surface of some unknown liquid when the 
hydrometer (free from rust) floated in it either free, or with one or 
the other of the two weights in its upper pan. When it is now 
placed in a liquid, the surface in the three cases is at A\ B\ G\ 
Shew that 

AA' .BG^AC.BB' + AB. (7C = 0. 

Let w?j, w^ be the two weights; p, p' the densities of the two 
liquids; a, a' the areas of the stem of the hydrometer when free from 
rust and when rusty respectively. Then, whatever be the weight of the 
hydrometer, we have 

Wj = AJB , pa and = A'B* . pV, 
Wg = AG , pa and = -4'C" . pV ; 

therefore -j^ = -^tq, j 

therefore AB{AG + GG' - AA') = AG (AB + BB -^ AA') 
therefore AA' (AG - AB) - AG . BB + AB . GG = 0, 
therefore AA\BG-AG .BB' + AB.GG' = 0, 

6. State clearly the argument which shews that rotating^ 
liquid under forces symmetrical with respect to the axis of 
rotation may be dealt with as if at rest under the given forces 
and an additional force passing through the axis: and, in the case 
of heavy homogeneous liquid rotating about a vertical axis, shew 
that vertical sections of the surfaces of equal pressure are para- 
bolas. 

A spherical shell is partly full of water at rest. If the water 
be made to rotate about the vertical diameter, shew that the 
greatest depression of the free surface exceeds its greatest eleva- 
tion. 

Let AB (fig. 19) be a vertical great circle of the sphere, GB the 
intersection of the surface at rest with the plane of the paper, MYN the 
intersection of the rotating surface with the same plane. Hound the 
sphere describe a cylinder with axis vertical, and suppose the space 
between it and the sphere filled with water to the height GGDH, If 
this water be made to rotate with the same angular velocity round the 
axis, its surface will intersect the plane of the paper in MK^ NL, being 
continuations of the parabola MYK 

Now the volume of the paraboloid between KL and F=J the 
volume of the cylinder between these levels ; and also, since the mass of 
water is constant, this volume is equal to the volume of the cylinder 
between KL and GH\ therefore the volume of the cylinder between KL 
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and GH is J its volume between KL and F; therefore V and KL are 
equidistant from GH', therefore V is depressed below CD more than 
Jf, N are raised above CD, 

vii. Distinguish between a real and a virtual image ; and 
prove that the image formed by a convex mirror is always%iVtual, 
but that that formed by a concave mirror is real or virtual, 
according as the distance of the object from the centre of the 
mirror exceeds or falls short of a certain amount. Prove that, in 
these cases, the image is erect or inverted, according as it is 
virtual or real. 

viii. State the laws of refraction. 

A small cylindrical pencil of rays is incident on the curved 
surface of a solid right cone with a flat base, formed of a refracting 
substance, the axis of the cone coinciding with the axis of the 
pencil. Determine the position of the point from which the pencil 
will diverge, after transmission through the cone. 

The pencil, after entering the cone, will diverge from the 
. vertex of the cone, and therefore, after emergence, will diverge from a 
point on the axis> at a distance from the bafie = /i times the height of 
the cone. 

ix. Find the geometrical focus of a small pencil of rays after 
direct refraction into a medium bounded by a spherical surface. 

A luminous point approaches a refracting medium bounded by 
a spherical surface, the point moving along the axis of the medium. 
Prove that the point and its geometrical focus always move in 
the same direction, aaid that the least distance between them is 

^^^: r, /A being the refractive index, and r the radius of the sur- 

V/i + 1 

face. Which is then nearer to the surface ? 

Let u, V, be the respective distances of the luminous point and 
its image from the surface of the medium. Then, r being the radius of 
the medium,^ we have 

fL 1 fJL 1 

V u T ' 

Now, as the luminous point approaches the medium, u diminishes. 

Hence, - increases, therefore - increases and v diminishes. Or, the 
■ u V 

luminous point and its image move always in the same direction. 
Again, putting m — i? = y, we have 

/x 1 ft— 1 
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therefore {(/*- 1) w + y} r = (/a- 1) {u-y) u, 

or u*-(r + y)u — -^ = 0. 

fi— 1 

Hence, that u may be real, we must have 

(r + y)*+ — ^ = a positive quantity, 

or y"+ 2^-— Tj ry + r^ = 9, positive quantity. 

Thus, y cannot be intermediate in value between the two quantities 
(both of them negative) which satisfy the equation 

y'+2- — =^n^ + r*. 
/I— 1 

These are -4^^. -"#4^- 

Hence, y is initially infinite, and diminishes till it attains the value 
— ^^- — =-r. Since this is negative, we infer that u is less than v. and 
that the luminous point is the nearer to the surface. 

X. Define the focal length of a lens ; and prove the formula 

= -ff the symbols having their usual meanings. 

Two lenses of crown-glass and flint-glass are placed with their 
surfaces in contact and coinciding; determine the relation betweei^ 
their refractive indices and the radii of their surfaces, in order 
that a pencil of parallel rays may continue parallel, after trans- 
mission through the combination. 

If /i> /a ^ th® focaJ^ lengths of the lenses, Fthe distance from 
which the pencil diverges after transmission fiom the first lens, 

^1 
1 I 

Hence/+/'= 0, Qr one lens must be convex and the other concave, 
or the focal lengths of the lenses must be equal and opposite. 

And, if fi, fi' be the respective indices, r, r' the radii of the 
surface of the first lens, v\ 8 of the second. 



(^-'){l-l)^(^'-^){?-l)=o, 



u— 1 /A —1 a -u ^ 

or !- ^- +C_^ = 0, 

r 8 r 

the required relation. 
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xi. Define the optical ceatre of a lens; and prove that there 
are two points which satisfy the definition. When are the two 
points coincident; and when is one of them infinitely distant? 

The centre of a lens is the centre of similitude of its siirf aces. 
Hence there are two such points. They will be coincident when the two 
surfaces of the lens are portions of concentric spheres; and one of them 
will be infinitely distant when the radii are equal and opposite. 

xii. Describe the Astronomical Telescope; and find its mag- 
nifying power and field of view. Where should the eye be placed, 
to receive the most light? 

Trace a pencil, from a distant object near the axis of the tele- 
scope, to the retina. 

To receive mpst light, the eye should be placed at the image of 
the object-glass formed by the eye-glass ; or, more strictly, the centre of 
the pupil should coincide with the image of the centre of the object- 
glass formed by the eye-glass. For the section of the surface which 
envelopes all the pencils diverging from the several points of the object- 
glass will here be smallest. 

Wednesday, January 2, 1878. 9 to 12. 

Mr Pbiob, Arable numbers. 
Mr GuusHEB, Roman nnmbers. 

1. ABG is a triangle, and the centre of its inscribed circle. 
Shew that AO passes through the centre of the circle described 
round BOG. 

Let I) (fig. 20) be the centre of the circle escribed to ABC, 
which touches BC externally. Then A 01) is a straight line, because 
AD, AO both bisect the interior angle At A. Also since BO, 00 bisect 
the interior angles at B and ; and BD, CD bisect the exterior angles 
at B and (7; therefore OBD, OCB are right angles; therefore AO 
passes through the centre of the circle described round BOCD. 

2. Between three towns -4, By G there is a continual migra- 
tion of families, so that the number of families in each town is 
unaltered, while the whole number of families migrating at any 
specified time is always even. Shew that, if by the end of any 
time an even number of families have left A for jB, then by the 
end of the same time the number of families that have left B for 
A is also even. 

Let A^ be the number of families migrating at any time from 
Ai^ B, and let similar symbols be employed for the other towns. Then 
by. the given conditions we have 

A^-^-A^^Bj^-k-Gj,, 
'Bc + B^^G^-^A^, 

G^-^G^^Aa + B^, 
and As-\-Ac + Bc + Bji-\-Gji^Gs = SiXi even quantity = 2n say. 
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Now, adding the two first of these equations, we obtain 

and substituting this result in the last of the equations, we have 

A^ + B^ + 20 J, + Wa = 2». 
If then ^^ be an even number, so is £^ . 

iii. If _ 

, f/23 + y613\4 /23-y513\4 ' 



4 



shew that the difiference of a and J, the quotient of h divided by a, 
and the sum of the squares of a and 6 are all equal. 

It has to be shewn that 

a ~ 6 = - = a« + 6« 
a 

and the values of a and h are such that 5 = 2a*. The first equation 
therefore becomes 2a* + 2a*=l, and the second 4a*-2a = -L The 
latter is deducible from the former, for squaring 

4a« = (1 - ^ay = 1 - 4a^ + 4a*, 

= 1 » 4a« + 2a (1 - 2a'^), 

= l-4a^+2a-.2(l-2a'), 

= -l+2a. 

It remains therefore only to prove that 2a' + 2a* = 1 : and this 
readily appears, for writing the first equation in the question in the form 

3a + l = (a+i8)* + (a-^)*, 
we have (3a + 1 )' = 2a + 3 (a* - j8*)* (3a + 1), 

that is 27a' + 27a*+ 9a + 1 =^+ 3(3a + 1), 

viz. a^-¥a^ = \, 

4. If a? + y + isf = 0, shew that 



I 



^^ + £zi5+f^z:ylJ_^ + JL-+ " ' 



= 9. 



We have 



X y z ) \y^z z — x x — y 

{y — 2 z — x x — yX x , x z — x x x — y 
+ + — -r =1 + -. + -. ^ 
X y z ) y — % y y — z z y— z 

^ ^ ^ xz(z''X)+xy{x-y) 

yz{y-z) 

^ ^ x{s^-zx + xy^f) 

yz{y--z) 

= 1 + — (for y + « = - aj), 
yz ^ ' 
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therefore fc% izf + ?^U^_ + J(L + _^\ 

(a? y ^ ) ly — z z — x x-y) 



.8 . ^.8 



= 3+2^±i^:±r = 3+6=9, 
xyz 

for, since a; + y + «=0, a? -¥ y^ -^ s? - 3xyz = 0. 

5. Find the real roots of the equations: 

a? + z" + y'' = a\ yz'+x'{y + z)=bc, 

z^ + f +x'^ = h\ zx +y [z-\'x)=^ca. 

We have 

therefore = {afx' - yy'f + {z'z - x'yj + (yz - xy. 

Since then all the quantities are real, we must have 
yz = x'^, and similarly zx = y'% xy = z". 

Hence, substituting in the three first equations, we have 
a^ + xy + icz = a% xy + if + yz = h% xz + yz -h s^ =^ c^, 

therefore f.= |'.= £ = _J_ ^i^^l^, 

a' Ir <f x+y + z a' + b^ + c^' 

therefore x+y-hz^Ja' + b' + c*, 

a' b' c' 

^" J'^T^T?' ^~Ja'-^b'-\-c'' ^~ Ja' + b' + ^' 

, be , ca .ah 

X = , =. , y = , =^ , z = ■ , — , 

Ja'-^b'+if "^ Ja'-^b'-\-c' Ja' + b'+c'' 

which satisfy all the equations. 

vi. If a and b be positive quantities, and if a^=i {a + b)^ 
6i = {afiy, a, = i (Oj + bj), b^ = (a,5i) and so on, shew that 

cos T 



Shew that the value of tt may be calculated by means of this 
theorem. 

Let a - 6cos<j^, then a^ = b cos*^<^, b =b cos^<^, a^=^b cos J <^ cos* J <^, 
b^ = b cos|<^ cos^<^, a, = 6 cos J<^ cos J<^ cos |^<^, b^-b cos J<^ cos;J<^ cos|^^, 
&c. 



32 



Thus 
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a^ = 5^ = 6 COS J ^ cos J^ cos|^<^. . . 



<A 



cos Y 




To calculate the value of ir it is only necessary to give a and 5 such 



a 



values that v shall be the cosine of \v or ^^r or ^ir, &c. 
The simplest case is that of a = 0, 6 = 1, when we have 

a =6 =- . 

IT 

[The result in the question is, in fact, Euler^s product under a 
slightly different form : for Euler's product, viz. 

sin^ 



^ 



= cos|^ cos^^cos|^^... 



may be written 

^^^ ={Ki +p)}* {Ml +p.)}* {Ml +i'.)}*- 



cos p 



where |>j denotes the previous factor {J(l +i?)} , p, denotes the previous 
factor {^(l+jE? J}*, (fee. 

Now let » = Y > Pi == T^ > ^c., then 
o, 

SO that we may take a^ = ^ (a + 5), 5^ = (a, 6)% <&c., as in the question. 

The quantities a^, 5j, a^, 6,... converge to the value of tt very slowly. 
I have calculated the values for the case of a = 0, 6 = 1, whidi are as 
foUows : 



a =0-0000000, 
a^ =0-5000000, 
o, = 0-6035534, 
a, =0-6284173, 
a, =0-6345730, 
a, =0-6361083, 
a, =0-6364919, 
a, =0-6365878, 
Os =0-6366117, 
a, =0-6366178, 
aio = 0-6366193, 
a,, =0-6366197, 
a„ = 0-6366198, 



h =1-0000000, 
\ =0-7071068, 
\ =0-6532813, 
63 = 0-6407287, 
h^ =0-6376435, 
6, = 0-6368754, 
6. =0-6366837, 
h, = 0-6366357, 
6a =0-6366238, 
6, = 0-6366207, 
610 = 0-6366200, 
6„ = 0-6366199, 
6,, = 0-6366198. 
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In this case the formula gives 

a =h = -, 

IT 

2 

and the value of - is 0-63661977... 

IT 

The method, regarded as a means of obtaining the value of v, is in 
fact only the method of polygons in a not very convenient form, for if 

d> = — , then 

m * 

i. = 6cos2^cos2^...cos^, 
= osm — -r 2 sin 



so that the value of the circumference obtained from h^ is equal to the 
perimeter of an mscribed regular polygon of 2"m sides. The formula 
used above (viz. for the case a = 0, 5 = 1) is in fact 

2_^^ ^(2 ^ 72) 7(2 ^ J{2 + ^2)) 

«■" 2 ' 2 ' 2 ^^^ 

and was given in a form equivalent to this by Yieta ; but it does not 
appear to have been actually employed in the calculation of ir. The 
formulsd that were employed were equivalent to 

2"msinrrr — and 2"wtan 



for the inscribed and circumscribed polygons, i,e. Van Ceulen would 
have calculated 

V(2-V(2+>/(2 h. V(2...+V2)))) 
' 2 ' 

(involving n — 1 square root signs, and which =8in si)» ia preference 
to the first w — 1 factors of (1), which = co3 J tt cos^^tt . . . cos ^ .] 

vii. In the sides BG, CA, AB of a triangle three points 
A\ By C* are taken such that 

BA' lA'G^p, :y„ CR : FA =p^ : y_, AC : C'B^p, : q- 
shew that if SJS'^and C0\ GC and AA, A A' and BB intersect 
in A\ B\ G" ; then the area of the triangle A"B"G" is to the 
area of the triangle ABG SiS 

iPiP2-^9i9*-^Pi92)' 
Since CO' (fig. 21) is a transversal of the triangle ABB'y 

BA'' . B'C . AC = BC . AC, B'A", 

BA" 



whence 


B'A'''' B'C AC'~ 


J^2 ' "ia '/3 
P, ' P^ 


S.-II. P. 
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Thus 



and 



so that 



^BFG'BBT p,p,+ q,q, + p,q,' 

aBB'C £'C_ p, 
uBAC AC p,+q,' 

aBA"G _ p,q, 

A BAG p,p,+q,q,+p,q,' 

Now A A"B"G" = A ABG - a BA"G - a CB"A - a AG"B, 



so that 



pa^ 



which, after some reduction, 



V^P2^2x%^Pl%' 



(PaPs + S'A + pa) {PsPi + Ml + Ps^i) (P1P2 + 9i9» + Pi9f) ' 

viii. If PQ be a focal chord of a parabola, and It any point 
on the diameter through Q; shew that the focal chord parallel 

to PIl = ^. 

Let pq, pr (fig. 22) be the tangents parallel to PQ, PR, and let 
F denote the focal chord parallel to FR. 

Let rp meet the diameter through qint. Then pt=pr; 
Hence, and by similar triangles, 

FQ" : Pi?* = pff» : pf ^pq* : pr^, 

= FQiF. 
FF' 



Therefore F=- 



PQ • 



ix. If OPy Q are two tangents to an ellipse, and CP', CQ' 
the parallel semidiameters, shew that 

OP. OQ + CF. cq--o8.on, 

8, H being the foci. 

Since by orthogonal projection the triangle CF^ (fig. 23) is 
equal to GPQ, the angles between any two diameters of a circle being 
equal to those between their conjugates ; and since the triangles SFQ, 
CFQ, HFQ on the same base FQ have their altitudes, and consequently 
their areas, in arithmetical progression ; therefore 

^CFQ' = \t,SFQ + \^HFQ. 
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Hence i.OPQ-^ i^CFQ'^lOPSQ-^lOPHQ^^y.AA', 

where AA* va the major axis, and p the common magnitude of the four 
perpendiculars from to the focal distances SP^ SQ, HP^ HQ, 

Let HP produced to S' be equal to AA\ 

Then, from above, A OPQ + a CFQ^ = a OS'U', 

and, the angles at and C in the three triangles being equal, and the 
length OS being equal to OS, therefore 

OP.OQ^CF.Cq^OS. OH. 
This proof is due to Mr C. Taylor, of St John's College. 

10. A rhombus is formed of four rods of length a, hinged 
together. Two opposite rods are supported in a vertical plane by 
two smooth pegs, which are separated by an horizontal distance h 
and vertical distance A?. Shew that the product of the horizontal 
distances of either peg from the ends of the nearer unsupported 
rod is i (A? — 2aA + h*), and that there is no bending moment 
round a point in either supported rod, whose distance from its 
supporting peg is three times the shorter of the distances of that 
peg from an unsupported rod. 

Let ABCD (fig. 24) be the rhombus ; P, Q the pegs ; and let 
the reactions at the hinges be denoted by the letters in the figure, the 

weight of each rod being W, Let AP = a?, CQ = x\ ABC = 0. 

Kesolving horizontally, we see that 

X, := X, = X, = X^ , = X say. 

• Resolving vertically for the unsupported rods, we have 

T^'hW=Y^, 7^+W=Y^, therefore F,- 7,+ 73- 7^ = 0; 

and taking moments round the centres of these rods, we have 

(7,+ 7Jcosfl + 2Xsintf=0, 
(7^+7Jcose-2Xsine = 0, 

therefore ^,+ ^g+ ^«+ ^^4 = 0; 

and since 7, - 7,+ 73- 7^ = 0, 

we have 73 = — 7,, 7^ = — 7,. 

Now, taking moments about P and Q for the supported rods, and 
using previous results, we have 

7,a/-7,(a-aj') + }r(ia-aj') = 0, 

therefore x = x\ 

3—2 
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Hence, if PN be drawn perpendicular to 2)C, 

Z>i!r=a-a?-^ and also =acostf + aj, 

therefore 2aj = a (1 - cos ^)^ h, 

therefore as = | a (1 - cos tf) - J ^, 

a-a-A = Ja(l+cos^)-|A, 

therefore AP . DN=^x{a^x-h) = {^^^ --^oo^'^e, 

= J{a«sin>«-2a^ + ^"}, 

Next let /2 l)e a point in ilJB such that Pi?= Sojj then the bending 
moment round R is 

r.(«-4.)-^Tr.^»'=(«-4.){F.-Tr«-^}. 

Now, we have 

and y;jaj-r,((3f-a;)+Tr(|a-a) = 0, 

therefore r,a-F(J a - 2a;) =0, 

therefore F, - F ^^-^ == 0, 

therefore there is no bending moment round R, 

xi. An elliptic lamina of eccentricity e rests upon a perfectly- 
rough equal and similar lamina, the two bodies being symmetri- 
cally situated with respect to their common tangent at the point 
of contact. If a be the inclination of the major axis of the fixed 
ellipse to the horizon, and 6 be the inclination, measured in the 
same direction, of the major axis of the moving ellipse in a position 
of equilibrium, then 

sin i (^ + a) = e' sin cos J (5 — a). 

In ^g, 25 OM is horizontal, PG' is the normal, C the centre, 
and PN' perpendicular to A'G'. In the position of equilibrium G*P is 
vertical, so that the angle PG'G = ^tt - ^, and since OP bisects the angle 
GVG, the angle COP = ^ (« - a). 

NowC"ef' = e«(7iV'', and 

CG' : CP :: sini(^ + a) : cosJ((9-a). 



M m -^^-^^■■i^^^p^^^^P)— t^»i»^ 
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whence ^""^S'^'^i C^'^ = e" CT sin 0, 

giving the equation in the question at once. 

[Or, otherwise, since FO is parallel to the diameter conjugate to C'F^ 

tan POO' tan OC'P = -5 : thatis, 

a 

tan J{«-a)cottf = ~,, viz. 1 -tan J (tf-a) cottf = e".] 

CI 

12. A cube with two faces horiz'ontal is pressed against a 
rough vertical wall by two strings in vertical planes perpendicular 
to the wall which are attached to the ends of a rod which forms 
the upper edge of the face furthest from the wall, and passing over 
pullies in the same horizontal line in the wall support equal 
weights. If the coefficient of friction be tan^(/8>i7r), where 
tan 3/8 + tan 13 = 2, and if the ratio of the weight of the cube to 
each of the supporting weights be 4 sin 13 , shew tbat, in the two 
limiting positions of equilibrium, the directions of the slant por- 
tions of the strings are inclined to each other at an angle 4/8 — tt. 

In any position of equilibrium, let the pressure between the 
cube and the wall be JR and let the vertical force due to friction be F. 

If the upper horizontal face of the cube be above the pullies as in 
&g, 26, where ABDG is one vertical face of the cube and E is one 
pulley, let z AOE = 0, If on the other hand it be below the pullies, as 
in fig. 27, let i AGE = ^; and let this difference of notation distinguish 
the two cases. 

Let W be each supporting weight, and 2a an edge of the cube. 
Firstly, so far as turning round the edge ^'is concerned, there will be 
equilibrium if 

2ircofle.2«>2^sintf.2a + 4Trsin)8.a| 
or cos - sin > sin )3. 

But tan3j3 + tan/3=2, therefore sin 4j3 = 2 cos 3)3 cos )3, 

therefore 4 cos 2)3 sin j3 cos )3 = 2 cos 3j3 cos )3, 

therefore 2 cos 2/3 sin )3 = cos 3)3, 

therefore sin 3)3 - sin )3 = cos 3)3, therefore sin 3)3 - cos 3)3 = sin )3. 
Hence there will be equilibrium, while 

cos - sin > sin 3)3 - cos 3)3, 
ie. while costf-sinS>cos(3)3-ir)-Bin(3)3-ir), 

ie. while cos tf - cos (3/3 -.tt) > sin tf - sin (3)3 - w-), 

,., . 3/3-ir-e . 3i3-7r + ^ . 3i3-ir-d 3)8-ir + tf 
i.e, while sm -i-— ^ sm ^ > - sm -^— -<^ cos ^ ^ > 
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Le. wnile Bin ^ is+.forsin-^ — >-oos ^ 

ie, while 0<3p — w. 

Secondly, so far aa taming round tlie same edge is concerned, there 
will be equilibrium, if 

2Trsin«^.2a+2Trcos^.2a>4Trsinj3.a, 

or Bin^ + cos<^>sin)3, 

> cos (3^ - tt) - sin (3)8 - ir), 

or sin^ + sin (3)3 - ir) > cos (3)8 — ir) — cos ^, 

or sm -2- — :k- cos — — ^ > sm ~ — ^- sin 



2 2 



or 



or 



ten^^=^ — ^ <li 



2 "=?' or ^< 3^-5. 



Thirdly, so far as turning round the edge A is concerned, there will 
be equilibrium^ if 

aW^sin i^ . 2a < 4 TTsin )8 . a, 

or sin ^ < sin )5, or ^ < )8, 

IP 
Now )8 < 3)8 — ^ ; hence the cube will not be in equilibrium, unless 

<A<)8. 

As far then as taming is concerned, l^e limiting positions of equi- 
librium are given by ^ = 3)8 — ir, and ^ = )8y where we notice that 

tf + <^ = 4)8-7r. 

It only remains then to shew that for positions of the cube between 
these it has no tendency to slip. 

" If ^<3)8-ir, wehave^ = 2]rcostf, ^ = 2W^sintf + 4Trsin)8, 
therefore *tan;3-l'=2TF(costf tan)8-sintf-2sin)8) 

= 2TF sec )8 {sin (j3 - 6) - sin 2^} 

= -4Trsec)8sm'— ^ cos-^-r — ; 

SB— 6 
therefore ^ < -R tan )8, if cos-^-jr — be negative, 

i.e. if 3)8-e>ir, 
i.«. if fl<3)8-fl-. 

Again, if <^<)8, wehave jK = 2Trcos<^, F= 4}rsin)8- 2Tr sin </>, 
therefore H tan )8 - JF^= 2 Tr(cos <^ tan )8 + sin ^ - 2 sin )8) 

= 2Trsec )8 {sin (P + «/») -sin 2)8}; 
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therefore J'<^tanAif sin {j8 + 1^) > sin 2)8, 

if /J+<^<2)8or>7r-2)3, 

if <^ <)8 or >ir-3p, which is negative. 

Therefore, between the limiting positions of equilibrium given by 
= 3^- IT and ^ = ft -F<i?tan ft Le. the cube will not slip. 

These are therefore the true limiting positions of equilibrium. 

13. A particle is projected from a platform with velocity V 
and elevation fi. On the platform is a telescope, fixed at elevation 
a. The platform moves horizontally in the plane of the particle's 
motion, so as to keep the particle always in the centre of the field 
of view of the telescope. Shew that the original velocity of the 

platform must be V -. ^ , and its acceleration a cot cr, 

^ sina ^ 

Let A (fig. 28); be the point of projection ; £C the position of 
the telescope, F that of the particle at the time t 

Then AB = AM-BM 

= V{cosp,t-{VBmp.t-^ge)cota 

= V (cos P - Bm P cot a) t-^ ^g cot a (^ 

sma ^^ 

Since this is true for all values of f, we learn that the original velocity 

of the platform must be V — -, — and its acceleration g cot a. 

* sin a 

xiv. Two bodies are projected from the point A in the same 
direction with velocities v^ and v^ P and Q are any two points 
on their respective trajectories, and PM, QN the perpendiculars 
upon the horizontal plane through A. K AM, AN, be denoted by 
ttj, a,,, and the angles PAM, QANhj a^, a^, then 

4 a cos a, 4 -cos a, 
^ * * cos ai ^ * * cos a. 

Let i be the angle the direction of projection makes with the 
horizon, and let t be the time of flight of the first body fix)m A to F 
(fig. 29) : then 

ttj tan ttj = V, sin i . ^ — ^g^, a, = v^ cos i . t, 
whence a^ tan a^ = a^ tan i—\ ^—^ sec* *, 

viz. ^ajtan"t-2i?/tant + 2i?j'tanaj + ^aj = 0. 

Similarly ga^ tan* i - 2t;/ tan f + 2i;/ tan o, + ga^ = 0. 
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Eliminating tan i from these two quadratic equations, 
{2ga^v^' - 2ga^v^^ {2v^' {2v^' tan a, + ga^) - 2v/ {2v^' tan a^ + ga^)} 
= {ga^ (2v/ tan a^ + ga^) - ga^ {2v^ tan a^ + ga^Y^ 
^hich, on reduction, at once assumes the form given in the question. 

15, Two buckets P, Q hang at the ends of a light string 
which passes over a smooth fixed pulley. Above each bucket is a 
fixed point from which hangs a light string supporting very small 
balls of mass m at equal intervals a. Initially, the lowest ball of 
the string above P is just touching the base of P, while a number 
of balls of the string above Q are coiled upon the base of Q, so that 
Q descends and at the first instant of the motion one ball is lifted 
from its base. Find the acceleration of the system after r balls 
have been lifted ofi* Q, 

Shew that when the square of the mean velocity throughout 
a complete interval from ball to ball is to ga as the difference 
between the total descending and total ascending masses in that 
interval is to m, the velocity at the end of the interval is approxi- 
mately the same as it was at the beginning. 

Let Py Qhd the masses of the buckets, m the mass of each ball, 
N the mass of balls initially on the base of Q, The geometrical condi- 
tions of the problem shew that the number of balls in motion is always 
the same ; therefore the moving mass is always P + $ + iV. 

At the time t let r balls have been lifted off Q, Let v,^ be the 
velocity just after the impact last before t', v^ that just before, v,^^^ that 
just after, the next impact. 

During the interval in which t lies, the wdght on Q*s side is 
{Q +N-mr}g, and on Ps side (P+ mr) g ; therefore during this interval 
the acceleration is 

{Q + JSr^mry-{P + mr) Q+I^^P-2mr 

P+Q-\-N ^" pTqTW~^' 

And at the ensuing impact, since the velocity of one ball is destroyed 
by the string above Q, we have 

(P + C + iV')t*,^^ = (P+e + ir-m)v. 

Now the space throughout which the system has the above acceleiu- 
tion is a, 

therefore (P+ § +iV) {v/ •- u^} = 2 (Q + 1^ -^ P - 2fn^) ga, 

and V = u 

'. F+Q + N-m '*" 

therefore {P +Q-^Nyu^^^' -{P+Q + N-nif «/ 

_ {Q + N-P-2mr)lP+Q + N-'my 

=^^" ttqtn • 
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If then w^^j = u^ approximately, we have 

or, approximately, 

2m{P + Q + ir)u; = 2ga^ jP^qIj/- -; 

But, if T be the time in which the complete interval is described, the 
indefinitely small time of one impact being included, we have 

, P-^Q + N P+Q + N . ^, . . , , 

and v,= n — 7^ — xr ^rxi = -71 — T. — i? ^r foJ^ this interval, 

' P-\-Q + N-m '+» P + Q + N-m ' ' 

therefore m |^^i|i^ «^, | = (<2 + i\r - P - 2wr) (^r, 
From (1) and (2) we obtain 



a=^{Q-\-N-P^2rm}. 



a* 



Now, if «?be the mean velocity, wr = a; therefore t*= —j ; 

hence, 

mvf= {Q + F-P" 2nMr}ga, 

or w' : ga :: {{Q ■{• N' - mr) - {P + mr)} : m. 

xvi. Prove that the periodic time of a body describing an 
elliptic orbit under an attraction to a fixed point within the 

ellipse is — p?-, where j^^ is the perpendicular from the centre of 

the ellipse on the polar of (J; assuming the acceleration of the 
body at distance r from to be ^ , where p is the perpendicular 
from the body on the polar of 0. 

In Newton, Section ii., Prop, vii.. Cor. 3, it is shewn that the 
' force under the action of which a body P revolves in any orbit about a 
centre of force C7 is to the force under the action of which it can revolve 
in the same orbit in the same periodic time about any other centre of 
force 0, as OP' . CP to CG% CG being drawn parallel to OP, and cutting 
the tangent at P in G^. 



\ 
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'Now let G be the centre^ so tliat the law of force is fir and the 
periodic time -p : then (fig. 30) 

force to _ CQ^ 
ioTceto C OF". OF' 

therefore force to = /* ^^V OF = fi (^Y OF, 

CT and OZ being perpendicular to the tangent at P. 

Now if UV be the polar of and CY\ PZ' are perpendiculars let 
fall upon it 

07 GT 

OZ" FZ W> 

so that 

2ir 
and the periodic time is — ^ : so that if the law of force be, as supposed 

in the question,> ^ , the periodic time will be 2v -^ . 

The proposition (1), the truth of which is suggested bj the wording 

of the question in which the law of force ^ is given, may be readily 

proved as follows. We have (fig. 31) 

perpendicular from on tangent at P _ OF 
perpendicular from C on tangent at P CF ' 

- perpendicular from P on polar of _ LN 

perpendicular from G on polar of ~~ GN^ 

FL being parallel to the polar of 0. It remains therefore only to shew 
that ^= ^, and this is readily seen to be true for 

CO.CN= CV= CL. CR, whence ^ = ^, 

J XI. r GR-CO CN-GL ^, ^, OR LN 
and therefore —^ ^^—, that is ^ = ^. 

[This is only a particular case of a more general proposition, in which 
P and the tangent at P may be replaced by any point P and its polar: 
see Salmon's Gonics, 5th edition, Art. 101, where the proposition is proved 
for circles. The simplest proof is analytical, viz. let the coordinates of 
and Fhe hy k and h\ k', then 

perpendicular from P on polar of _ M' kk* - 
perpendicular from centre on polar of a* 6* 

perpendicular from on polar of P 
~ perpendicular from centre on polar of P * 
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The proposition that an 'elliptic orbit might be described about any 
point under the action of a force ^ is due to Sir W. B. Hamilton ; 
but the formxda for the periodic time is, I believe, new. If coincide 
with the centre^ then the polar is at infinity, so that -^ = -^ = const = im! 

suppose; thus the force is fiV, and the periodic time is -t-,* If 

T 

coincide with the focus S^ the polar is the directrix, so that p = - : 

thus the force is ^, and the periodic time is — r-.f-) • that is the 

force is ^ , and the periodic time -y-7- . It can be deduced from the law 

^ , that the most general laws of force such that, whatever be the cir- 
cumstances of projection in the plane on/, the body will always describe 
a conic, are 



Independent proofs that a body subject to the action of either of 
these laws of force will describe a conic about the origin as centre of 
force, and that these are the most general laws for which this is true, 
are given by MM. Darboux and Halphen, Comptes Rendua^ t, 84, pp. 
760—762 and 936—941 (1877).] 

xvii. A semicircle is immersed vertically in liquid with the 
diameter in the surface; shew how to divide it into any number 
of sectors, such that the pressure on each is the same. 

Consider the pressure upon the sector BOP (fig. 32), AOB 
being the surface of the water. The pressure is equal to the area of 

the sector X pressure at the centre of gravity= Ja'^.pf — jj— sin J^, 

a being the radius, and the angle BOP. Thus the pressure oc 1 - cos 0, 
that is, X the versed sine BN, 

The construction therefore is : divide the diameter AB (fig. 33) into 
n equal parts in iTj, N^y N^.,, and draw vertical lines N^M^, ^r^a> 
Njl^ . . . then the pressures upon the n sectors OBM^ , OM^M^^ OM^M^ . . . 
are equal. 

18. A fixed vertical circular tube full of air has within it two 
diaphragms of weight w^, w, which fit the tube closely, and are 
originally in contact with one another. They are separated by 
water being forced into the tube through a small hole which is 
closed when the weight of water forced in is w^. Shew that in the 
position of stable equilibrium the line joining the weight w^-to the 
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centre of the tube is inclined to the horizon at the angle 

w^ (1 — cos 7) + w^ sin 7 ' 

where 7 is the angle subtended at the centre of the tube by the 
water. 

. Let 9^ be tbe angle required, B the corresponding angle for w^^ 
being positive when below the horizontal. Let to* be the pressure of the 
water at the lowest point of the tube, ^ the pressure of the air. Let a 
be the radius of the tube. Let thie area of a cross section be unity, and 
let p be the density of the water. 

At the diaphragms the pressures of the water are w - gpa (1 - sin 6^) 
and m - gpa (1 - sin 0^) respectively, where $^-\-y + $^ = tt. 

Hence, resolving along the tube at w^y tc?,, we must have, in 
equilibrium, 

p + Wj cos dj = cr - gpa (1 - sin 0^, 

p + w^QOB0^ = 'm-' gpa (1 - sin 6^) ; 

therefore w^ cos 0^ — w^ cos 6^ = gpa (sin 6^ — sin $^. 

Now 5'p»y = *«'8 ®^^ ^8=''' — ^j-y, 

iierefore w^y cos 6^ + w^ cos (^^ + y) = io^ {sin B^ - sin (dj + y)}, 
therefore 

{w?jy + w^ cos y + 1(?3 sin y} cos B^ = \w^ (1 — cos y) + w^ sin y} sin Q^j 

therefore ^.^w,i^y.^y^^,^y^ 

* w?8 ("*" — ^^^ y) + Wj Sin y 

xix. In order to determine the vapour-density of a liquid, a 
small quantity of the liquid is sealed up in a thin bulb of glass and 
weighed. The bulb and its contents are then placed in a glfiss 
tube full of mercury, which is inverted in a bath of mercury. The 
tube is graduated so as to shew the volume measured from the 
closed end. The upper end of the tube is now warmed so that 
the bulb bursts, and the whole of the liquid is evaporated, and 
becomes vapour above the mercury. Obtain a formula for the 
vapour-density of the liquid in terms of m, the weight of the 
evaporated liquid, v the volume of the vapour, t the temperature 
of the vapour, 6 the height of the barometer in the room, h the 
height of the mercury, over which the vapour is, above that in the 
bathy and q the pressure of the vapour of mercury for the tempera- 
ture t. 

If m be measured in grammes, v in cubic centimetres, 6, A, e 
in millimetres, and if ^ be the temperature centigrade, then the formida 
for the vapour density is 

m 1 + . 003665 i 760 
V 0.001293 h-h-e 

(See Kohlrausch's Physical Measuremevtls, London, 1873, p. 50.) 



Jan. 2, 9 to 12] problems and riders. 45 

XX. Any two parallel rays are incident upon the surface of a 
reflecting parabola. Give a geometrical construction for finding 
the point of intersection of the reflected rays ; and employ the 
result to find the. point in which any reflected ray cuts the caustic 
by reflexion of a parabola, the incident rays being all inclined to 
the axis at a given angle. 

Let TP (fig. 34) be one of the rays, cutting the axis at 
an angle a, let PT be the reflected ray and PQ the normal. Then 
L SPr= L SPG-^ L GPT^L SGP+ L TPG^a, Therefore z SPT is 
constant for parallel rays. Hence if P, F be the points of incidence of 
two parallei rays, describe the circle circumscribing BPFy and it will 
cut either of the reflected rays in the point required. 

Hence, to find the point on the caustic corresponding to the ray TP^ 
draw 6^Q 'perpendicular to i^P and QE perpendicular to the reflected 
ray : P will be the point on the caustic. 

21. A and B are fixed points, A being a luminous point and 
B the nearest point of a glass sphere with refractive index \i. 
a point on BA produced is the image of ^ as seen by an eye on 
AB produced beyond the sphere. Shew that AC \& least when 

the radius of the sphere is -^—^AB, 

Let the radius of the sphere be r, BA = u, AC = x; and let 
be the centre of the sphere, and I) the image of A after refraction into 
the sphere. 

Then we have the equations : 

OA on r ' 

1 jj^ __ ft- 1 . 
OS'^OC" r ' 

therefore OA'OC" r ' 



ii_ = 2 



/^-l 



"^ r + u r-^-u-vx T 

X _ 2(ft~l) 

^^^^^^^^ {r^u){r + u^x)'^ fir ' 

therefore cc I^T-^r-r- w| = (r + w)', 

therefore ^=X?3^' '^^-2"0riT)' 

The least value of a; will be found by solving this equation as a 
quadratic in n 
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The equation is 

r • + r ( 2 w - Xic) + w' + woj = ; 

which has real roots if 

(2w - XxY > 4 (w* + rix), 

or \'x > 4w (1 + X). 

4(1+X) 
Thus the least value of aj is ^ , — - u, and the corresponding value 

* • lA o\ /2(1+X) -\ 2 + \ 3/LI-2 
of ris J (Arc- 2u) = ( — ^^y — '-1 jw = — r— • u= -~ w. 

22. If the Earth be supposed at rest, shew that Venus will 
have the same apparent brightness at both points of her orbit 
which have the elongation 

^^« 2-6 ' 

where e, v are the distances of the Earth and Venus respectively 
from the Sun. 

Hence shew that there are positions of Venus in her orbit 
besides inferior and superior conjunction at which her apparent 
brightness is a maximum or minimum. 

Let S, Ej V (fig. 35) represent the Sun, Earth and Venus re- 
spectively, and JEG^SCg the line of conjunctions. 

Let^jr = e, SV=v, EY=x, SEV=e, VSG^ = 4^. 

The projection on a plane perpendicular to -^F of the illuminated 
area is proportional to 1 + cos (<^ — ^), and its distance from j^ is a;. 

Then the apparent brightness / is proportional to 

l+€Os(^~g) 1 / ^+t^»-e'| 

therefore 7 = /a ^ , where /x is a constant. 

The two values of as (a?,, oj^), which correspond to one value of fl, are 
given by the roots of the equation, 

cos^ = s f or aj'-2ajecos^ + e*-t; =0, 

2aj8 ' 

therefore x^x^ = e" — t;* = c* say. 

It is required to find two points Pj, P^ in Venus' orbit with the same 
elongation ^, for which Ip^ = Ip^, When these are equal, we have 



■ 

I 



< 



or as,'*,' («, - a,) + 2«B,a5, {x* - a,*) - c" (as,' - »,*) = ; 
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therefore c* + 2vc' (a, + « J - c' { (a;, + a, )• - c*} = 0, 

therefore (oj, + x^ - 2t; (aj, + a5,) + 1;* = t;* + 2c' = 2e* - r', 

therefore x^-¥x^^v^j2^-tF; 

and since 6 > v, ^26* - 1;*> v, so that we must take the upper sign. 

Now 0080 = = = ^ * = \. * 

2a:e 2:i:i6 2a 

2e 



Thus for this value of $. I p. = Tp. = u,^ — s — = , 

* • '^ e^ — v 

Hence between P^ and P^ there must be some point at which / is 
a maximum or minimum. 



Wednesday, January 2, 1878. IJ to 4. 

Mr Febbebs, Arabic Nmnbers. 
Mr GBBENHUiLy Roman Numbers. 

1. Enunciate and prove Newton's firs* lemma. 
A point P moves in such a manner that its distance from 
a given point ;Sf varies inversely as PN, the perpendicular let 
' fall from it on a given straight line. Prove that, if the tangent 

to the path of P meet the straight line in Q and the line 8B, 
drawn at right angles to /SP, in R^ PR is equal to PQ. 

Let F (fig. 36) be a point on the locus of P, join SP^ and draw 
P'N' perpendicular to the given straight line. From SP* cut off SV 
equal to SP^ then when F is indefinitely close to P, PF is perpendicular 
to SF. Draw FU perpendicular to PN, 

Now SF. FN' » 8P. PN; 

therefore {SV-h VF) (FN '-PU)==SP. PN, 

whence, since SV^^SP, 

VF.PN-'SP. PU=. VF. PU. 

But VP\ PU are each indefinitely small, as compared with PN or SP, 

PF PF 

Hence Piyr.J^ = ^P^; 

therefore PN sec NPF = SP sec SPF ; 

therefore PQ = PE. 
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2. Find the radius of curvature at any point of an ellipse. 

If the centre of curvature, corresponding to a point on an 
ellipse, fall on the conjugate diameter, the area of the corre- 
sponding circle of curvature is equal to that of the ellipse. 

This gives, with the usual notation, 

radius of curvature = CD^ 

therefore CD' = AC . BC, 

whence the result follows at once. 

3. Given the velocities at three points of a central orbit, 
determine the position of the centre. 

If the velocities be proportional in magnitude to the sides of 
the triangle formed by their directions, the centre of force coincides 
with the centre of gravity of the triangle. 

Let ABC be the triangle, S the centre, SP, SQ, SB the 
perpendiculars on BG, CA^ AB respectively. Then, SF, SQ, SB are to 
one another inversely as BC, CA, AB, or SF. BC^SQ .CA=SR, AB. 
Thus the areas of the three triangles, SBC^ SCA^ SAB, are equal, or S is 
the centre of gravity of the triangle. 

iv. Prove that a body, attracted to a fixed centre, will describe 
areas about the centre proportional to the times of describing 
them. 

Define the hodograph of an orbit ; and prove that, if the 
velocity in the hodograph is proportional to the angular velocity 
of the corresponding point in the orbit about the centre of 
attraction, the orbit will be an ellipse described about the focus. 

The velocity in the hodograph being proportional to the acce- 
leration in the orbit^ the acceleration is ther^ore proportional to the 
angular velocity about the centre of attraction* 

But the angular velocity about the centre of attraction in a central 
orbit is inversely proportional to the square of the distance, by the 
principle of the equable description of areas. 

Therefore the acceleration is inversely proportional to the square of 
the distance, and the orbit is therefore a conic section described about a 
focus. 

• 

V. Find the law of attraction under which a body will describe 
an ellipse about a focus. 

Prove that, when the distance between the centres of the 
Sun and the Earth is r, the attraction between them is 

47r" 8E g" 
r 8+Er'' 
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where T is the periodic time, 8 the mass o[ the Sun, E of the 
Earth in astronomical units, and a is the mean distance between 
their centres. 

(Maxwell, McOter and Motiariy Article cxxxiv.) 

vi. State Kepler's laws ; and give Newton's dynamical inter- 
pretation of them. 

Prove that, neglecting the disturbances produced by the 
planets on each other's orbits, the statement of Kepler's third 
law should be amended to " The cubes of the mean distances of 
the planets from the Sun are as the squares of the periodic times 
multiplied into the sum of the masses of the Sun and the planet." 

(Maxwell, MaUer cmd MoHan, Articles cxxxvi, cxxxvii.) 

viL Explain the diflTerent methods used in Astronomy for 
defining the positions of terrestrial and celestial objects. 

Describe the shortest course of a steamer which is to go from 
one point to another without going beyond a certain latitude, 
supposing the great circle course to cross that latitude. 

If a string be stretched between the two points on a terrestrial 
globe, wrapping it on the parallel of latitude, the string will represent 
the shortest course, which therefore consists of two great circle arcs, 
touching the parallel of latitude, and the intercepted arc of the small 
circle of latitude. 

viii. Give the arguments in favour of and the proofs of the 
Earth's rotation. 

If, at any instant, the plane of vibration of a Foucault's pen- 
dulum pass through a star near the horizon, prove that the plane 
will continue to pass through the star so long as it is near the 
horizon. 

The angular velocity of the vertical plane through the pendu< 
lum is equal to the resolved part of the apparent angular velocity of the 
celestial sphere about the vertical, and consequently the plane of 
vibration of the pendulum will follow a star near the horizon. (Maxwell, 
Matter a/nd Motion, Article cvi.) 

ix. Describe the transit-circle, and the residual errors of 
adjustment to be allowed for in the reduction of an observation. 

If a north and south collimator be made to coUimate with 
each other, and if a be the micrometer reading for the coincidence 
of the moveable wire of the transit with the cross wires of the 
north collimator, /8 the reading for the south collimator, and y 
for coincidence with its image when pointed downwards at a 
trough of mercury, prove that the level error is 7 — J (a -f- 13). 

The line of coUimation is the line drawn from the centre of the 
object-glass through and perpendicular to the line of the {avoto. 

S.-H.P. 4 
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Therefore if c be the micrometer reading for the line of collimation^ 

If I be the level error, then ^ = y - c ; • 
and therefore ^ = y - ^ (a + i^). 

10. Describe and explain the phases of the Moon. 

Mars rotates on his axis in 24 hours, and the periods of 
sidereal revolution of his two satellites around him are 7| hours 
and 30 hours respectively. Find the length of the lunar day for 
each; and describe and explain the appearances respectively 
presented by them, between two successive transits over any 
meridian of Mars. In what directions do they respectively appear 
to move across the sky? 

If Zj, Zg be the number of hours in the lunar day for the first 
and second satellites respectively, 

L "=7l""^'=TjV> therefore Zj = IQi^ ; 
X =A-A=TiTr> therefore Z, = 120. 

8 

Hence the lengths of the respective lunar days arc lOfJ hours, and 
120 hours, respectively. 

Since the time of the sidereal revolution of each satellite is very small 
as compared with that of Mars, the length of a lunation will be sensibly 
the same as that of a sidereal revolution. The first satellite will there- 
fore go through its phases about 1^ times between two successive 
culminations, and the second about four times. The first satellite, since 
it revolves round Mars in less time than that in which Mars rotates on 
its axis, will rise in the West and set in the East. The second will rise 
in the East and set in the West. 

11. Define a True Solar, and a Mean Solar, Day. From 
what two causes does the diflference between them arise ? Define 
the Equation of Time; and prove that it vanishes four times 
a year. 

Assuming that, if the orbit of the Earth were a circle with 
the Sun in its centre, the Sun's right ascension (a) and its lon- 
gitude (l) would be connected by the equation tan a = tan I cos (o, 
where co is the obliquity of the ecliptic, prove t hat the equation 

of time will have its greatest value when tan a = a/cos co, and that, 

if be then the difference between the Sun's longitude and right 

A (sin i coY 
ascension, tan = • . ^ • . 

. a/cOS 0) 

The Equation of Time, in the case supposed, would arise only 
from the obliquity^ and will therefore have its greatest magnitude when 
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the difference between a and I is greatest. Now 

. /, \ . 1 1 —cos 01 

tan (l^a)- tan I -z — - — 5^ — 
^ ' 1 + tan' I CO 



= tan I 



cosa> 

sec<i>-l 
sec <i> + tan* I ' 



Hence tan' Z + sec to = - — 7, r-tan^; 

tan (l-a) * 

tberefbre tan*^- - — 77 r tan ^ + sec w.= 0. 

tan {I - a) 

Hence^ in order that tan I must be real, we must have 

fseccD-1)* 

< 7 — Tj V 5- - 4 sec 0) not negative. 

If be the value of ^ - a, when this quantity = 0, we have 

(ton ey ^ (^^ ^ " ^)' ^ 0- " ^^ <^)' ^ (si^lo)/ . 

4 sec (0 4 cos cu cos m ' 

therefore tan 6 = ' ^^ ^ . 

VCOSCD 

Hence, this is the greatest value of tan {I - a). 

12. Explain the cause of Eclipses. Why are the intervals 
between the Solar ecliptic limits larger than between the Lunar ? 

Having given that the line of nodes of the Moon's orbit makes 
a complete revolution, in a retrograde direction, in 6799*5 days, 
and that the length of a lunation is 29*53 days, prove that 
eclipses will recuy, in an invariable order, after 223 lunations. 

If /S' be the number of days in a synodic revolution of the Sun and 
the line of nodes, then, since the nodes move in a retrograde direction, 

5 365-25 "^ 6799-53 

7164-78 



2483528-3325 

1 

346-630089 



nearly. 



Hence, 19 synodic revolutions of the Sun and the line of nodes 
= 6585-97169 days nearly. 

And 223 lunations = 6585-19 days. 

It thus appears that 223 lunations are very nearly equal to 19 
synodic revolutions of the Sun and the line of nodes, and therefore that, 

4—2 
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at the end of this period, the Sun, the Moon and the line of nodes 'will 
be nearly in the same relative positions as at the beginning of it. 
Hence, eclipses will recur after the lapse of this period in an invariable 
order. 



Thubsday, January 3, 1878. 9 to 12. 

Mr Gbbenhill, Arabic nnmbers. 
lir NiYEN, Boman numbers. 

1. Shew how to find the convergents to a continued fraction. 
Prove that the ascending continued fraction 



'n 



The logarithm of the radical 

leads to the expression 
But, by reduction, 

and therefore 

Putting logjSjSsftj, logi8g = 6,, ... logj8^ = 6^, we obtained the re- 
quired equality. 

2. Prove that in a spherical triangle, 

cos a = cos h cos c + sin 6 sin c cos A, 

and hence prove that 

. Qj. _ tan* ^ ft — 2 tan ^ I tan ^ c cos J. + tan*^ c 
^ "1 + 2 tan J b tan |ccos-4 + tan'ii tan* J c ' 

If ^j, J[,, A^f,,.A^ be n equidistant points on a small circle 
of a sphere of which the pole is 0, and if P be any other point on 
the sphere, prove that 

tan" J PA, tan'i PJ, . . . tan'i PA^ 

tan** 1 0^ - 2 tan* ^ OA tan* j OP cos nPOA + tan** ^OP 
^1 + 2 tan* i OA tan* i OPcos nPO^ + tan'* ^ 0^ tan"* I OP ' 
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Denoting the angle POA^ by 0, 
tan'JP^j taii*JP-4,...tan«iP^. 

r=n-l tan"iO-4-2tanJO-4taaJOPcos(?^+tf) + tiui*JOP 



»'=0 l+2tanJ0iltanJ0Pcosr^ + tfJ+tan40iitan*i0P 

which is equal to the required result, bj De Moivre's property of the 
circle* 

3. Find the length and the equations of the shortest lino 
joining the straight luies whose equations are 

cos a cos)8 ^cos7* 

x^a' V'-'V z-'d 

and r=^ — S7= #• 

cos a cosp cos 7 

Prove that the volume of the tetrahedron of which a pair of 
opposite 6dges is formed by lengths r, r' on these straight lines is 

Qt'^ a^ 6 — 6', c^c 

\Tr* cos a, cos)8, cosy 

cos a', cos/S', cos 7' 

If (f be the shortest distance and the angle between the 
opposite edges, then the determinant is equal to c^ sin (Frost, Solid 
Geomet/ry^ § 60) ; and the volume of the tetndiedron formed by the given 
opposite edges, being ^ r/ c^ sin 0, is equal to the given result. 

4. Prove the theorem for the differentiation of a product any 
number of times; and deduce the theorem 

Prove that 

Putting x = e^, and using the theorem 

'^-(a-')(a-^)-{s-»*>)" 

we have 



imji't-')' 



='-(i-oa-^)-a-»*oa-")'' 
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=<-a-»)'a--)a-^)-a-^')» 



-(•s) 



dy d^ 



6. Form the general equations of equilibrium of an inexten- 
sible string under given forces ; and prove that the form of the 
chains of a suspension bridge with uniform horizontal load is a 
parabola. 

If an endless chain be placed round a rough circular cylinder, 
and pulled at a point in it parallel to the axis, prove that, if the 
chain be on the point of slipping, the curve formed by it on the 
cylinder when developed will be a parabola ; and find the length 
of the chain when this takes place. 

The chain being on the point of slipping, the friction at every 
point is parallel to the generating lines of the cylmder, atid therefore the 
resolved part of the tension of the chain perpendicular to the generating 
lines of the cylinder is constant. 

Therefore the pressure and consequently the Motion at any point per 
unit length of the chain is proportional to the cosine of the angle be- 
tween the tangent line to the chain and the generating line. 

The chain is therefore in equilibrium under forces, similar to those 
on a chain with uniform horizontal load, wrapped round a smooth ver- 
tical cylinder, and therefore the curve formed by the chain when deve- 
loped will be a parabola. 

Analytically, if x be the abscissa of any point in the developed curve, 
and ^ the inclination of the tangent to the axis of x, 

T 

jK = — ° cos l/r, 

Therefore ^ (tan il^) = - cos ^, 



or 



daf a 



2a 
the differential equation of a parabola of latus rectum — . 

The required length of the chain, when on the point of slipping, is 

2a 
therefore the length of the arc of a parabola of latus rectum — , com- 

prised between the ordinates — ira and no. 
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vi. Shew that two similar curves, if similarly placed, have 
always one centre of similitude ; and that, if not simUarly placed, 
they have always one pair of homographic points coincident. 

A triangle, the magnitudes of whose angles are given, moves 
with its vertices on three given right lines, shew that corresponding 
points of the triangle always lie on right lines, except one point 
which is fixed. 

Two similar and similarly situated figures may always be 
brought by a movement of pure translation to have any assigned pair of 
homographic points coincident; and, starting from this position, any 
movement of pure translation given to one of them will bring one pair 
of homographic points into coincidence ; those, namely, which lie in the 
direction along which the translation takes place, and whose distance is 
equal to the given translation. In the original position, therefore, one 
pair of homographic points coincide and form a centre of similitude. 

Any relative position of two similar figures in a plane may be 
attained by moving one through a given angle. After turning through 
a given angle a, a pair of homographic points will come into coincidence 
in P, where APA' = aj and AP : -4'P = ratio of similitude of the two 
figures. P is therefore found as the intersection of two circular arcs. 

Let the three fixed lines form a triangle ABC l^g, 37), and let aj3y 
be the triangle of given form. If circles be described round the triangles 
APy^ Bya, (7a/3, they will intersect in a point P, at which the sides of 
the triangle ajSy will subtend constant angles, it is therefore one of the 
homographic points of the triangle, and may be shewn to be fixed, for 
L BPa = L )8ya, and OPa. = (7)3a, and therefore 

Z^P(7=27r-()3 + y)-(7r-^) = 7r + ^-(/? + y), 

a constant angle. Similarly APB and APC are constant angles; P is 
therefore fixed. It may^also be proved that any homographic point 8 of 
the triangle describes a straight line; for describe circles round aP8, 
yP8, to cut BC, BA in G'A'. 

The angles PW + PS^' = two right angles, for they are respectively 
equal to PaB, and Py^, which p,re together equal to two right angles. 
Hence A'hC is a straight line. Further, the angle PC'B = angle PBa, 
and is therefore fixed. Hence C, and similarly A', are fixed points. 

[The theorem, as well as the above elegant demonstration of it, are 
due to Mr McFarlane Gray, of the Board of Trade.] 

It may also be proved analytically ; for, if x^ y, be the co-ordinates 
of a, x^y^ those of jS, x^^ those of y, we have 

(^8 - »i ) sin y = (iCj, - ajj) sin j8 cos a - (y, - y^) sin /J sin a, 

{Vb-V) «hi y = (y, - 3^i) sin^ cos a + {x^-x^ sin^ sin a. 

The co-ordinates of any fourth homographic point are given by 

{l + m + 7i)x^ = lx^-\- mx^ + rwjj, 

where ^ : w : n are given ratios. These equations being all linear, it 
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follows that, if x^y^y xjf^^ a?,^, satisfy linear relations, we can express 
x^^ in the form 

where A^B/J^D^ are linear functions of ^ w, w ; the locus of the fourth 
point will thence be a straight line, except for the particular values of 
I : m : n which make A^=0, C^==0; in which case the fourth point is 
fixed. 

vii. In the moon's motion there occurs an inequality whose 
argument is (2— 2m) p^ — 2/8; investigate the magnitude of the 
corresponding term in the expression for the longitude, and explain 
the physical meaning of the term. 

viii. Define the specific heat of saturated vapour ; and shew 
that, if A. be the specific beat of the vapour, c that of the liquid 
from which it is derived, at the same pressure and temperature, 
L the latent heat, then 

- dL L 

What conclusion can be drawn from a knowledge that h is 
positive for some substance ? 

Trace the entropy of a pound of water from the solid into the 
gaseous state. 

The following brief sketch of the fundamental f ormulie in Ther- 
modynamics may perhaps help the student. We shall suppose that we 
are dealing with a fluid body, so that the variations of the thermodynamic 
quantities due to changes of the state of strain may be neglected, and 
that therefore, of ihe three magnitudes pressure p, volume v, temperature 
0, one is a function of the other two. We shall also suppose the heat 
expressed in mechanical units, and suppose that we are dealing with 
unit of mass of the body. To change the state of the body from v, to 
V + dv, + dO, hH units of heat must be added, where 

m^Mdv-^K^dJd (1), 

increase of energy contained in it 

dE^M'-pdA) (2); 

and the First Law is equivalent to assuming that dE is an exact dif- 
ferential with regard to v, $, 

For a reversible cycle, the Second Law gives 1-^=0, so that if 

«^=T <^)' 

c?<^ is an exact differential; in other words, between any two states, 
E-E^ and ^-<^^ are independent of the mode in which the passage 
between tJiem has been effected. 
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We may write equation (2) in the form 

dE=Od<li-pdv (4), 

and from this equation flow at once a variety of elementary results. We 
may choose any two of the five magnitudes v, 6, p, i^ E 2ja the two 
independent variables, and imagine the other three expressed in terms 
of them by means of three relations which are proper to the substance 
itself, and do not depend on the manner in which its changes of state 
take place. 

We shall here content ourselves with considering the ordinary case, 
in which v and 6 are chosen as variables. In this case 

and the condition, that the right-hand member may be an exact differen- 
tial, is that 

d^ dp 

di^M' 
This I'esult is equivalent to Camot's theorem, 
for since 0d<l> = Mdv + K^dO^ 

^"^d^-^dS' 

To this may be added the other result K^=^0-^. 

The most important case of this theorem is when the body passes 
from the liquid to the gaseous state. For let ^^ and ^, be the values of 
the entropy just before and just after the transformation has been 
effected; then, being constant, 



, , CdH L 



where L is the latent heat ; and therefore, if h and c be the specific 
heats of the body as saturated gas and as liquid on the point of 
boiling. 

When h is positive, as in the case of ether, kdO is the quantity of 
heat which must be given to a pound of saturated ether to raise its 
temperature d$, it being still kept saturated. If, therefore, it were kept 
in a non-conducting vessel and the pressure were suddenly increased, 
the temperature could not at the same time rise to the corresponding 
saturation temperature, unless heat were added; therefore, if no heat 
were added, the ether would be partially condensed. The reverse takes 
place with steam. 

To trace the entropy of a pound of water from ice to steam. 

To avoid considering the strains in ice let us suppose it just on the 
point of liquefaction at state O^v^Pq, and let 0^v^p^ be the corresponding 



[0 
'0 
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yalues when it becomes gaseous, and $vp the final values in the state of 
perfect gas. 

In liquifying <^ receives the change <f>J - ^^ = ^' 
In the state of water, ^ changes to ^j, where 

where K is the capacity of water for heat ; and if we suppose that it is 
sensibly incompressible, the change of ^ will be I -^ d$. 

In evaporating, the change of ^ is «^/ - ^i = z"^ • 

In passing from state v^0^ to v^ as a perfect gas, ^ receives a 
change 

where c is the specific heat of dry steam under constant volume : if A? be 
its specific heat under constant pressure, 

pv=(k—c)0; 
/. <^-«^/=(^-c)log^^j + clogg-. 
Adding all these changes together, we find 

The value of </>, so found, is evidently independent of the temperature 
and pressure at which the evaporation takes place. 

ix. State the laws of the magnetic action of a current, and 
investigate the magDetic strength of the field inside a long solenoid. 

An electro-magnet is constructed by winding a wire uniformly 
round n long coaxal circular cylinders of soft iron of equal thickness 
and length, enclosing each other ; the number of layers of wire 
between two adjacent cylinders being always the same and equal 
to the nimiber of layers outside the last cylinder; shew how to 
find the magnetic moment of the combination. 

Solve fully the case where ti = 2. 

In this problem we suppose the force inside a solenoid to be 
uniform, and thus neglect the disturbing effect of the ends ; and the iron 
cylinders will be magnetized uniformly, if we neglect in addition their 
mutual induction which would thus depend only on their ends. 

The force on the outside will thus be, to the same approximation, 
sensibly zero. 
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The solenoids being all of equal thickness and similarly wound, the 
force on unit pole inside any one of them will be uniform and equal to 
4irmi, where i is the strength of the current, and m the number of turns 
per unit length. This magnitude we shall denote by j^. 

If A^y ^,, ...be the areas of the sections enclosed by the coils, 
beginning with the outside one, B^, B^j ...those of the cores, K the 
coefficient of induction for soft iron ; the strengths of the poles of the 
iron cores will be 

KFB^, 2EFB^, ZKFB^ ... 

Thus the total number of lines of force from the electro-magnet will be 

and its magnetic moment will be 

Imi^'p^iA^'^^irKjB;), 
I being the length of the electro-magnet. 

X. Define the electric capacity of a conductor, and the co- 
efficient of electric induction between two conductors ; and shew 
that the latter is negative, and numerically less than the former 
which is positive. 

If the capacities of two bodies are A, a when they are each at 
an infinite distance from any other body, shew that when they are 
at a distance i2, great compared with their dimensions, their capa- 
cities are increased in the ratio IP : R^ — Aa. 

Call the two conductors (-4), (a), and let {A) be charged with 

E 
a quantity E of electricity ; the potential at (a) is ^ i ^^'^ ^ (^) ^ 

uninsulated, there will be induced on it a charge — ^ . The potential 

due to this charge at (-4) is - -^ . j^, which being sensibly constant over 

this conductor, will not alter the distribution of its electrification. The 

total potential at (A) will therefore be (^ — »«) ^' ^^t, if (a) were at 

E 
an infinite distance, the potential at {A) woidd be -j . The capacity of 

Jul 

(A) is therefore changed in the ratio B? : R^ — Aa. The same result is 
evidently true of (a). 



60 SOLTjnONS OF SKNATE-HOUSB [THUESDAT, 



Thuesday, January 3, 1878. IJ to 4. 

Mr Febbebs, Arabio nmnberB. 
Mr NivEN, Boman numbers. 

1. If the equation /(a?) = have two equal roots, one root of 
the equation y [x) = will be equal to either of them. 

If the equation aa? + 3 Ja?* + 3ca? + d = have two equal roots, 
they are each equal to ^ — -^^ . 

K the equation oaf + Zbs? + Sea; + e? = have two equal roots, 
they must be equal to one of the roots of the derived equation 

aa5*+2ftaj + c=0, 

Hence the expressions oaf + 26a^ + 3cs(;+ d^ oaf + 2bx + c, must have 
a common factor, or the equations 

aa^ + 2hx + c = 0, 

&«* + 2caj + d = 0, 

must have a common root, to which the two equal roots of the given 
•equation must be equal. Hence the value of' thiis root is given by the 
equations 

7? 2x 1 

bd — c'^bc — dtd^^ac-b'* 

Hence the equal roots are each equal to i t» • or to 2 ? i , 

^ ^ ^ ac-b' * bc-ad* 

which two expressions are equal to each other, when the given equation 

has two equal roots. 

2. Sum the series 

rncos^ — Jm'cos3^ + ^m'cos5^ — .•. ad infinitvm^ 

m being less than unity ; and prove that it has always the same 
sign as m cos 0. 

Trace the curve 
r = a(cosa cos 5 — J cos 3a cos S0 + Jcos 6a cos 25— ...). 

Express the doubly infinite series 

ffi-9 n.Qo cos ma; cos ny 



m-i »-i ^ ^ i7m(m^ + n*) 
in the form of a singly infinite series of cosines of multiples of y. 

(a) If C denote the sum of the series 
m COB $ -^ ^ m* cobZ$ + \m^ COS 60 ^ ..» ad inf., 
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we have 

= tan m"* mc^^* + tan"* mc"^^* 

= tan '-:= r, 

1 - w 

therefore C = i tan"* -= =- . 

J. — w* 

This result holds for all values of 0, since m is less than unity, and 
since 1 —m' is positive, C has always the same sign as m cos 0; 

(fi) We have 

2r 

— = cos (fl-a) - Jcos 3 (tf - o) + |cos5 (tf -a) ... 

ft 

+ cos(tf + a)- Jcos3 (fl + a) + ^cos6(fl-a) ... 

Now it is known that the upper line of the right-hand member of 
this equation is equal to ^v from b — (i^ir — a) to $ = ^v + cl, and to 
— Jw from tf = j7r+atotf = fir + o. 

And that the lower line is equal to ^ir from = — (^«' + a) to 
tf= Jir-a, and to - Jirfrom tf= Jir-a to fl = f w-a. 

Hence the whole expression is equal to from $ = -(^7r + a) to 
tf = — (Jtt— a), to i^TT from tf=-(Jir — a) to fl = Jir — a, to from 
= J«--a to = Jir+o, and to - Jir from = |ir + a to 0=:|ir — a. 

Therefore the curve represented by the above equation will be an 
arc of a circle, radius ^ira, subtending an angle ir — 2a at the centre; and 
also (corresponding to zero values of r) the centre itsel£ 

(y) It will be sufficient, for this purpose, to sum the coefficient of 

. ,x-coswy . .1 • 
(- 1)" ^ VIZ. the series 



n 



cos a? cos 2a; / i\"» ^Qs^^*^ 



l' + w» 2(2« + w') "^^ ^ m(m' + w') 

Call the sum of this series u, then 

cPu , cos 20? cos 3a; 

= i {log (1 + c>/^) + log (1 + «- ^^)} 
= I log (2 4- 2 cos (b) = log 2 + log ooe ^ X. 

This holds from a; K — IT to »=«) - 
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therefore u = ilc"* + j^e""* 

1 C^ X f* X 

— 5log2+€""'| c^'logcos^fsfe + c"* / e""'logcos^cfe, 
n Jq ^ Jq Z 

A and B being arbitrary constants. 

To determine A and B we observe, first, that the value oi u S& 
unchanged by a change in the sign of n. Hence A = B, And putting 
x — ^y and denoting 

*(n) = 2^-ilog2, 
therefore -4 = J <^ (w) + -s— , log 2. 

3. If 01 be the angle between the positive directions of the 
axes of X and y, prove that the axes of the curve 

are represented by the equation 

(a cos 0) — A) a?' + (a — &) iry + (A — J cos ©) y' = 0. 

If a?, y be the rectangular co-ordinates of a point, and 

and a, ^ be the values of f, 77 at a focus of the curve 

af+2Afi7 + &i7* = l, 

prove that «'=^- '^^^^ 

We may determine the foci of the curve 

ai* + 2A^ + 6iy"=l 

by the consideration that the two tangents drawn from either focus 
satisfy the analytical condition of representing a circle. 

Now, these tangents are given by the equation 
(oa* + 2Aaj3 + 6^8" - 1) (a^ + 2Afi; + ^« - 1) = {(aa + A)3)i +(Aa + 6/?)i; - 1}». 

Hence, since for a circle the coefficients of ^ and tf are each zero 
a(aa«+ 2Aa/J + 6)3"- 1)- (aa + Aj8)* = 
6 (oa" + 2Aaj3 + 6)8" - 1) - (Aa + 6i8)" = 0, 

therefore (a6-A")/3"-a = 

(a6-A")a"-6 = 0, 

therefore a" = ^^--^, , ^= ^,. ^ 
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4. Shew how the values of / cos* xdx and J sin* xdx may be 
made to depend on those of /cos*~*a?cfoj and /sin*""a?da?; and prove 
that 

f^,i^^^^^ 1 [1 , (2^-1) , (2r. -l)(2n--3) 1 

(2w-l)(2n-3)...3 7r 
■*■ 2n(2ii-2)...4.2 4 ' 

We have (sin «)*" = (sin aj)"""" (1 - cos' oj). 

A J T/ • \t— 8/ ^ \«^ (sin «)»""' cos a; , 1 A . v-, , 
And j(sm «)•■ (cos xf dx = ^ — ^^ITi + s^TTl j(^"^ ») dx, 

therefore 

f/ ' \*.j f/ • \«— 8^ (sin re)*""* cos a? I f, . .^, 
i(sm xy* dx = l(sm a:)"" ^dx - ^^ — ^ _x <y _i /('^"i «) <^ 



271 



T/ • \aii-fl J (sin a?)**"* cos x 
J(sm«r "(^-.^ ^^^ . 



Hence, writing u^ for / (sin a?)*" cte, 



271-1 1 



M_ = "t: W_ . — 



2/1 "-» 2"^^^' 



Similarly u , = ^r w . — 



-* 271-2 "-" 2". (71-1)' 



J f* • • _7 r* 1 -cos2aj - V 
and ^1 = / sm' xdx= j ^ oa; = ^ . 

„ 1 ri 2ri-l (27i-l)(2w-3) ) 
Hence w.=-^j;rPii- + —7 r\ + ^ tTT o(--r 

• 2'*^{n 71 (71-1) 7l(7l-l)(7»-2) j 

(271-1) (271 -3)... 3 V 
"*■ 27i(27*-2)...4.2 4* 

5. Prove that the Action, through any arc of the path of a 
projectile, is proportional to the area subtended by that arc at the 
focus ; and express it in terms of the chord joining the ends of 
the arc, and the sum of the focal distances of those ends. 

The action, in general, = Jvds, and in the case of a projectile 
v=(-) p, 4a being the latus rectum of the parabola, and p the perpen- 
dicular on the tangent. 
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Hence the action = 2 ( - ) A, A being the* area subtended by the arc 
at the focus. 

And this may be expressed in terms of the quantities mentioned in 
the question, by Lambert's Theorem. 

vi. Investigate the " equation of continuity '* in fluid motion ; 
and explain clearly what its physical signification is. What form 
does it assume in the case of an incompressible fluid moving ir- 
rotationaUy ? 

A stream of uniform depth and of uniform width 2a flows 
slowly through a bridge consisting of two equal arches resting on 
a rectangular pier of width 26, the bridge being so broad that 
under it the fluid moves uniformly with velocity U. Shew that, 
after the stream has passed through the bridge, the velocity poten- 
tial of the motion is 

a — b Tr . 2aU Si 1 . tirb iiry JlE 

Uoo + -zio- 2 "5 sin — cos — ^ e a , 

a IT I r a a 

the axis of x being in the forward direction of the stream and the 
origin at the middle point of the pier. 

Find the equation of the path of any particle of the water. 

The water is supposed to issue from the bridge with imiform 
velocity U, and the motion will be evidently irrotational, if we neglect 
friction. 

The velocity potential satisfies the following conditions : 



da? d'kf 



= 0, 



a 
-j?= [7 when aj=0, except from y = -6toa; = + 6, when it = 0; 

^ = at the banks, or when y = - a and y = + a. 
These conditions are evidently satisfied by the function 



provided 



<b = . U'X+ Sr J, cos— 6"^> 



,U — ^TiA, cos — » from y = to y « 6, 

= U from y = 6 to y = a. 



J 
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A^ is easily found by Fourier's theorem ; we have * . 

a Jo a a Jo a ^ Ji, a ^ 

The first of these integrals vanishes, and ihe integration of the two 

others furnishes 

, 2aU 1 . inb 
-A, = — T- . — sin — . 
IT i** a 

whence 



%irx 



= . Ux + — =- . 2. -s Sin — cos — ^ e » , 

a w I a a 

The stream lines, which in this case coincide with the lines of flow of 
the individual particles, are given by 

dy dx^ dx dy^ 
hence ^ = j(^^ , dy --^ . dx) 

= ^-.U.y ^Si j,sin -— srn-^e « ., 

a IT % a a 

vii. Investigate the phenomena observed when a star is viewed 
through a telescope, and the object-glass is limited by a small 
rectangular opening. 

When tiie opening is a parallelogram of any shape, shew that 
the bars of the same order form parallelograms similar to it, but 
turned through a right angle. 

We have to consider the image formed on the focal plane of 
the telescope. When the parallelogram is rectangular, we find from 
Airy's tract on the Undulatory Theory (Prop. 20), that the dis- 
placement at any point (/?, q) of the focal plane is 



jdxjd2,sin^S(vt-B + ^±^), 



b being the focal length of the object glass, docdy any element of area of 
the rectangle, and the origin of co-ordinates being the projection of the 
centre of the rectangle on the focal plane. 

The total intensity of light at p, q, is also foimd to be the square of 

ieff-^ sin ^"j r— sin ^^'i • 

2e, 2/ are the sides of the rectangle in the direction of the axes of 
X and y. 

If the parallelogram be oblique, the angle between two "sides being 
o), and we choose axes parallel to its sides, we must substitute (ficc?^ sin a> 
for dxdy. If or, x be the contra-prdiuates of the point on the focal 

S.-H. P. 5 
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plane considered, the function px + qy for rectangular axes becomes, for 
oblique axes, 'mx-^-Ky, The contra-ordinates of a point referred to 
oblique axes are the intercepts cut off by perpendiculars on the axes of 
X and y ; in fact «r =/? + 2' cos o), k = ^ + jp cos ai. 

The edges of the parallelogram being again 26, 2/^ the intensity of 
illumination for any given colour is, at any pointy the square of 

The bright or dark bands of any colour are given by 

where •/ is a pure number. 

They are therefore lines at right angles to the axes; and, since 
w : K w f \ e, they therefore evidently form figures similar to the open- 
ing, but turned through a right angle. 

viii. Investigate the velocity of transmission of sound through 
a uniform gas; stating the correction to Newton's result introduced 
by Laplace, and explaining how the ^magnitude so introduced may 
be found by experiment. 

A gas is formed by mixing a number of simple gases in the 

proportions by mass of m^ : m, : wi, The- specific heats of 

these gases at constant volume and pressure are, respectively, 
Cj, h^\ c,. A?,;..., and the velocities of sound in them are m. , w,, w,... ; 
snew that the velocity of sound in the mixture is given oy 



C7« = 



S(mA?) ^\ k ) 

2 (mc) ' S (m) 



k 
If the simple gases be such that - is the same for all, what will 



this result become ? 

The velocity of sound in a gas is given by w"=:~-2. ft . y, 

where v^ is the volume of a pound of gas at pressure p^ and temperature 
0^, 6 is we temperature of the gas under consideration, and y^h : c. 

Let there be a mass of gas mj + m,+ consisting of the given 

gases m the proportions m, : m, : m, . . . , and let it be kept in a vessel 
of given volume, and let heat be applied to raise the temperature of the 
whole hd degrees; then the quantities of heat absorbed are m^c^hOy 
WgCjStf, ... while, if C7 be the specific heat of the whole mixture under 
constant volume, the total heat absorbed ^ (wi, + w^ + . . .) CW ; 

therefore (m^ + m^ + wig + . . . ) C = m,Cj + m^c^ + . . . . 
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In a preckely similar manner 

JTS H = S (mk). 

Now, if F, be the volume of 1 lb. of the mixture at p^ d , 
We see from the equations written down abore that 



hence we have 



<». 






S(mife) ^\k ) - 

h 
If - were the same for each of the component cases 
c 

,_ S(ym^) 

ix. Give the theory of Wheatstone's Bridge; and explain how 
it can be applied to determine the position of a fault in a telegmph 
wire. 

If A and B be the ends of a wire with one fault, and 22, S the 
resistances to a current sent from A when B is insulated and to 
earth respectively; and \i E, 8* be the corresponding resistances 
to a current sent from B, prove that E : 8 :: It : 8\ 

Prove also that the same result will be true if there are two 
faults. 

In Cumming's Electricity, Art 192, it is proved that, if the 
fault be at C, and the resistances of AC, CB, and of the fault be, 
respectively, ocyz, then, for a current sent from Ay 

B = x + Zy S^X'\--^—; 

y + z' 

similarly, for a current sent from JB, 

xz 



E = y + z, S'^y-^ 



A comparison of these expressions at once shows that 

B : S :: E: S\ 

We may simHariy solve the case where there are two faults, one at 
C, and another at J), 

5-3 
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Let AC = x, CD=y, J)B = z, 

and let the resistances of the faults at C, Dheii^ v. 

First, let the current go from A to B, and let jS be to earth, and let 
the potentials a.t A, C, D (fig. 38), be T, F,, F,, and let the currents in 
AC, CD, DB be *j, t,, ig, and those through the faults hej^yj^, 

also tj = \ +j^j and i^ = \ +j^. 

If we eliminate from these equations all the currents and potentials 
except tj and F, we obtain 



T^fl 1111) 
[U1/ uz tw yz yvy 



. fl 1 1 1 1 1 1 1) 
* [xy xz XV uv uy uz yz yv) 



But since V^E\^ we find 

R\ — + — + — + — + —> 
[uy vy w) uz ' yz) 



n 1 1 1 1 1 1 1) 

\xy yz uy vy uv XV uz xz) 



To find S we may suppose the resistance in DB to be infinitely great, 
that is 2; = 00 . 

This gives us 

^/l 1 1\ /I 1 1 1 1\ 
Si — + — + — ) = «( — + — + - + — + — ). 
\uy vy. uv) \xy uy uv vy xv/ 

The corresponding expressions for H' and S' are found by inter- 

R 

changing a?, z and u, v ; but the symmetry of the expression' for -^ 

to 

shews that it will be not be altered by this change ; that is to say, 

R : S :: R : S\ 



Monday, January 14, 1878. 9 to 12. 

Mr Pbiob, Arabic numbers. 
Mr NiYBN, Boman numbers. 

1. A BODY being subject to any given forces, find the condi- 
tions of equilibrium. 

A gipsy's tripod consists of three uniform straight sticks freely 
hinged together at one end. From this common end hangs the 
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.kettle. The other ends of the sticks rest on a smooth horizontal 
plane, and are prevented from slipping by a smooth circular hoop 
which encloses them and is fixed to the plane. Shew that there 
cannot be equilibrium unless the sticks be of equal length ; and if 
the weights of the sticks be given (equal or unequal) the bending 
moment of each will be greatest at ite middle point, will be inde- 
pendent of its lengthy and will not be increased on increasing the 
weight of the kettle. 

Let DA^ JDJB, DC be the sticks ; A-BG the hoop, D the common 
end from which hangs the kettle. Let w^, w^y w^he the weights of the 
sticks, W that of the kettle. 

Firstly, the forces on DA are its weight, the reaction at D and that 
at A, Hence, taking moments about a vertical through Z>, we see that 
unless the horizontal reaction at A meets this vertical it will produce an 
unbalanced couple round it^ and there will not be equilibrium. 

Thus the reactions at A, JB, must all meet in the vertical 
through D; also being normal to the hoop they meet in its centre; 
therefore liie vertical through J) passes through the centre of the 
hoop ; therefore the sticks are of equal length. Similarly we learn that 
the reactions at D on DA are in the vertical plane through DA, 

Secondly, let the inclination of each stick to the horizon be and 
its length 21 Then if X^, Z^ be the horizontal and vertical com- 
ponents of the reaction at D on DA^ we have, taking moments 
about A, 

Xj 2;sin e=7^2l cos tf + F, ^cos 6, 
therefore 2X^ tan 6 = 2Y^-hw^. 

Similarly if X^, F,, Z^, Y^ be the reactions at D on DB^ DC, we 
have 

2X,tan^=2F, + M?„ 

2X^tajie = 2T^ + w^, 

therefore 2 (X^-{'X^ + X^)taxi0^2{Y^-hT^-hY^) + w^'hw^ + w^. 

Also, since the hinge' at Z> is in equilibrium, we have 



sin 2 A sin 2B sin 20 ' 
From the four last equations we obtain 

sin 2^. cot (.^ w 



' sin 2il + sin 2B-\- sin 2G 

y __ sin 2 A 

* ~ sin 2-4 + sin 2-5 + sin 2(7 
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The bending moment about a point P of DA, at a distance z from 

and is therefore greatest when 

-^^ — + rjCoflfl-XjSmtf = 0, 

i.e. when a = — (X tan fl - F.) 



4!©-^ 



therefore the bending moment is greatest at the middle point of each 
rod. 

The bending moment about the middle point of DA is 

^cos tf . |^»+ Tj -Xj tan e\ 

lcoaOw^_ aw, 

- i T' 

where a is the radius of the hoop : therefore the bending moment about 
the middle point of DA is independent of I and W. 

2. Find the intrinsic and Cartesian equations of the common 
catenary. 

A string of length 21 hangs over two smooth pegs which are in 
the same horizontal plane and at a distance- 2a apart. The two 
ends of the string are free and its central portion hangs in a cate- 
nary. Shew that equilibrium is impossible unless I be at least 
equal to ae ; and that, if l>ae, the catenary in the position of 
stable equilibrium for symmetrical displacements will bo defined 

a 

by that root of ce"* =» Z which is greater than a. 

In any position of equilibrium let 2a be the length of the 
catenary. Then we have 

and, by equating the tensions on each side of a peg, we have 

a 

therefore ?=-. ce*, 

an equation which gives c when I is given. 
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It is plain that we may iiusreaseihevaJueoE^iiidefinitelj. The least 

possible value of Z is given by 

« • a 
= e« - ce* . -i , 
<r 

or . c = a, 

and then l=ae. 

The roots of the equation c^ = l are separated by those of its first 
derived equation 

e« - - e** = 0, 
a 

which has only one root, c = a. 

a 

Therefore c^ = l has only two roots, one less and one greater 
than a. 

It would appear from general reasoning that the root less than a 
corresponds to unstable equilibrium ; for if 7 be very large, this root will 
give a catenary consisting approximately of two vertical portions which 
will clearly rise or fall, if a portion of string be pulled over each peg. 
The following is a more formal proof! 

Suppose 8 slightly increased by pulling over a length Ss of each 
straight portion. Then the tension T^ on the catenary side of the peg is 
w(7/ + By) and that T^ on the other side w{l — 8— St), where w is the 
weight of an unit length of string, y is the height of the peg above the 
directrix of the original catenary, y-hSy its height above the new 
directrix. 

Now 3' = o(«^ + «^)> « = o(*^~^"*)> 



therefore 8y = 8cJ- — r>: 

therefore r.-r. = «;|y + 8c^^-? + » + 8c^?^}. 

a 

But y + 8 = ce'^ = 1, 

therefore T.-T^^— (c-a)l. 

Again, c8-ay= ^ {(c - a) e'' - (c + a) c'*' } 



2 



c -? 



c -^ 
2* 



f. ,/- 2a 2«' ia' 2a' \ , ,-) 
|(c-«)^l+-+-^+33,+ ^ + ...j-(c+«)|, 
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where we observe that the successive numerical coefficients in the ex- 

2a 

pansion of e** diminish. 

Therefore (c«-ag/) = |«-« |(|-2)^' + {|-^)^\ .. j , 
^ and is therefore negative. 

Now &, = 8c{^}.. 

therefore ^ and 8c are of opposite signs. 

If then Ss be positive, 8c is negative, and T^^ — T^ has the same sign 
asa — c; i.c. if oa, the equilibriimi is stable for this displacement; 
and, if 89 be negative, the result is clearly the same. 

The problem may also be readily salved by finding the depth of the 
centre of gravity of the whole string beneath the horizontal plane 
through the pegs and forming the condition that this should be a 
maximum. 

iii. Determine the conditions of stability, fox small displace- 
ments, of a body floating in water. 

A vessel, which may be treated as a cylinder symmetrical about 
a plane parallel to its length, floats in apparently neutral equili- 
brium : prove that the equilibrium wfll really be stable for small 
displacements if ax < sin a, where 2a is the breadth of a transverse 
section at the water-mark, a the inclination to the horizon, and k 
the curvature of the side at that point. 

If the vessel be displaced through a small angle, discuss the 
nature of the motion which takes place in righting. ^ 

Let G be the centre of gravity of the vessel (^g, 39), 

H that of fluid originally displaced, 

AB original plane of floatation, 

A^J^ the new plane after the vessel has turned through an 
angle p. 

Let AB and CD cut in 0, and let OC = c. 

Let the equation of section referred to Cx and GOz be 

.a^ = a' + 26«+(€-l)2» (1), 

higher powers than «* being neglected. 

When the origin is transferred to 0, the equation will be 

(a;+ c)' = a* + 26« + (€- 1)«". 

If we put x= r COB $j z=r Bm $, 

r'(l-csin"tf)-2r(6sin«-ccos«) + c'-a' = (2). 
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We shall now approximate on the supposition that )3 is small ; it is 
clear that c is a small quantity of the order py as the calculation itself 
verifies. With this understanding, it is clear that in (2) 

rj + r, = 2(6«-c), 

(r. -rj' = 4«* (1 +&), where &= .«• + (*^^- ^., 

and therefore r^-r^ = 2a (1 + 1^). 

Since the volume of the fluid displaced is always the same, 



I. 



(r^'-r/)d»=0, therefore JjS' - 2c)8 = or c = J 5)». 





The turning moment consists, partly of the weight of the fluid 
originally displaced acting through H, and partly of a couple, being the 
weights of the two wedges on opposite sides of j the latter, reckoned 
as a righting couple^ 

= 1 r (r/-.r/)c^e.c6Bft 

But r, - Tg = (t-j - rj . — ^-^ '^ . ^ ' *^ 

= 2a»+6a(6e-c)» + 3a''^, 
therefore righting moment 

2a» . ^ fP 



in/S + a /" {€tfV + 3(6»-c)«-c*}d?^, 



--grsin 

2a» . ^ aU^ 
= -g-sin)8+— y-. 

The equation of motion of the vessel is 

2a* 
Since the equilibrium i« neutral, F. GH^-^ , 

Uxerefore f=-3W"^ <^- 

The equilibrium will be stable if € be positive. 
Now, from (1), 

But T- = cot a, TT = - cosec' a . -=- . v" = - cosec' a . k, 
hence c = cosec^ a (sin a - a/c) (4). 
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The equilibrium will therefore be stable if aic < sin a. 

The equation of motion (3) shows that the righting oscillations are 
not harmonic ; 13 may be expressed in terms of t by means of elliptic 
functions. 

If P^ be the exti*eme angle through which the vessel swings, the 
period of a complete oscillation is 



V a'e Jo JR^^B^ 



iv. A particle moves in a plane curve ; state the expressions 
for the accelerations along and perpendicular to the radius vector 
from a fixed point, and investigate the differential equation of the 
path when the forces acting on the particle pass through the fixed 
point. 

A particle describes a parabola under two forces, one constant 
and parallel to the axis, and the other passing through the focus ; 
prove that the latter force varies inversely as the square of the 
distance from the focus. 

Shew also that, if the force through the focus be repulsive and 
numerically equal, at the vertex, to the constant force, the particle 
will come to rest at the vertex; and find the time occupied in 
describing any arc of the curve. 

Let the force along the focal radius vector be P, and the con- 
stant forced then the equations of motion are (fig. 40), 



— =y&-/Prfr + const. (1), 

^=(/ + ^)f (2). 

1 P 

But, in a parabola, p* = ar, therefore - = ^ , 

therefore v' = 2r (/+ F) ; 

also (1) may be written t^ = 2/r-2 JFdr + const. ; 
therefore, substituting, we obtain 2 JFdr + 2Fr = const., 

2Fdr + rdF=0, 

I 
Ff^ = const, or P oc -j . 

If P be repulsive, and = —^ where — , =/, 



.• = 2/(r-i). 



TTv > 
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This vanishes when r-ai the particle, therefore, comes to rest at 
the vertex. 

To find the time in any arc of the curve, 

(IJ"(S"(§)"=?<--«-)0-;). 

therefore J2f. dt = f^= . dr. 

Let r + a = au*^ 

(«i + \/2) K - 0/2) 
where «,= y!i±^, „.= y!k±f; 

and r^, r, are the focal distances of the extremities of the arc. 

V, A particle inoves on a smooth plane curv6 under given 
forces; shew how to determine the motion and ta find the pressure 
on the curve. 

The force between two small masses attracting according to the 
law of the inverse square of the distance is equal, at distance a, to a 

very small fraction - of the weight of either. They are suspended 

by two strings of length Tfrom points a apart in a horizontal plane, 
and set to perform small vibrations in the same vertical plane ; 
prove that the motion of each will be compounded of two harmonie 

motions whose periods are very nearly as 1 : 1 -f — r 

Let the strings at any instant make angles Of ^ with vertical : 
and let m be the mass of each particle (see ^^ 41). 

Li finding the small oscillations of the system we may negleet squares' 
and products of 0, ^. 

The horizontal distance between the masses 

= a + ^ (sin <^ — sin 0) 

= a + ^(<^-tf)j 

the vertical distance between them 

= I (cos ^ - cos 6) = 0, 

and therefore the distance between them = a + ^ (<^ - tf ), to the same 
degree of approximation. 
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The equations of motion, remembering that the force between them 
at unit distance = — , are 



^ n {a + 1 (<fi - ff)Y n " na^^ '' 

From these equations we derive the following by addition and sub- 
traction. 



» • • • 



a(d+^) = J-y(tf + ^), 



the solutions of which are 

e+^ = -£ + ^sin(»< + a) 
e-<^ = J?sin(y« + o'), 
where »•=?, and »'• = ? f 1 - — V 

When n is very great, p : p' :: 1 + — : 1 nearly. 

6. State D'Alembert's principle; and explain its relations to 
the principles of Conservation of Energy and MomentuoL 

Two particles A, B are moving always with equal velocities 
starting &om rest at the same time. J. is of constant, B of variable 
mass. Shew that at any instant when the mass of B is equal to 
that of Ay twice the kinetic energy of B has the same rate of 
change as the sum of the amounts of work done by the actual 
forces producing the motion of A and J?. 

Let V be the velocity of each particle at time tj and suppose 
them to be moving in lines parallel to the axis of x^ X^, X^ being the 
forces then acting upon them. 

Their equations of motion are 

Now, the kinetic energy of -5 = J-ffv' ; 

= ilt? ^r + t? ^ (Bv) (at the instant 
at <U^ ' ^ 

when B = A) 



^^•^^■^^'-^— ^^«^ 
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or 8{Bif)=^{X^ + X;)Sx; 

which is the theorem as stated. 

7. When a rigid body is moving in two dimensions, shew that 
at every instant there is an instantaneous axis of rotation ; and 
that, if the moment of the eflPective forces about this axis be equated 
to the moment of the impressed forces about it, the time of small 
oscillations may thus be found. 

Two circular rings, each of radius a, are firmly jointed together 
at one point so that their planes make an angle 2a with one another, 
and are placed on a perfectly rough horizontal plane. Shew that 
the length of the simple equivalent pendulum is 

(1 + 3 cos' a) cos a 



a 



2 sill* a 



If m be the mass of each ring, their moment of inertia' about 
an axis through their centres is 

2ma' cos' a + ma' sin' a = ma' (1 + cos' a). 

The motion of the rings may be made clear by considering that of 
the horizontal cylinder passing through them. A cross section of this 
cylinder will be an ellipse whose semi-axes are a and a cos a, the latter 
being vertical in the position of equilibrium. As this ellipse rolls on 
the plane in small oscillations, the normal at the point of contact always 
passes through the centre of curvature at the extremity of its minor 
axis ; therefore both the pressures on the rings pass through an hori- 
zontal axis at height a sec a above the plane. Let their sum be H, 
Then, taking moments about the lowest generator of the cyHnder, which 
is the instantaneous axis of rotation, and denoting the angle turned 
through by 0, we have 

m {a' (1 + cos* a) + 2a* cos' a} -r-j = {2m^ a cos a — Ba sec a} 0, 

at 

Now the centre of gravity of the system has no vertical velocity in 
the oscillations ; therefore 

a =s 2m{f ; 
therefore the above equation becomes 

m {a' (1 + cos' a) + 2a' cos' a} -j-j = 2mga (cos a — sec a) ^ j 

at 

therefore the length ci the simple equivalent pendulum is 

1 + cos'a + 2 cos'a _ (1 + 3cos'a)costt 
2 (sec a ~ cos a) 2 sm'' a 
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viii. Determine the initial motion of a rigid body which re- 
ceives a given impulse ; and find the screw round which it will 
begin to twist. 

A perfectly rough inelastic heavy ring rolls, with its plane 
vertical, down an inclined plane, on which lie a series of pointed 
obstacles which are equal and at equal distances from each other, 
and which are sufficiently high to prevent the ring from touching 
the plane. If the ring start from rest from a position in which it 
is in contact with two obstacles, prove that its angular velocity as 
it leaves the (n + 1)*^ obstacle is given by 

fi)» = _^ sm tsm 7 cos 7 . -= — r-^ , 

a 1 — cos 7 

where a is the radius of the ring, i the inclination of the plane to 
the horizon, and 27 is the angle which two adjacent obstacles sub- 
tend at the centre of the ring when it is in contact with both. 

The motion is supposed quite regular ; that is to say, it is not 
supposed to have become so great that, in tm^ing round one of the 
obstacles, its centrifugal force is sufficient to caiTy it away. 

The moment of inertia of the ring about an axis through its centre 
perpendicular to its plane is Ma', and about an axis through a point on 
its circumference perpendicular to its plane 2Ma' ; therefore if co^ be its 
angular velocity as it leaves the (n-^l)^ obstacle, and w' just before it 
meets the (w + 2)**^, its increase of kinetic energy 

where h is the space through which the centre has fallen in passing 
between the two obstacles. 

But, by the geometry of the figure (see fig. 42), h —Mmi, 2a sin y, 

2(7 

therefore o)" — w * = — sin t sin v. 

We have now to consider the impact at the {n + 2)*** obstacle B. If C be 
the centre of the ring, the impulsive forces will consist of two, JR along 
BCf and the othier T through B at right angles to BC. There will be 
no impulse at A, because all force at that point is instantly relaxed at 
the moment that the ring comes in contact with B and begins to turn 
round it. 

Before impact the velocity of C at right angles to CB is aw' cos 2y, 
and after it aco,,, 

hence Ma (w^^.^ - «' cos 2y) = T. 

Also, taking moments about the centre of the ring, 



' * m "^ • r ' 
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By combining these equations, c«)^^j = <i)'cos'y, hence substituting in 
above equation, 

9 4 s 2^ • • • 

«' ^, sec* y — II) ■ = -^ sm t sin y. 

Il + l Cb 

To solve this put w^* = -4 + -S cos*" y, 

, . _2^ sin tsiny . cos*y 

~ a 1 - cos* y 

To find J5 we observe that when n = the motion is just commenc- 
ing, and therefore -4 + -ff = ; 

,2^ „;„ «• „,•« .. ^^«* .. 1^ cos**y 

7 
The greatest possible value of O is given by 

, _2g sin ^ sin y cos* y ^ 
a 1 — cos y 

but it might happen that, before this is attained, the regular motion we 
have supposed breaks up by the centrifugal force round an obstacle 
overbala^cmg'the effect of gi^vity in keeping the ring on the point. 

Let us find the condition that this may take place in turning round 
the (n + 2)^ obstacle, and let the radius be then inclined at an angle $ to 
the vertical. 

The angular velocity is given by w' = co^' + - {cos (y - i) - cos 6}, and 

the component of gravity along CB is ^cos^; the value of 6 for 
which the normal reaction against the obstacle vanishes is given by 



hence w * = -^ sm i sm y cos' y . -= ~ , 

* a ' ' 1 — cos V 



OO) ' 

n 



+ COS (y - 1) = 2 cos A 



If, therefore, = ^ + cos (y - i) < 2, there will be some 

1 - cos y \ f / ' 

period of the motion at which the ring will bound off from the obstacles, 
and the foregoing investigation will not hold beyond this period. 

ix. If a system of rays of light emanate from a point, shew 
that, however they may be reflected or refracted, they will always 
be normal to some surface ; and apply this result to shew that a 
small pencil of rays always passes through two focal lines at right 
angles to each other. 

A pencil of rays diverging from a point P, whose position is 
variable, is incident on a refracting sphere at a given point in a 
given direction ; if Q be the corresponding primary focus after re- 
fraction through the sphere, the position of Q when the incident 
pencil consists of parallel rays, i^'that of P when Q is at an infinite 
distance, prove that 



so 
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^ 

) 



lb sin'^i— r) 

where a is the radios of the sphere, t the angle of incidence on the 
sphere, and r the angle of refraction. 

Shew how to find the corresponding the<»em for a pencil re- 
fiacted through any number of spheres, the axis of the pencil 
lying always in one plane. 

Let the axis of the ray pass through the sphere in the diiectioii 
PABQ (fig. 43), and let AP^u^ J9, = m,, and let the axresponding 
quantities for ^ be BQ = v^ - Bq^ =r,, q^ being the primary focus after 
refraction into the sphere at A, 

TI16 equation which gives u^ is 

|i CDs' r cos* f 



|ccosr — cost 



u. 



sin t 



and ^ » - — , and a the radius of the sphere. 



sinr 
In the same way we find 

V. V 



ttoosr-cost 

a 



we hare to combine these with — 9, = u^ + 2aco8 r. 

I oliservci first of all^ that 

X X 






T' ''-rT' 



u 



where 

Wo liavo then 



^_sinicos*r 1_ sin(t — r) 
ifin r cos' V c" a cos* i sru r * 



2a cos r __ tt v 

Xc u — c v—c 



or 



If Uw5 left-hand be written - , we get, on multiplying up, 

w-c(w + v) + c» = a{2ww-c(t^ + r)}, 
W ( 1 - 2a) - <j (w + 1;) ( I - a) + c* = 0, 

i-ia^ ' ll-2o/ (l-2a)' (l-2a 

<«--^>(^->-)=(t^)' (A). 



) 
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Xe sin I cos' r 1 sintcoBr 



But o = 



2a cos r sin (* — r) '2 cos r 2 sin {i — r) ' 
sin i cos r sin t cos r 



1 - 2a 2 sin (i — r) — 2 sin i cos r 2 cos t sin r ' 
, a cos* i sin r 

and C = — ; — y, r— f 

sin (i — r) 
therefore the right-hand member of equation (A) may be written 

(a sin 21 cos r\" _ ^^ 
4 sin (i — r) / 

If we put the above equation in the form 

(u-/){v-/) = K', 
we see that when u = aOfV =f^ and when v = co , u =/; 
u — y is therefore what has been denoted by PF and v —f by QG, 

We obtain therefore PF. QG = K', 

- j^ a sin 2i cos r 

where A = -^ — ; — -r-, r- . 

4 sin {^ — r) 

To extend the theorem, we observe that the distances of one pair of 
conjugate foci P, Q from another pair P^ Q^ are connected by a very 
simple relation; for if P^P = x, QoQ = yy both being measured in the 
same direction along the axis of the pencil, and if P^F^u^y Qfi=^'^Qy 
we have 

It results from these that 

X y 

If we trace the foci corresponding to these foci through the system 
of spheres, and suppose j!>, q are their last positions, then, i£ pq = X, we 
have an equation of the form 

-^■h - = 1. 
X X 

This result is evidently of the same form as the theorem in the first 
part of the question. 

10. Give a formula for finding the parallax of Mars by two 
observations made out of the plane of the meridian. 

Shew that a small error in the place of the zero-point on the 
graduated scale of the altazimuth will have no effect upon the 
accuracy of this formula, if 

(sin -gfj sin <8r \ /sin-^^ sin^r^N _ h^ — h^ — c 
sin h^ sin hj ' \tan h^ tan hj sin h^ — sin h^ ' 

S.-H. P. 6 



} 
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where »j, «-, A^, h^ are the observed zenith-distances and hour- 
angles of the planet at the two times of observation^ and c is the 
real decrement of its hour-angle during the interval between 
them, 

Hjmers's formula (Art 260) is 

P ^narallax^- i (A^ - A, - c) cos 8 

^^'™^^^^*sini(^-^)cosJ(^, + A.)cos./' 

where 8, I are the declination of the star and latitude of the place of 
observation respectively. 

Then an 'error in the zero-point from which the zenith-distances are 
measiired will not affect the accuracy of this formula if S log P = ; 
1,6, if 

A,-A,-c 2 tan J (A,-A,) "*" 2cot J (h^ + A.) "" 

Now cosis;i = sin8sinZ + cos8cos^cosAi, 

therefore sin z^ 8»j = cos 8 cos 7 sin h^ Sh^ , 

Similarly sin z^Sz^ = cos 8 cos ?sin h^^^ ; 

and, since the error is in the zero-point of z^, z^ &s^ = 82,. 

Hence the above equation becomes 

sin »j sin z^ sin z^ sin z^ sin z^ sin «, 
sin \ sin A, sin h^ sin h^ sin h^ sin h^ ^ 
^^1a^«c 2tanJ(;i-Aj"*"2cotJ(A^+AJ"" ' 

sia 2;^ sin is;. 



sm^;^ 



{cot J (Aj - A,) + tan J (A, + A,)} 



2sinA^ 
8in«, cos A sin»g cosA^ 



nna A Rin « cnn A 



2sinAj * sinJ(Aj-AJcosJ(Aj+AJ 2sinA, ' sinJ(Aj-AjcosJ(Aj+AJ 

_ Jsin^^ sing^ ^ 1 

~ \tanAj ~ tanAj sin A^ -sinAg ' 

therefore l?^» - ?^»U |^^- ^^] = ^^"^^"^ 
tneretore |^.^ ^^ sin A J ' Itan A, tan hj sin A, - sin A, * 
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Monday, January 14, 1878, IJ to 4. 

Hr Glais&bb, Arabic numbers. 
Hr Gbbxnhill, Roman numbers. 

1, If the series a^ + a^x + a^ + &c. and 6, + h.x + Ijx? + &c. 
be convergent, and equal to one another, for all values of a?, give 
the ordinary proof that a^ = 6^, flj = J,, «, = 6,, &o. ; and point out 
the difficulties in it. 

Prove that, if a < 1, 

(1 + flw?)(l + a'a?)(l +a'iz?)... 

ax cfix? cfa? « 

''^■*T^'^(l-a")(l-a*)'*"(l-a»)(l-.a*)(l->)"^*^' 

(i) In order to make the ordinary proof complete it has to be 
shewn (1) that we are entitled to put a;= 0, and so obtain a^ = h^ (see 
De Morgan's Algebra^ chapter vjii.). We then have left 

a^x + ajx? + &c. = ftjSC + h^a? + <fec., viz, x (a^ + a^x + &c.) = 0, 

or say xS= 0, This implies either that a; = or that aS'= 0, and it might 
be contended that for x finite, S was equal to zero, but that when x was 
infinitesunal or zero, xS was zero in virtue of the factor x. It has 
therefore to be shewn (2) that S must be zero for all values of x^ and 
the difficulty is to establish this without introdudng conceptions with 
regard to vanishing quantities that really belong to the differential 
calculus. 

(ii) Let 
(l + oo?) (1 + a'ic) (1 + a'a;) ,.. = 1 +iljaj + ^^ + &c. 

Put a*x for Xf and this becomes 

(1 + a'a?) (1 + a*a:) ... -1 +ilja'aj + JgaV + &c, 

Therefore 

{1 -^aoi) (1 +-4ja*a5 + ilgaV + <fec,) = 1 +il,aj + -4^ + (fec. 

Equating coefficients 

a + Afi* = A^y Afi^ + Afi* = il,, Afi^ + AjJ^ = A^ &c., 
whence 

and the theorem follows at once, 

2. Obtain from Demoivre's theorem the exponential value of 
cos Xy and thence, or otherwise, find the expansion of cos x in 
ascending powers of x, 

6—2 
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Prove that 

where tanh and coth are defined by the equations 

6 + e e* — e * 

{i) By DemoiTre's theorem 

cos tf + i sin tf = (cos 1 + 1 sin 1)^ = 1(^ say, 
therefore cos tf — t sin tf = A;-*, and 2 cos tf = A:^ + A;"*, 2i sin 6 = A:* - A;-*. 
Expanding the right-hand side of the Becond equation, 

2t sin e = 2(fl log * + ^J-^^ + &c.), 
whence i , = log A; + powers of fl* (a convergent series). 

4 

Proceeding to the limit ^ = 0, this becomes i = log ^, whence h =e*, and 
therefore 2cosd = 6*« +6-*^, 2tsin^ = e«'-e-*^. 

(ii) "We have 

_ 2tana/ 2 .- - ^ 

tan zx = ^i — 7 — 5— = 7=1 — ^ I if t denotes tan d, 
1 — tan' X t ^-^t 



tanh 2a5 = = — r— nra— = ^?=i — ^ j if T denotes tanh <^, 
l + tanh"a; T ^-k-T^ 



and 



tan~^ I -;=; 1 — tan"* ( =i ) = tan 

\tTj \t-hTj 



1 t^T 



_^ / (r* - ty + {T-' + y)-* >^ _ _, / tan 2^ + tanh 24> \ 
-**^ V(r* - 1)-' - (r-» + r)-7 " Vtan2^-tanh2</>;- 

3. Shew how to obtain the sum of the m*^ powers of the roots 
of an equation in terms of the coefficient^. 

If s denote the sum of the m^ powers of the roots of the 
equation 

«?* + a^x""'^ + a^x'''^... 4- a^ = 0, 

prove that a^ is equal to the coefficient of A"* in the expansion of 



■■-'-T'^' I J hBi'Anf, I . ht,\l USTgTn-gBar 
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Let ttj, ttg, ... a^ denote the roots : thea 

c 

a^ + aja""* + a^a5""*... + a^=(a5-aj)(aj-a^) ... («-«.), 
whence, dividing by aj" and putting a;"* = A, 

1 + ttjA + ttj^* ... + a^A" = (I - aji) (1 - a^A) ... (1 - aji) 

= e^og(l-ttiW +log(l-Oa»)...+log(l-«iiA)^ 

and the theorem follows by equating coefficients of hT. 

4. Find the sine of the angle between the two straight lines 
represented by the equation 

Prove that the equation of the locus of the points of intersec- 
tion of pairs of tangents to the ellipse 

^ + 2^ = 1 
a 

inclined to one another at a given angle a is 

(a?' + y»-a"-67 = 4cot*a(ay + 6V-a*iV 
If a be the angle between these straight lines, 

^"= ^4.^ >^" = 4i^V(.t-^f ' 

The former equation is (-4 + B)' — 4 cot' a (H* - AB) = 0, and the 
equation of the pair of tangents drawn from the point A, A; to the ellipse 
being (a«;fc« + b'h' - aV) {ay + h'af - a'b') - (a% + b'kc - a'b'Y = 0, we 
have A = a'b' {1^ - b% J? = - aWM, B = a'b* (A" - a'), and the result in 
the questicm follows at once by substituting these values. 

6: If ABCD be a spherical quadrilateral inscribed in a small 
circle, prove that A + G = B + D. 

If a, b, c, d be the sides in order of a spherical quadrilateral 
inscribed in a small circle, and a be the diagonal joining the inter- 
sections of a, b and c, d, prove that cos* J a = 

sin|&sin^ccos^(a4-c?)cos^(a--^) + sinjasin^^cos^(6+c)cos^(5— c) 

sin ^ i sin ^ c + sin ^ a sin ^ rf 

r 

(i) Let (i^g. 44) be the centre of the small circle circumscrib- 
ing ABCD'y then, since 0-4, OB^ OG, OB are all equal, therefore 
lOAB^lOBA, lOAD^iODA, lOGB=iOBG, lOGD=lODG, 
whence, adding these four equations, A-\-C=B + f>. 
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(ii) Draw the chords AB, BGy CD, DA, BD ; then chord 
il5 = 2sm|a, chord BG -2^m\h, &c. We thus have a pUme quad- 
rilateral whose sides AB, ... DA are 2 sili ^a, ... 2 sin |<:{ and diagonal 
BD is 2 sin ^ a. Now in the plane quadrilateral ABGD, whose sides 
AB, BGf GAf AD are a', h\ c\ d\ by a well-known theorem, 






whence 



. g- _(sin JasinJ6+sin Jcsin Jcf)(sin|asinjc + sin Jftsinjc?) 
^ " 8in|6sin^c + sin^asin^G^ 

Therefore 

g- _ sui^5sin^c(cos*|a+cos*^c?— l)+sin|aBinJ^g?(cos*^6-fcos*j^c~l) 
'^ fiin^osin j^c + sm^asin^a 

and cos' Ja + cos* \d^l = \ (cos a + cos c?) = cos J (a + <^ cos J (a - rf) : 

dmilarly cos* \h-\- cos' |c— 1 = cos |(6 + c) cos J (6 — c), 

whence we have the formula in the question for cos* ^o. 

vi. Prove that the equations of the generating lines through 
the point 

cos^(g + <^) _^ sin^(g + <^) 8in^(g-^) 

^"■^cosi(^-0)' *^""^cosi(tf-<^)' ^"^cosi(^-^)' 

on the hyperboloid of on^ sheet 

o' + J^ ?-^' 

are -= -sin d + co»^, ^s — cos^ + sin^; 

a c 6 c 

SB 2 ^2 

and -=s — sin^+cos0, ^ss -cos^ + sin^. 

€L G 

Prove that, if a mod^ of a hyperboloid of one sheet be con- 
structed of rods representing the generating lines, jointed at the 
points of crossing; then if the model be deformed it will assume 
the form of a confocal hyperboloid, and prove that the trajectory 
of a point on the model will be orthogonal to the system of confocal 
hyperboloids. 

The equations of a generating line may be written 

a; ~ g cos tf _y-6sintf_« T 

asind ■" -ftcosd "" c ■" ^{{a* + c*) sin* fl + (6* + c*) cos* ^} ' 

where r is the distance of the point ocyz from the plane of xy measured 
along the generating line. 



r 
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Wlien the model is deformed, r, 6, - , t f ~ "will iltoiam tmchanged, 
provided a" + c" and 6* + c* remain unchanged. 

Hence when the model is deformed it assumes the shape of a con- 
focal hyperboloid, and the trajectory of a point on the model is a series 
of corresponding points, which is therefore orthogonal to the system of 
oonfocals. 

[Another solution is given by Prof. Cayley in the Messenger qf 
Mamematica, Vol. vii pp. 51, 52 (August, 1878). J 

vii. Find expressions for the co-ordinates of the centre of 
curvature and the radius of curvature at any point of a plane or 
tortuous curve, taking the arc of the curve as the independent 
variable. 

Prove that, at corresponding points of a plane curve traced on 
a cylinder and its development when the surface of a cylinder is 
developed into a plane, the ordinates drawn to corresponding axes 
which are perpendicular to the generating lines of the cylinder 
are in a constant ratio: prove also that the product of the radius 
of curvature and the normal intercepted by the axis is the same 
at corresponding points of the curve and its development. 

Let AP (fig. 45) be a plane section of a cylinder, and BJV a 
transverse section, the planes of AF and BJN' intersecting in the axis 
OM; and when the cylinder is developed into a plane, let the curve AF 
be developed into the curve AF and the curve £If into the axis BIfp 
corresponding to the axis OM, 

Then ^^^=2^^^' and the arc ilP= arc ilP'. . 

Hence if MP=f/j N'P'=^y and if a is the angle between the planes 
of^Pand^iT, 

y' = ysina; 

and therefore if y=/{8) in the curve AP, then y' = cos 0/(5) in the 
curve -4 JP', 8 denoting the arc AP or the arc AP*, 

If p denote the radius of curvature at the point P of the curve AP, 
and if the normal PQ be denoted by n and the angle MPQ by ^, then 

g = sin^=/'(.), 
and ^^ ^ ^ ^^'' ^^^' 

COSl^ 

Also 71 = y sec ^ = sec ^/{e), 

therefore p„=/W 

'^ f («) 
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If p', n\ ^' denote the corresponding quantities at the corresponding 
point F of the curve AF^ 

^ ^ = sin f = sin a/' («), 

co8«/f'-^ = sina/"(«), 

cos^' 



or 


''-sina/"(8)' 


and 


w'=y'sec^'=seci^' Rin a/(«); 


therefore 


'*''*'V'W°'*"* 



[As an example, suppose the cylinder a right circular cylinder ; then 
the curve AP is an ellipse of eccentricity cos a, and the curve AF is 
the curve of sines; and thus it is evident that the surface generated by 
the revolution of the ellipse AP about the axis OM is applicable on the 
surface generated by the revolution of the curve of sines AF about the 
axis BN\ that is, if the part of the surface, generated hj the revolution 
of an ellipse of eccenti'icity e about any axis parallel to its minor axis, 
between two meridian planes inclined at an angle ^ire be taken and the 
ends joined, the meridian curve will become the curve of sines; a 
problem due to Mr Droop, and set in the Senate House in I860.] 



viii. Integrate : 
1 



, ami 



Prove, by means of the substitution 

. a?- h " b — cy — d' 
that, if m be any positive quantity, and a>b> od, 



( (g - a?) (a; - <^) (a? - 6) (a^'^cj r 
I a — d b — c I 



dx 



[(a-a^)(c-a^)r^ 



d 



(a — x) { x—d) {b — x){C'- x) 
d "^ 6-c 



1 a- 



r 



dx. 



(i) 



C dx 

J (a+xY(c-\- 



J and 



f dx 
J (a-hx)(c-^ 



dx 

) (c + x)^ 
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are found by differentiating with respect to a and c respectively 

-T J and this, when a > c, is equal to 



{a + «) (c + 



., /c-hx 



J a - c 
when a < c is equal to 



tan' 



1 . Jc + X'-Jc-a 
--p==r log y-p =_ ^ 

»Jc-a »Jc-\-x + y/c-a 
Hi) ( ^ 

r cos<^t?</» ,- . 

= I a ' a_r I — 5" a; = csec<^, 
J a" sin' ^ + c' - a" ^' 

. , 1 - a sin <t — w a' — c* 
(a > c) = . log — , 

2a tja^ — (f a sin ^ + tja* — c* 
1 - a Jaf — c* — xja? — c' ^ 

(a<c)==— ====taa ' -p== 



(iii) If 



a- a; a-de—y 
x-^b b — c y — d^ 



then _^+J^=^+ ^y 



a — x x-b c — y y-d' 

a—b J c-d J 

or — r dx = , ay. 

a — x,x — o c-y.y — d 

Also x=b , a — d.c-y + a.b-e .y — d-i-D, 

a — x^a-b.a-d.c — y-rl), 
x — b^a — b.b — cy — d-T-D^ 
X " c = b — c . c - d . a " y -7- J)^ 
x-d=a--d.c-d .b—y-rD, 

where B^a-d^c^y-^b-cy — d, 
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ffr, » o — aj.aj — rf JB — 5.05 — c 

Therefore =-: — + — ? 

a-d b-c 

^a-h.a-d.e-d.h-y, c-y-\-a''h.h-c,e''d.a''y,y''d^D'i 



^a^h.a-^ d.h -^c^c 



_^/ ^-y.y-d ^ ft-y.c-y \ ^^ 

\ a^d p-c / 



Therefore C («-'«•«' -<>)'" 



[^ {a — x.x-' c) 

I fa-x .x — d x — b.x-eV 
Jb \ a — d 6-c / 



dx 



pfa —h,a'-d,b-c,c-d,a'-y,e — yV~* e-d.a-b.a'-d.b-e 




D' J D 






( a — b , a - d . b — c . c - d i^a - y . y — d b-y.c — yVy* 

I fci-y.y-d b-y.c-y Sr ^' 
'aK a-'d b-c J 

ix. Shew how to integiute the differential equation 

^/Ci>)+y^(p) = 0(p)- 

Obtain the complete primitive of the differential equation 

and shew that exactly the same equation is obtained by expressing 
the condition that p should have equal roots in the differential 
equation as by expressing the condition that c (the arbitrary con- 
stant) should have equal roots in the complete primitive; and 
determine the geometrical meaning of this equation. Is it a sin- 
gular solution ? 



If 


P 


differentiating 


A 




9„__ . _<'i' « ^P 


or 


dx a 


or 


dx 
^dp a 

p\ "V 


or 


d /x\ a 

^\^r~p*'' 
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and therefore 



X a 

- = c + 



We have therefore to eliminate p between 

SDp'-2j^ + a=0 (1), 

and <jp"-ajp* + | = (2). 

The condition that (1) should have equal roots is y*— oo; = 0. 

The condition that the equation in e obtained by eliminating p from 
(1) and (2) should have equal roots reduces to (t/' — axy=0. 

The equation j^~ax==:0 is not a singular solution, for it does not 
satisfy the differential equation; since it is obtained both by giving 
equal roots to p and to c, we infer that it is not a tac-locus, and tibat it 
is therefore a locus of singular points. It is in fact a cusp-locus, 

X. Solve the difference equation au^ju^ + bu^^ + cm^ + (Z == 0. 
Prove that the solution of the equations 

V , . a* 



subject to the condition that u^ = 0, is 

sinw(7 ,sin(w(7— jB) 

• sm(nC — B)' &m(n + l)C* 

where A, B, are the angles of the triangle whose sides are a, h, 0. 

_ ®* _ tt' _ a' (c-u^ ■ 

or cw«+i^« + (^' - ^) ^«+i ^ ^^1. + **^ «* 0* 

To solve this equation (similar to the equation of the book-work) 
put 

u — — ^' — : 

* w c 

n 

therefore u.. =— ^±5 ; 

and the equation becomes 



r 



'i.- ^ 

ft 

iv' 
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or «?.+, ^ «'.+i + -^«', = 0, 

^db ^ a'b' ^ 

or «?.+, - 2 y cos C«?,+j + — ,- w^ = 0. 

The auxiliary equation is 

w - 2 — cos C7w + —3- = 0, 

C (T 

and therefore m = — (cos C ^ J- 1 sin C), 

and *'^«'=''^("~) sin(w(7-a); 

aftsin(w(7 + (7-a) 6*-c* 

therefore w. = : — i-ri ;^ 

" c sin(w-G— a) c 

gin J5sin (w(7^C7-a) sin' J? -sin' (7 
"~ sin (7 sin (wC - a) sin 4 sin (7 

_ sin .g sin (n(7 + g - a) - sin (^- (7) sin (nG - a) 
~ sin (7 sin (w(7 - a) 

sin (wC - a) * 

Also since u^ = 0, therefore a ■* ^, and therefore 

sinwC 



w. = a -r 



sin(nC-j5) 



^'^ 



6 <? — w 



n 



sin J5 



. ^ sin A sin nC7 
sin (7 — r 



Bin(7iC-j9) 
sin5sin(n(7-5) 



sin(7sin(7i(7-^)-sin-4 sin (7 
sin (nC-B) 



sin(7i + l)(7' 

[A solution of this question is contained in Prof. Cayley's paper 
" Note on the function ^x = a* (c - aj) -f- {c (c — x)- b'}" Qua/rterly Jowrnal 
of Mathematics, voL xv. pp. 338—348 (1878).] 
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Tuesday, January 15, 1878. 9 to 12. 

Mr Glaishsb. 

1. The sides -8(7, CA^ AB of a triangle cut a straight line in 
I),E,F; through D, E, F three straight lines DLOO, EHOM, 
FKON having the common point are drawn, cutting the sides 
CA, AB in i, G; AB, BC in M, H; BG, CA in N, K. Prove 
that 

s 

AK.BO.CH AO,Bn.CK ^ OD.HE.KF _ HD.KE.OF 
AM.BN.CL''AL.BM.CN LD .ME.NF" ND .ZE.MF' 

Begarding GL (%. 46) as a transversal of the triangle ABC\ 

AL.BG. GD = AG.BD.CL, 

and BC as a transversal to the triangle AGL^ 

AC.GB.LD=AB.GD.LC, 

BG AG.BD AB.GD 
whence CL" AL .CD~ AG .LD ^^^• 

Similarly, regarding HM^ CA as respectively transversals of the 
triangles ABC, BHMy 

CH BH .GE B C .HE 

AM^ BM.AE~ BA.ME ^ ^' 

and KN, AB as respectively transversals to the triangles ABC, CNK, 

AK CK.AF CA.KF . . 

BK" CN.BF~ CB.NF • ^ ^' 

whence, multiplying together (1), (2), (3), and reducing in the second 
product by the relation AE. BF. CD = AF . BD . GE (obtained by re- 
garding DBF as a transversal of the triangle ABC), we prove the 
equality of the first three ratios in the question. To prove that they 
are equal to the foiuiih ratio, regard DEF as a transversal of the tri- 
angles AGL, BHMy CKN] whence 

AE.GF,LD=:AF.GD.LE, 

BF.HD.ME^BD.HE. MF, 

CD.KE. NF=CE . KF. ND, 

multiplying and using AE. BF, CD =-AF. BD. GE, we find 

GD . H E.KF _ HD.KE. GF 
LD.ME. NF' KD.LE, MF' 
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This equation may also be obtained by regarding DEF as a trans- 
versal of the triangles OGM^ OHN^ OKL ; whence 

OD.OF.ME^OE.GD.MF, 
OE .HD. NF = 0F .HE .ND, 
OF. KE.LD^OD . KF. LE, 
and the equation follows at once by multiplication. 

2, Prove that, if x be less than unity, 

SB Qj^ 0^ 

~~ ~* Sn+s\ + Ti I3\7i ^2ft+6\ "i" &c. act mf^ 



We have 



<fec. = &c. 

whence 

X ^ 0^ . - 

(l-a;)^-^^*^"*" (l-a;')(l-aJ****)'*" (l-aj'Xl-a*-^*)"^ ^' "^^ *^-^' 



.9n-l-l >»Sm+8 



" l-g""'^ " l-g""^' " ^^' ^*V-| (i)> 

since, x being less than unity, the terms in each of the two infinite 
series in (1) continually tend to zero. 

[If 0? be greater than unity, then using the formulsB 

x-a^^' _ 1 1 

(1 -«)(!- ic""*') " 1 - « 1 -a:*'*^ ' 

(1 «af)(l -«;«•+») ^rr?""l-a*'*»' 
<&c. — &c. 
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the aeries 

1 1 



l-jB*-*' l-iS* 



+8 



— &c, ad iri 



in/,\ 



since, x being greater than unitj^ the terms in the two series oontinualiy 
decrease. 

Thus, if a; < 1, the given series = (2), and if > 1, it = (3). The two 
forms are readily deducible the one from the other; for in (1), since the 
number of terms in each series is the same,. there are n terms left over 

in the second series each = - — — (q infinite) =3 — 1 when x>l, and thus 

we must add to (2), if a; be > 1, the term 

n 



and this is easily seen to be the difference between (2) and (3), for 

85-1 0^ - 1 , 



n 



We therefore have the given series = (2) if as < 1 and = (2) + = — -^ 
if a; > 1, and the change of form is deserving of notice.] 

3. If 

F{x) ^f{x) + If {a?) + i/(a;') + \f{x') + m^) + &c. 
prove that 

f{x) = F{x)--iiF{a?)^{F{a?)-\F{aP)^-\F{a?)^^F{x') 

+ ^F{a^')-&c. 

where only terms involving numbers that contain no square factor 
appear in the second series, and the sign is positive or negative 
according as the number of prime factors of the number is even or 
uneven. 

Let ^a be a symbol of operation such that when operating 

/nth 

upon a function of x it converts it into f - j of the same function of af, 
so that 

Co Cv 
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Then J^.^»<^(a:) = ^,J',<^(a:) = jr^^(a?)==J'^i^(aj) = i «3f»(;^), 
so that, in the question, 

F{x) = (1 + E^.+ E^ + E^ + E^^ &c.)/{x) 

2, 3, 5 ... being the prime numbers. 

Therefore /(x)=^{l-E,)(l-I!;)(l-S,) ...F(x) 

=>F{x)-\F{??)-\F(^)-\F{a?) + &c., 
the law of the terms being as stated in the question. 

Or otherwise, thus. Substitute for F {x), ^(«*), F {Qt?\ ... their 
values in terms of /(a;), /(a;*), /(a;'), ... given by the first series; we 
thus have 

a==aj + Ja" + ^aj" + Ja;* + ^a;' + ^a;^ + |a;^ + |aj* + ^ic' + ^a:*V&c. 

*"f ~i ~T ~l ""iV 



1 
IS 



1 

IT 



1 
IT 



4-i 



1 



1 
TIT 



B- 



1 
T 



+ ^ 



in which a;, cc*, a3^, ... are written for /{x),fjlaif),/(af)t ... to save space, 
and the second line contains the value of — ^ .^ (xT), the third line of 
— ^F^af), <kc. It is evident that every coefficient that appears in the 

/{xT) column will be — , so that we need consider only coefficients of 



m 



— /(aT), such coefficients being always + 1 or — 1. Now in the case of 



m 



m = 6, we have a coefficient + 1 from F(x), - 1 from — ^F(x^), — 1 from 
— ^F{pif), +1 from ^F{af); and generally for m = a^a^ ... a^, where 
a^, a^ ••• «, are primes, there will be a coefficient + 1 corresponding to 
the factor 1, i,e, from F (x), a coefficient — 1 coiTesponding to each of 
the factors a^, a^ ... a^, + 1 corresponding to each product of two factors, 
a^ttj, ttj^g, ..., —1 corresponding to each product of three factors, 
a^afl^ and so on. Thus the whole coefficient 

= 1 _„+^^i:il) _...(_)• 1 = (1 - i)«=o. 

Now consider the term for which w=a *a/ . .. a " : the + 1*8 and — I's 
will occur exactly as for the term for which m — a^a^,..a^. This is 
readily seen to be the case, for we only obtain a term from each prime 
factor, or product of different prime factors in m; and these are the 
same for a,^a^ . . . a " as for a, a„ ... o.. 
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1 1 

fit is evident that the theorem is still true if — /(«'") and — Fix"^) 

be replaced by ml^fipt^) and mFF(ixr) ; p being any quantity, positive or 
negative, or zero, viz. if 

F (x) =f{x) + 2'/ («») + 3'/(aJ») + 4^/{x^) + &c. 

then f{x) = F {x) - 2'i^(x') - ^F (aj») - ^F{v^) + &a 

In order to apply the first method of proof to the general theorem, it 
is only necessary to define E^ by the equation E^ ^ {x) = a^<f> (of). The 
theorem itself is due to Mobius. GreUe^t. ix. p. 105 — 123.] 

4. If a spherical triangle ABC be taken as the fundamental 
triangle, and a, ^, 7 be the spherical trilinear co-ordinates of a 
point P on the sphere, and p, j, r the spherical tangential co-ordi- 
nates of any great circle passing through P, then 

sin a sin a sinjp + sin h sin /8 sin g + sin c sin 7 sin r = 0. 

Let XZPY be any great circle passing through P (fig. 47), 
and making angles 0, ^, ^ with BG^ GA, AB, Then sin a = sin PXsin 0, 

. . ;y . . sin YZsmih . , 
sm2>=^sinil^smi/r= : — 3 — ^smiZr, 

therefore sin ^ sin a sinp = sin 6^ sin ^ sin ^ . sin PX sin Z^, 

and (observing that in the figure p is negative) it has to be shewn that 

- sin PXsin r^+ sin PFsin ZX+ sin PZsin Xr = 0, 

and, putting PX=a^ PY^y^ PZ = z^ this expression on the left-hand 
side 

= — sin 05 sin (y + «) + sin y sin (a; - J?) + sin 2 sin (a? + y) 

= J {- cos (y + 2 - a;) + cos (a + y + ») + cos (y + « - a;) - cos (a; + y - «) 

+ cos (a: + y - ») - cos (a; + y + «)} = 0. 

Or, otherwise, thus : 

sin a = sin -BP sin P^C, sinjp = sinilPsin-4PF, 

. ^ „ sin BPG 
sm a = sm CP—. — iT^T^ , 

sin PBG 

therefore sin a sin a sin^ = sin AP sin BP sin GP . sin -4PF sin BPG. 

The equation to be proved is therefore 

- sin ilPF sin ^PC' + sin PPX sin C7P^ + sin CPFsin JiPP = 0, 

viz. putting lAPY=x, iBPY^y, iGPZ=z, 

this is — sin a; sin (y — 2) + sin y sin (a; + «) — sin 2 sin (a: + y) = 0, 

which is at once seen to be true as above. 

S.-H. P. 7 
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[The equation in the question, which is due to Mr H. Hart, becomes, 
when the radius of the sphere is made infinite, aap + b^q + cyr = 0, 
which is the well-known relation between the tangential co-ordinates of 
a line in pkmo,^ 

5. An ellipse, centre G, turns in its plane about one focus 8 
as a fixed point, and intersects a fixed straight line SX in P; along 
the normal to the ellipse at P a distance PT is taken equal to CD, 
the semi-diameter conjugate to CP; prove that the locus of T, in 
the plane, is one or other of two circles, according as the normals 
are drawn inwards or outwards. 

First, suppose PT is measured inwards. In fig. 48 let 
SP:=^x,ST=r, I XST=e, then 

ST' = SF^ + Pr -2SP.pt COS SPTBXidcoBSPT=^, 

therefore, since PT' = x (2a - a?), 

r* = a:" + 2aaj-i?:»-26aj = 2(a-6)a; r- (1). 

^ SP' + Sr-PT' a^ + 7^-2ax + a^ x^b ,„, 

Also cosg= ^^^ ^^ = ___=__ (2), 

on substituting for r* the value just found. Whence from (1) and (2), 



r' 



2 (a - o) 
viz. r»-.2(a-6)rcos^-26(a-6) = 0. 

The locus of T' is therefore a circle of radius as, and having ita centre at 
M where SM = a'-b. 

Similarly, if PT be measured outwards, it can be shewn in exactly 
the same manner that the equation of the locus of T is 

r»-2 (a + 6) rcos e + 2b{a + b) = 0. 

The locus of P is therefore an equal circle having its centre at M' where 
SM' = a-^b. 

[We have CT' = CP'+ PT' - 20 P . PT cos CPT= a' + b'- 2ab, 

whence CT=a-b, and similarly (7^' = a + 6 ; so that SM=CT=a-b 
and SM' = GT'=a'^b', also CS = TM= T'M' ^ae. ThuB SMTC aiid 
SM'T'O are contra-parallelograms. For an account of the linkages with 
which these contra-parallelograms are connected see Mr Hart's paper 
" On some Cases of Parallel Motion," Proceedings of the London Mathe- 
matical Society, Vol. viii. pp. 286—289 (1877).] 

6. Prove that 

. a)"--(0'-©"*<»)-(ir*<'>- 
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We have 
«-" f^y '»• = a (a - 1) ... (a - w + r + 1) a;-—''-"'. 

Differentiating r times and multiplying by ar^% this becomes 
= a(a — l)...(a — n + r+1). (a — w + r-m)(a-n + r — m-1) ... 

(a-n-m-h 1) os""""^'', 
which, differentiated m times, 

= a(a— l)...(a«-n + r + l).(a-7i + r-7»)(a-n+r-m-l)...(a-w-»t+l) 
. (a-w + r)(a-w-f r-1) ... (a - n + r - m + 1) af ""■^•'"'"' 

Thus the theorem is true when the quantity operated upon is af, 
and therefore it is true for <^ (a;), where <f>{x) = Aaf -hBa^ + Caf-h&c,, 
that is, when <f> (x) is any function of x expressible in ascending or descend- 
ing powers of x. The theorem must therefore be true when «^ (x) is 
unrestricted, for it merely asserts an identical relation between the 
differential coefficients of <^ (a?), and the truth of such a relation cannot 
be affected by the fact of whether (^ (a;) is or is not expressible in any 
particular form. 

[The above method of proof is of general application to formulae involv- 
ing differentiations and -multiplications as in the previous question ; and, 
in order to obtain such identical relations, it is only necessary to start 
with af and so arrange the differentiations and multiplications that the 
factors thus introduced may be the same for both sides of the equation. 

-T- J 35* = a (a ~ 1) ... (a — w) as*""'*, and multiply- 
ing by a""*"* and differentiating n times, we have 



'»-.k 



_ 2a {2a ^ I) {2a ~ 2) ... (2a-2n) , j...-^>, 

_ 1 / rf^N*"*' ,„. 'Lf±\''*' . 

~ 2—' \clxij . ^'P ^ ~ 2"*' W/ * ' 
whence (Q' «^^* (0" 4> H = 3^ *'-' (<»^)- 

The general principle upon which all such theorems depend is that 
since x^'"* ^ x*^ , af = {a + m) of, 

the operation a?*""* -7- aT is equivalent to multiplication by a + m, and 

€vX 

7—2 
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therefore any number of operators as*"*" -j- as* a*"" -^ aj", , . , are converti- 
ble in regard to order\ 

In reference to the extension from the case when the operand is 9^ 
to the general case when the operand is ^ (a;), it is to be observed that 
the theorem asserts an identical relation between the derivatives of 
^ (a;), viz. ^(a?), <^'(a;), ^"(a;) ..., and that this is proved to hold good 
when ^ (a?) is of the form Aif + Bof + (7af + &c. It must therefore hold 
good for all forms of ^ (a;) since the process of differentiation cannot 
distinguish between whether (a;) is expansible in powers of a; or not ; 

*.6, the developed expression for f ^ j a;'"^^'* (a;) is 

ar- ^<-+"> (a;) + w/naj"-* ^<''+-" (a?) + Ac, 

whatever form <^ (a?) may have, and since the theorem merely expresses 
the identity of the -results obtained by applications of this formula, it 
follows that, if we know that this identity holds good for all functions, 
subject only to a restriction, which restriction cotdd not influence the 
direct proof, then we may assert the general truth of the theorem. It 
is generally interesting in theorems obtained by an extension of this 
kind to actually work out, by performing the differentiations, a particular 
case obtained by giving nimierical values to the letters m, n, r ... . The 
present is a good instance of a restriction, necessary in order that a 
particular proof of a theorem may apply, and yet such that the theorem 
itself shews obviouflly that it may be removed.] 

Or, otherwise, thus. Put \-t-\ ^ (aj) = ^ (a;) and the equation 
becomes 

If h denote the operation x -j- , then the left-hand side 
= :^ (^- 1) ... (^ -m + 1) aj-^ (^ - 1) ... (^ -r + 1) a:-"i/r (a) 
= ^(^-l)...(^-m + l)(^-m)...(^-m-r + l)i/r(aj)=ajW^y VH 

[Boole, in his Differervtiail Equations^ does not consider the operative 

ft ft r1 

symbol x -^ , but puts aj = 6^ so that ^ ;t- is replaced by -^ and aJ" by e**. 
It is however generally preferable not to make this transformation, 
but to retain the symbol a? -i- , or, say .&, the fundamental properties of 
which are (1) J^V = aV, 

(2)a;"^^) w = ^(^-l)...(:^-n+l)t*, 

(3) <^ (^) x^'u = aj-<^ {^ + n) w.] 
^ See Proceedings of the London Mathematical Society^ Vol. vin. pp. 47 — 61. 
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. 7. If 

where c\,, c^,..x^, C are (w + 2) axbitrary constants, and 

where a^, a^,...a^ are «i given constants, shew that if m be not 
greater than n, -r- , obtained by the direct differentiation of u with 
regard to a?, contains only w + 1 arbitrary constants. 
By differeniaating the expression for u, 

£=(c, + c,a:...+cX)/(a?) 

- <^ (x) e-/*(»)*8j'e/t^(aj)(te ^c^ + CjfiB . . . + cjxf)/{x) - C«^ (») e-M^)^, 
whence 

+ c^ ^?^ e/* Wcte ^ /e/*(*)dr i»/(a;) da:^ , 

whence, multiplying by a,,, a^, ... a^ and adding, 

= 0, 
therefore %B^ + a,5, . . . + a„5„ = 5 (a constant) ; 



Now 
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and, substitutiDg for B^^ 

wHch only contains «+ 1 arbitrary constante. 
Or, otherwise, thus. We have 

. u^Mx)dx = jeM»)dx {c^ + c^a; . . . + cjxf')/{x) dx + C, 

I whence -r- + ^ (aj) w = (c^ + c,a5 . . . + cjxT)/ (x), 

Differentiate this equation m + 1 times, and we obtain an equation of 
the form 



. 1 
I 



I f{x)dx'^^' dx 

; the coefficient of u vanishing. This is a differential equation of the 

P (m+ 1)*^ order in -r- and therefore -^ involves m + 1 constants in addi- 



tion to the n — m constants c'^+p c«+a> ••• ^..^ *^^* is, ;t- in w+ 1 arbi- 



trary constants. 

[The above theorem is true whatever function y* (a;) may be of a: ; but 

if -;rr-r = ^A + &iaJ ••• +^^f it can be shewn in the same manner by 

j(x) 1' 

continuing the differentiations, that if r = n + 1 and m^n, then each 

differentiation of u reduces the number of independent constants by one 

d*~'^^u 
until we come to , ,_p.n which only involves ^ + 1 constants, jt) being the 

greater of the quantities w, r — 1.] 
8. Prove that 

The coefficient of a" in v", that is in e*"*", = = — } ^ y ^^^j 
integrating by parts, 

jrV(log.)-ef. = ^[.-(log«)«]]-^jV(log.)"-'rf« 

, .„ n n-l n-2 1 f^ » , 
^^w+l/i+lw+l w + ljo 

whence the coefficient of a;" = (-)" ^- 



(n+l) 
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9. Two equal circular discs of radius a with their planes par- 
allel are fastened at their centres to a bar, the discs being inclined 
to the bar at an angle a. The two wheels thus formed being rolled 
along a plane, prove that the intrinsic equation to the track of 
either wheel on the plane is 

sin ^^ = cos a sm - . 

The track of each wheel will be the trace of a circular section 
of an elliptic cylinder when the cylinder is rolled on the plane. 

If AP (fig. 49) be one circular disc, BN a transverse elliptic section 
of the cylinder ; and if -4'-P, BN* be the traces of -4P, BN on the 
plane; then the elliptic arc ^-^=the abscissa B^N'] the circular arc 
^P = the arc A'P\ and the ordinates AB, NP= the ordinates A'B\ N'F 
respectively. 

Therefore if the arc AP or A'F be denoted by «, and NP or ITF 
by y, we have y = C'^a cos a cos - , where c denotes the distance between 

the centres of the sections AP, BN : therefore sin iZr = ^ = cos a sin - . 

' ^08 a 

Q 

[The curve sin i/r = cos a sin - possesses the property that the product 

of the radius of curvature and normal at any point = a", the normal 
being terminated by the axis of the curve, i, e, the straight line which 
divides it symmetrically. This is at once seen to be true, for the radius 

of curvature = -7- , and the normal = y sec i!/, where ^ = a cos a cos - .1 

10. Prove that 

1 — tj Cb' {u + v) en' (u — v) \i 

dn*(u + v) dn' (u — v) }- _ j, 1 — A* sn* m sn' t? 

1 — A;* sn" (w + r) sn'{u — v)] "" 1 - A;" sn*tA — A*sn*v + A:'sn*w sn'v * 

Writing x, y for sn tt, sn v, then (Cayley's EUvpiio Functions^ 
1876, p. 63), 

sn (u + v) sn (w - 1?) = (x* - y") -r (1 - k'ot^y^y 

en (w + i?) en (w - 1?) = (1 - iB* - 2^ + Ii^ot^y^ "^ Q- ~ ^ixfy'), 

dn(t^ + t;)dn(w-t;) = (l-AV-A:»3/» + A;Vy)-r(l-->fc««y), 

whence 

1 1 - ^ XTT ri-Ti ( K {1 -^sn* (u + v) m'(u -v)} 

_ (1 . ^x' - A^'y' + Iif'afy'y - k'{l -a^-.y' + Iif'afy'y (1 - Ii^xYy 

(1 - It^afy'y - ^« (i»« - jyy (l -k'af^^jy+kVyY 

The first fraction reduces to k'% for, working out the numerator and 
denominator, the former = k" (1 - k^x'^ - Ii^y* + k*x*y*)^ and the latter 
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= 1 - ¥q^ — ¥y^ + iVy* ; whence the result in the question follows at 
once. 

Or, otherwise, thus. In the known equation 



l-^'sn*(4A + t?)sn'(M-«;) = ^ — 7^ — ^-^t %-Ti — - ••••(1)> 

^ ' ^ ' (1 - A' sn* w sn* vy ^ '^ 

put K-vuioic u and we have 

1 i/^^ (^ + ^) ^ (^ "■ '^) _ (^°^* w - ^ en* v) (1 — W sn* V) .<^. 
dn* (w + v) dn* (t^ — i?) ^ (dn* w - A' en" % sn' «?)* **"^ '^^ 

and the result follows at once by dividing (2) by (1) and observing 
that 

dn*t*-^"cn*w = A'»(l-^"sn^w) 

dn* w — A;' en' w sn" «? = 1 - A;* sn* w — A;® sn' i; + ^* sn' ifc sn* t?. 

11. If 1, 2, 3, 4 denote the foci (lying in order on the circum- 
ference of a circle) of a bicircular quartic, whose equation is 

Z/)j + wp, + w/)3 = 0, 

Pi» Pt> Pa l>6i^g ^^ distances of any point on the curve from the 
three foci 1, 2, 3; prove that 

P12.13.li-w*23.2i-2l + n»34.3T-32=0, 
where 12 means the distance between the foci 1, 2. 

Produce 12, 34 to meet in 0, Then, by a known theorem, 
the curve is Its own inverse in respect to 0. Let 

01=e», 02 = 6, 03 = c, 04 = (^, OP = p, iP01=e, z 104 = a (fig. 50). 

Then 
Pj' = p*-2apcosfi + a', p/ = p" - 26p cos + 6*, P8* = p*-2cpcos(tf + a)+c*, 

substituting in the equation Ip^ + mp^ + wpg = 0, and clearing of radicals, 
the equation becomes 

Z' {p* - 2ap cos e + a'}' + m* {p* - 25p cos ^ + 6'}* + w* {p» - 2cp cos (tf + a) + c'}» 

- 2Pm' {p' - 2ap cos tf + a""} {p' - 26p cos 6 + h'} 
-2Pn' {p» - 2ap cosO + a'} {p'-'2cp cos (tf + a) + c«} 

- 2wV {p» ~ 26p cos e + 6«} {p» - 2cp cos (tf + a) + c»} = 0, 

or, say, ap* + /?p' +yp»+ 8p+ € = (1). 

Now the curve is its own inverse in respect to 0, the modulus being 
cd), =cd, therefore (1) is not altered by substituting — for p, so that 

r 

aa*b' + ISa'b'p + ya'by + 8a6p« + cp^ = 
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is identical with (1). Thus 

€ " 8 ~ y " /3 "a' 

whence abp = 8. Putting for j8 and 8 their values, this gives 

oft {-4 cos tf + c (w* - ^w' - wV) sin 6^ sin a} 

= i?cos tf + c (c'w* - aVw' - bWn') sin tf sin a, 

which is true for all values of 0, so that abA = B and 

abc n' (n' - Z" - 7w») = cw" (cW-a'H'^b'm'), 

viz. (a6-c«)nV(a»-a5)Z"-(a5-6?)m» = 0, 

viz. a (a- 6) Z* - 6 (a - 6) m' + c (d-c) n' = 0, since ah^cd. 

Also a-6 = l2, (i-c = 3l, and by similar triangles a : c = 14 : 23 
and 6 : c = 24 : 13, whence the equation becomes 

^. 12 . 13 . 14-m» 23 . 24 . 21 + w» 34. 3T . 32 = 0. 

(It may be noted that the term corresponding to the middle one of 
the three foci considered has the negative sign.) 

12. Shew that the focal length of a lens equivalent to n given 
lenses of powers k^, k^,k^,,.. /«:„, placed on the same axis at distances 
^i> ^8> ^8v^ii-i apart, is given by the formula 



i^- 



-i^,, -1, 0, 0, 0,... 0, 0, 

l,-a,.„ -1, 0, 0,.., 0, 0, 

0, 1,-/^^1, -1, 0,... 0, 0, 

0, 0, l,-a^„-l,... 0, 0, 



# 9 9 9 # 

0, 


0, 


0, 


0, 


0,... 




1 • •*• • . 

-1, 


0. 


0, 


0, 


0, 


0,... 


1. 


-«i. 



(2n — 1 rows). 



the incident ray being supposed parallel to the axis. 

A lens is equivalent to a system of n lenses on the same axis, 
if, being placed in the position of the first lens, it produces the same 
deviation on a given ray as the system of lenses. A ray passing through 

a lens at a distance y from the axis suffers a deviation ^from the axis. 

Suppose a ray parallel to the axis to be incident on the first lens of 
the system at a distance y^ from the axis : let 8^ be the deviation after 
passing through the first lens, y^ the distance from the axis at which the 
ray cuts the second lens, 8, its deviation after the second refraction and 
so on. Then putting k^, k,, ...k^ ^^^ /i~^} /g~\ '•* fn^ ^^ haive the 
equations 
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Writing these in the reverse order, 



whence 







y, -«,«,= y. 






8i=«,y.. 


0, 


-«.. 


-1 , 0,... 


0, 


1. 


-«.-!» -'»••• 


1, 


0, 


, 0, ... — a, 


«.. 


0, 


, 0,... 1 



and since 8^ = ^, this at once gives the result in the question, by 

moving the first column so that it becomes the last. 

1 
[The equations also show that -=• is equal to the numerator of the 

last convergent to the continued fraction 

1111 1 

1 + ICj + ttj + ICj + . . . K^ ' 

see Mr Pendlebuty's note " On equivalent lenses," Messenger of Mathe- 
matics, Vol. VII. pp. 129—131 (1878)]. 

13. Three equal uniform bars, formed of such material that 
any particle repels any other with intensity proportional to the 
product of their masses and directly as the distance between them, 
are loosely jointed at their ends so as to form an equilateral tri- 
angle. If one of these connexions at the angles be severed, find 
the motion of the system. 

Prove that the angular velocity of either of the outer bars 

when all three are in a straight line is Js^ times their angular ve- 
locity when they are at right angles to the middle bar. 

Suppose the three rods placed in a straight line and a small 
impulse given to the middle rod through its centre and perpen- 
dicular to its length, find the time of the small oscillations. 

Let m be the mass and 2a the length of any one of the bars, 
then if a; be the distance of the centre of the middle bar from the centre 
of gravity of the system and the exterior angle between either of the 
outer bars and the middle bar, the kinetic energy of the system will be 

^m{x' + 2{x''a cos 60)' + 2a' sin" ^^ + |a" $'}. 

The quantity x can be eliminated from this expression by means of 

the equation 

X + 2 (x - asin 6) = Oy 

viz. 3a;=2asintf (1), 



/ 



/ 
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which expresses the obvious fact that the centre of gravity of the 
system remains a fixed point during the motion. The kinetic energy 
then becomes 

f m (1 + sin» ^) »• tf'' (2). 

Now let fjL be the repulsion between two units of mass placed at unit 
distance apart, then the force upon any one of the bars -^1 be 3w»*^r, 
where r is the distance of the centre of the bar considered from the 
centre of gravity of the system. The work done by this force from the 
commencement of the motion is clearly 

where r^ is the initial value of r. The work done on the system by its 
mutual repulsions is thus 

3m'fi {^af + (a; - a sin ^)' + (a + a cos 0)' - ^a'}. 

By eliminating x we reduce this to 

3mVa'{^sin'^+(l+costf)»-i} (3). 

The expressions (2) and (3) are equal, and being equated lead easily 
to the result in the question. 

The second part of the question is easily solved by an application of 
Lagrange's equations. We may however solve it otherwise as follows : 
Let the middle bar be brought to rest by applying to the system a 
reversed acceleration equal to x. The equation of moments about the 
fixed end of either of the outer bars is then 

m . ^ a = — w' . 5a/i . aO + mxa, 

whence by means of (1) we have 

viz. 6I=-1^A 



The time required is therefore 2ir . / 



Idmfi' 



14. Prove that, when the angular velocity of a vertical cylin- 
drical shaft of radius a, revolving in two bearings at a distance I 

apart, exceeds ^ —^ a/ — , where m is the least root of the equa- 
tion cos m cosh m = l, the shaft will tend to bend laterally under 
the influence of the rotation ; and find the curve assum'ed by the 
axis when the deflection is small ; E being the modulus of elasti- 
city, and p the density of the shaft. 

Let the shaft turn in fixed bearings at and B (fig. 51), and let 
OPAB be the curve assumed by the axis of the shaft when the deflection 
due to the rotation is small. 
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Take as the origin and OB as the axis of ar; and let G be the 
bending moment at due to the constraint of the bearing. 

Then, if o) denote the angular velocity, the bending moment at P will 
be equal to 

and, since the curvature at P is approximately -7- , therefore 



cUxr Jq 



I being the moment of inertia of the circular section about a diameter, 
and therefore JEI the flexural rigidity of the shaft. 



Differentiating twice, 

(ton Jo 



EI ^, = TraV y» 

the differential equation of the axis of the shaft, when the deflection is 
small. 

The problem therefore becomes the same as the determination of the 
lateral vibrations of a bar clamped at both ends (see Lord Rayleigh's 
Theory of S<yimd, § 172). 

We must therefore have m the least root of the equation 

cos ?/» cosh m = 1, 

When the angular velocity exceeds this value, the shaft will tend 
to bend laterally more and more as the angular velocity is increased 
under the influence of the rotation. 

(The shaft is supposed vertical in order that gravity may have no 
influence upon the result). 

15. Find an expression for the average energy transmitted 
across a fixed vertical plane parallel to the fronts of an infinite 
train of irrotational harmonic waves, of given small elevation, 
moving on water of uniform depth. 

Let H be the maximum elevation of a train of waves of wave- 
length X, moving parallel to the axis of x. Then, if ic = 27rX"*, 
n = 27rFX"*, where V is the velocity of propagation, the elevation at 
any point x at any time t may be taken to be 

h = H cos {nt - Kx). 
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By the knoi^ theorem the velocity of propagation is connected with 
the wave-length and the depth of the water I by the equation 

and the corresponding velocity-potential ^ is given by 

* = -^^ e^i^e-^i sm(7i«-icaj), 



z being measured downwards from the surface. In fact, <f> satisfies 

dz 



y « ^ = 0, and gives a value for -? equal to zero when % = l^ and equal 



to — ;- when « = 0. 
at 

By the equations of hydrodynamics the part of the pressure due to 
the motion is 

whence, if the square of the motion be neglected, 

=(^ys — ^i^e-Ki — ^^ ('^ - '^y 

The rate of transmission of work at any moment is found by in- 
tegrating dp-^dz from z=0 to z = l. Thus 



dW 
dt 

in which 



= «kF»^'/^^^> jf" {««'-»> + e-'(-0}V«, 



/. 



{e^{z-D + e--«(«-Op dz = 



Introducing the value of V we get 
or, on integration over a long range of time, 

16. An ellipsoidal conductor is placed in a uniform field of 
electric force, the potential of which is Ax-)rBy-\' Cz, the axes 
(2a, 26, 2c) of the ellipsoid being taken for co-ordinate axes. Prove 
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that the density of the induced electricity at a point {x, y, z) on 
the surface of the conductor is 

1 / Ax By Cz 



dd^ db^ dc 



where 

>00 



Jo 



d\ 



J{a' + \){b' + \){c' + X)' 



This problem is easily solved by the use of ellipsoidal co-ordi- 
nates, for an explanation of which see Mr Ferrers's Treatise on Spherical 
Harmonics, Chap. VI. The following solution, which is of general 
application in the case of the sphere, does not apply readily to ellip- 
soids, except in the one case stated in the question, viz. when the 
potential is a linear function of or, y, z* 

Let U be the potential at any outside point due to a solid ellipsoid 

I. .*. 1 .. .1 idU dJJ dU . . , .. , . 
of uniform density, then I -j- -k-m ^ -¥n j- is the potential at an out- 
side point due to an ellipsoidal shell of the first degree, viz. a shell 
formed by the coexistence of two solid ellipsoids, of equal uniform 
densities, one attracting and the other repelling, whose centres are infi- 
nitely near and on the line whose direction cosines are I, m, n. If we 
suppose the matter composing this shell to be an electrical distribution, 
then the potential at any outside point due to the outside field and to 
the supposed distribution is 

» n 7^^ ^^ dU 

Ax + By + Cz + I -J- +m-j- +n-^ . 
^ dx ay dz 

that is, 

(See Thomson and Tait's NcUwral Philosophy, § ^22.) 

Inside the shell the potential will be zero at every point, provided 
the following relations hold good, viz. 



^ + l^^=o, 



d4 
da' 



5 + |ilfOT^ = 0, 

where ^ is the value of ^e when € has the value zero, viz. at the surface 
of the ellipsoid. If then I, m, n, M are thus determined, the supposed 
distribution is in reality the distribution induced on the ellipsoid by the 
outside field. 



« 
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The potential due to the induced electricity is therefore given, inside 
the conductor, by 

and, outside, by 

(d<l>g d€f>f dify 

. da' J. db' ^ dc' 

da' dW . d(^ 
To find the density we have 

dn dn ' 
Now p' = a V + h'^ + c V + €, 

therefore ► 2pdn = d€, 

, dv ^ dr 

whence — t— = 2» —7- . 

dn de 

dV 
In the expression for ^tvp it is clear that -r- will cancel those 

dV 
parts of -3— which depend on difierentiating a?, y, «, and therefore the 
aw 

only part which is left is that which depends on differentiating -^ , 

&c., and then putting € = 0. We finally obtain the result 



^irp 



Cz 



[By putting X = 



ahc I a C?<^ za ^<^ 8 ^^ r 

r 'da' ^ db' "^ 5?^ 
a' cos' ^ - c" 



sin'd 



and transforming the integral for ^, we have 



2 r"« (ftf , ,. a'^b' 



*"7(^'-c«)/o TfTlFS?^)' ^^^^^^'-^ 



a'-c* 



J{a'^c') 



H--'.' Jm)U 



17. A copper wire in the form of a complete circle is suspended 
so that it can turn without friction about a diameter which is per- 
pendicular to the direction of the earth's magnetic force ; it is set 
in rotation and then left free, determine its subsequent motion, 
neglecting the self-induction of the wire. 
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The energy of tlie wire consists of two parts : 

1. Its energy of motion \Mk*6^^ where M¥ is the moment of 
inertia about the axis of rotation, and 6 is the angle between the normal 
to the circle and the direction of the magnetic force. 

2. The kinetic energy of the current \ y*^', where y is a constant 
representing the self-induction of the wire, and which will be presently 
put equal to zero, and <^ is the current at -time t 

Let A be the area of the circle, R the resistance of the wire, and E 
the electromotive force round the wire at time t Then 

at 

also the heat generated in the circuit in time di measured as equivalent 
work = E<j>'dt ; this, added to the increment of energy of the wire, must be 
zero; viz. 

B<j>' + M^ 66 + y^ = 0. 

We have also 

yii> = E-E<j} = -A8me. 6-JRi>. 

Introducing now the assumption that the self-induction may be 
neglected, and eliminating <^, we have 

^ 4- Mk' ^ = 0, 

(I) being the angular velocity when ^ = ; 

, , P Mk'd6 

whence t = 



f 



MI(^to-^{6-sm6cos6) 



2R 



Tuesday, January 15, 1878. IJ to 4. 

Mb Gbeenhill, Arabic nnmbers. 
Mb Febbebs, Boman numbers. 

1. Find the equations of the tangent and normal at any 
point of a hyperbola. 

Prove that the part of the tangent at any point intercepted 
between the point of contact and the transverse axis is a harmonic 
mean between the lengths of the perpendiculars drawn from the 
foci on the normal at the same point. 
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Let the tangent and normal at a point P of the hyperbola 
— , — ^ = 1 (fig. 52) meet the transverse axis in T and G, and let SZ, S'Z^ 
be the perpendiculars from the foci on the normal at P. 

If (pcy) be the co-ordinates of P, then the equation of the tangent at 
P is $- ?^'f = 1, and therefore 0T = ^. 



a 



X 



The equation of the normal at P is 



and therefore 



Therefore 



X y 

OG = J- X = e'ax 

a 

X X 



and therefore 



SGr^^x — cbe^ 
S'G = e'x + ae; 



2x 



2 



SG S'G ^x-'oe e'x + ae" e^'a^-a' TG' 

Or, immediatelj, since PT, PG are the internal and external 
bisectors of the angle SPS'y therefore GSTS' is a harmonic range. 

Therefore, by similar triangles, 

1 1 2 

+ 



ZG Z'G PG' 

and therefore PG is a harmonic mean between ZG and Z'G, 

ii. The three principal planes of the surface 

(a,- J, c, a', h\ c\x, y, «)'= 1 

are represented by the equation 

aX'\- c'y+ Hz, cx-\- by+ dz, Vx-\- a'y+ cz 
Ax+C'y + Fz, Cx + By + A'z, Bx + A'y+'Cz 

^ > y f « 

where -4, B, G, A', By C are the several minors of the deter- 
minant 

a, c', V 
Cy b, a 
b\ a\ c 



= 0, 



S.-H. P. 



8 



\ 
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CcmisMer the saiihoe aa^ -^b^-i-c^—l^ its polar rec^rocal 
Ja^' + jPZ-f CV= 1, aiid the sj^hCTC a:» + y' + a» = r'. 

Take tnj pcont on cme of the ocMHxlmate plaDes, which mxe the 
\fmtA\nd yhknes of the first two surfiBtoeB. Let its oo-ordinates be 0, ^y A. 
lis pUar planes with req»ect to the three soifioeB are 

which are all panllel to ibe axis of x. 

Hence, a principal plane of a given smfaee maj be regarded as the 
locus of a point whose polar planes with respect to the given sorfiioey 
to its polar reciprocal, and to a concentric sphere^ are parallel to the same 
straight line. 

Now, the redprocal of the sniface mentioned in the question is 
(A, B^ C, A\ JT, 6" j[«, y, z)' = 1. Hence the result foUowa 

\y iiL (a) Integrate 

dx 



OS) Prove that 
r(l-smacos^«cW«{cosa)«^r- J^——^^. 

(fi) let (fig. 53) be the centre of a drele, Q any point with- 
in it, FQI'' buj chord through Q,OF=a,OQ = 6, QOF = $, QOF = 6^. 

Then (a' + 6'-2aAcos^)i(a* + J«-2a6co8^)=(a»-67 (1). 

Again, if the chord FQF torn through a small angle, so that F comes 
top, F^ top\ 



and 



therefore 



OF' ^ OF' 

Fp _ Fp' 
FQ" FQ' 

dO dff 



{a* + 6* -2 cos 6cos ^)i (a* + 6" - 2a5 cos ^')i* 
Hence 

(a« + y-2a6cose)-Jtf--(a' + 6'-2a6(X)8e)"('^^^^^'f^ 

"■(a" + 6«-2a6co8tf7a' + 6»-2a^>coBe'^ 



(a* + 6* - 2db cos OJ 



i 
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Put a = c cos Ja, b = c sin Ja, and we get 



(cos a)^+^ 



a-smacosgr(fg=-,, ^y ^ — ,—, 

V Bin cusc/; ui, (1- sin a COS 6')-** 



d:^'. 



Integrate this between the limits and ir of 0, which respectively 
correspond to the limits v and of ^, and we get (writing $ for ff) 

('a - sin a cos ey dd = (cos a)»-+^ r ~ r-^^ — ^r;rn • 

yo / \ / y^ (l-sinacos^)"** 

This result may also be obtained by considering sin a as the eccentricity 
of an ellipse, $ as the eccentric angle of any point, ff as its vectorial 
angle, taking a focus as origin, and the positive direction of the prime 
radius passing through the further extremity of the axis major. 

iv. Shew how to integrate a linear differential equation with 
constant coefficients. 

Integrate the following differential equations : 
W -T^ + (w*+?i')-T^ + mVy = cos J(m + w)a?cosi(m--w)a? 

and determine the arbitrary constants in the latter system, having 
given that when t^O,x = a,y=0. 

(a) The given equation may be written in the form • 

-T^H- (w' + W*)Tp + wVy^ = J(C0SWMC + C0S7MC). 

Consider the equation 

-3^ + (m" + w") ^ + i^Vy = J (cos /Lto; + cos vaj). 

Its integral is 
y = AcoB mx + jB sin mx + A' coanx •\' J^ sianx 

, COS fix ^ COBVX 

+ *(^«-^«)(n»-/)"^*(7i'-/)(m--v»)' 

But this assumes an indeterminate form (or rather the last two 
terms become infinite,) when /a = m and v = n. 

The integral then assumes the form 

y = -4 cos ma5 + 5 sin WKC + -4' cos 7105 + -B'sin wa? 

X sin 7nx x sin nx 
4m 4:71 

8—2 
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The given equations may be written 

whence, eliminating y, we get 



Hence, patting tt + h^fi^ + gi^ ah — l?— fi^/j.^ 



s> 



Pj, F^ being arbitrary constants. 

To determine them we have, when < = 0, 

doi* 

therefore a=Pj + P^ — , 

\ TO he -he 

A*! " /*a 

5o- Ae 



therefore 



Hence a; = _ ^^ c**!* 

A*! Ma 

/ \ -in bc^he 
(a-/x.)a + A/? + c + - . 

+ . \ ik-cM.*-^^^ 

,, \ o -L ae — hc 
\o-'iJi'Jp-¥?ia + e-\- 

Sunilarly y= j_j H^^^ 

(a - ft ) j3 + Aa + e + 

. Mo . ,, ae-he 



€< 



Mi< — 



M« - Ml MiM. 

5. Prove that, when a system is in equilibrium under gravity, 
the centre of gravity of the system is at a maximum depth in 
positions of stable equilibrium, and at a minimum depth in 
positions of unstable equilibrium. 
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A cylinder, the cross section of which is a spiral of Archimedes, 
is placed inside a fixed cylinder, of which the cross section is a 
parabola whose axis is horizontal, so that the pole of the spiral 
is in the axis of the parabola. Prove that, if no slipping takes 
place and the centre of gravity of the first cylinder is at the 
pole of the spiral, the cylinder will be in neutral equiUbrium 
for finite displacements. 

Let r = a^ be the equation of the spiral of Archimedes : then 

the polar subnormal (fig. 54) SG = -fh^^y ^^^ ^ therefore equal to the 

subnormal of the parabola AF of latus rectum 2a, 

Consequently the pole of the spiral, if properly placed, will describe 
the axis of the parabola, and therefore if the axis of the parabola be 
horizontal the equilibrium of the spiral will be neutral if the centre of 
gravity be at JS, provided no slipping takes place. 

6. State and prove the principle of conservation of energy 
in the case of a material system moving in two dimensions under 
gravity. 

If I be the length of the simple equivalent circular pendulum 
of the motion of a wagon rolling under gravity inside a fixed 
horizontal circular cylinder of radius a, the radii of the wheels 
being c ; and if I', I" be the lengths of the equivalent pendulums 
when the body of the wagon is slung so as to move in the same 
way as in the cylinder (1) when the wheels are free to revolve, 
(2) when the wheels are fixed ; find I, l\ V\ and prove that 

In the case of a conservative material system, moving under 
gravity, the increase or diminution of kinetic energy is equal to the 
weight of the system multiplied into the depth or height of the centre of 
gravity of the system below or above a certain plane. 

Let M be the mass of the body of the wagon, m of the wheels, h the 
distance of the centre of gravity of the body of the wagon from the axis 
of the cylinder, h the radius of gyration of the body of the wagon about 
a parallel axis through its centre of gravity, k the radius of gyration of 
the wheels about their axles* 

Then, if denote the inclination to the vertical of the plane through 
the axis of the cylinder and the centre of gravity of the wagon, 6 being 
the angular velocity of the wagon, 

(1) when the wagon rolls, will be the angular velocity of the 

c 

wheels, and therefore the kinetic energy of the system 
= £[+ [Mh + w (a - c)} ^r cos tf, 
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by the principle of the conservation of energy ; and therefore 

" Mh + m (a - c) 

(2) When the wagon is slung and the wheels are free, since the 
wheels do not revolve, the kinetic energy 

=H + {Mh + m (a— c)}^ cos 6, 

by the principle of the conservation of energy ; and therefore 

M{h' + 1^)-¥m(a-cY 
Mh + m{a-c) 

(3) When the wagon is slnng and the wheels are fixed, then is 
the angular velocity of the wheels, and therefore the kinetic energy 

= Jif(A» + Aj^^ + Jw(a-c)«tf'« + imK«^, 

= jy + {Mh + m{a-c)}g cos 0, 

by the principle of the conservation of energy ; and therefore 



Therefore 



,„ ^ M {h^ -¥](?) +m{a-cY + m^ 
Mh + w (a - c) 






Mh •\' m {a - c) ' 



and therefore 



Mh-\'m{a-c)* 

or, cV+(a-c)«;' = c'^' + (a-c)»r. 

7» Prove that, if O^y 6^, 6^ be the component angular velocities 
of a system of rectangular axes Oxy Oy, Oz considered as a rigid 
system moving about the origin 0, and A^, A^, Agbe the component 
angular momenta of any material system about the axes Ox, Oy, 
Oz, then 

with two similar expressions are the rates of change of h^ , A., \ 
about axes fixed in space, with which Ox, Oy, Oz are coincident 
at the instant considered. 

Deduce the equations of motion of a rigid body moving about 
a fixed point referred to three rectangular axes fixed in the 
body. 
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Prove that, if Watt's governor be constrained to revolve round 
a vertical axis with constant angular velocity, and if the in- 
clination 6 of the arms be included between a and /8, then 

-^ J varies as (cos a — cos 0) (cos — cos ^), and that, if 5 = y in 

the position of relative equilibrium, cos a + cos )8 = 2 cos 7. 

Verify that, at any time ^, tan \0 = tan J/S dn IK ^ , A? j , where 

V =tan JacotJ/S. 

Considering the motion of either ball, and denoting by ^1, Cy 
the moments of inertia ahout the axes OA^ 00 l^g. 55), then ~ Am sin ^, 
Oin cos B are the components of angular momemtum of the system about 
the principal axes OAy 00 ; and therefore 

h^^-Ae, A, = ((7-^)<i)sintfcose, A. = (C cos" fl + -i sin* 6) « ; 
also tf^ = 0, ^, = 0, tf8 = *'i 

and -^-;^g^3 + ^3tf^ = i/i9rAsintf, 

therefore - -4tf + (-4 - C) co" sin tf cos fl = if^A sin ; 

and integrating, 

Ji4^ = i5r+ Jf^Acos tf - J (.i -(7) cd'cos"^, 

A — O 
or ^= — j — ©■(cosa-cosd)(cosff-cos)3), 

if tf* = when fl = a and ff = )3. 

In the position of equilibrium, ^ = ; and therefore y is given by 



^^^"(XT^y;?"^^^*'*'^^^* 



Again, since 



A — C 

^ = — j — «'(cosa-costf) (cosd-cosj8) 

A-O , (tan'|g-tan'|a)(tan'|jg-tan4g) 
~ A "" (l+tan«i^)»(l+tan»Ja)(l + tan4/8)' 

therefore 

sec* J ffe^ =^^X^<^' <5<>s'i« cos* Ji8(tan» Jtf- tan" Ja) (tan"J ^ - tan* Jtf), 

or 

/cH^i^y ^ ^ 4-C; ^,^g. j^ ^3.|^ (tan'ifl-tan' Ja)(tan« Ji3-tan« Jtf). 
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Now firom the definition 

dn* a; = 1 - Aj* sn" oj, 
and therefore 

A*sn*aj = l— dn'a:, Ar'cn'ajsdn'aj- A'*; 

also -=- sn 05 = en a dn oj, 

ax 

-J- dna5 = - Aj" sn 05 en a:, 
Therefore, if tan| = tan^j9dnjr^, ^'^ tan|atan|)3 

= ^,cot4j8(tan"f j8-tan*JS)(tan"Jfl-tan"Ja), 



and therefore 



^ = 4 —J— <i>*cos!' J asin" | )8. 



viii. An infinite mass of homogeneous gravitating liquid 
rotates with constant angular velocity © about the axis of z. 
Prove that a possible form of the free surfiaee for relative equi- 
librium is the elliptic cylinder 



-a + ^ = 1> where o)' = 47rp 



ah 



p being the density of the liquid. 

If F be the potential of the infinite homogeneous elliptic 
^ -J 
cylinder -5 + p = 1, at any point of its ma£», we have 

r=2irpab r(i - y* \ # 

The evaluation of this definite integral would introduce an infinite 
constant. But we get rid of this by observing that 

dV __ 4vpay 
dy" a + b * 



Jan. 15, IJ to 4] problems and riders. 121 

And, if ^ be the pressure at any point, we have 

Hence, the form of the free surface is given by the equation 

If this coincide with the surface of the cylinder -5 + ^ = 1, we have 



, /<»)• 2irp5\ _ -J /cD* 27rpa\ 



therefore — jr — <o == Zirp — ^ — j—^ , 

2 '^ a + 6 

therefore w* = 4irp ;^ tta • 

'^ (a + 6)" 

ix. Find the precession of a given star in right ascension 
and declination. 

Prove that all stars, whose precession in right ascension is 
equal to a given quantity, lie on the surface of a cone of the second 
degree, one of whose axes is the line of equinoxes. 

Let P (fig. 56) be the pole of the equator, n of the ecliptic, 
iS the star, aS^ the position to which, in a given time, it is displaced rela- 
tively to P, in consequence of precession. Then StlS' = H, which is the 
same for all stars, and SFS^^ 8a. Hence 

8a=-.-^sinAS'PcosILS'P. 

And if (I) be the obliquity of the ecliptic, 

cos 0) — cos SF cos SH 



cos ILS'P = 



therefore 8a = Sl 



sin/S'P.sin/S^n ' 
cos (i> — cos SP cos Sn. 



Now, taking the line of the equinoxes as the axis of y, and the 
earth's axis as the axis of z, and r as the radius of the celestial sphere, 

ary » arr « COS (0 + SC siu 01 . «„ »* + y* 

cos/SP=-, oobSU = , BmSP= ^^ , 

therefore g^ ^ g^ cos co (a^ + y" + ^) ~ g; (^ cos o) + a; sin co) 

af + y' 

jor (SI cos 0) - Sa) (a:* + 2/*) - 8Z sin CD «aj = 0, 

shewing that all stars, for which Sa is equal to a given quantity, lie in a 
cone of the second degree, one of whose axes is the axis of y, 1 e. the 
line of equinoxes. 
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Wednesday, January 16, 1878. 9 to 12. 

Mr Pbiob. 

1. The locus of the foci of rectangular hyperbolas which have 
a given diameter is a lemniscate. 

Let QOP (fig. 57) be the given diameter ; S, ff the foci of any 
one of the hyperbolas. 

Then, since CP=GQ, CS= Off, and z FGS=: l QGH, 
therefore SF^EQ. 

But rect SQ . QH= sq. on semi-diameter conjugate to CQ = C^, 

therefore FS .QS=CQ' = CF' ; 

therefore the locus of /S' is a lemniscate with foci F, Q, 

Or thus : let 

CF=^GQ = a, GS=r, iSGF=e. 

Then, since F lies on a rectangular hyperbola of which aS' is a focus and 
G the centre, a' cos 2^ = r*, for this is the polar equation of that hyper- 
bola, a, being the polar co-ordinates ; therefore i^ = €^ cos 2^ is the 
polar equation of the locus of 8^ r, 6 being its polar co-ordinates : and 
this is the polar equation of a lemniscate. 

2. K the sides of a triangle ABG meet two given straight 
lines in a^, a^ ; b^, b^ ; c^, c, respectively ; and if round the quadri- 
laterals bfi^CjC^f c^cfifl^, ^i^J^iK conies be described; the three 
other common chords of these conies will each pass through an 
angular point of ABG^ and will all meet in one point. 

Let 05 = 0, y = 0, z = be the equations of the sides BG, GA^ 
AB of the triangle; and let w = & + my + w« = 0, t^' = Z'a? 4- my + 7i'« = 
be the equations of the two given lines. 

Then the equations of the three conies are 

wu! •\-\yz = (1), 

VAJi! -{-kjux^O (2), 

tm' + kjii!y = (3). 

« 

Of these (2) and (3) have common chords whose equation is 

kjssx-k^xy^O ; 
i. e. x = and kjn — kj/ = are the equations of their common chords. 

Thus k^ — kjy — 0, k^x - k^z = 0, \y — k^x = are the equations of the 
common chords of the problem, and each of these clearly passes through 
an angular point of ABG^ while they all meet in the point whose co- 
ordinates are given by 

X _ y _^ z 

kj k^ ^3 
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3. If a chord of an ellipse be drawn to cut the evolute of the 
ellipse at right angles, three times the difference between its 
segments intercepted between the evolute and the ellipse is equal 
to the diameter of curvature of the evolute at the point of inter- 
section. 

Let {^g, 58) be any point of the evolute, P the correspond- 
ing point of the ellipse, centre 0. QfiQ^ the chord through 0, perpen- 
dicular to OP which is a tangent to the evolute. 

Since OP is the normal at P, Q^Q^ is parallel tp the tangent at P; 
therefore PG produced bisects Q^Q^, say in V : 

therefore 0^, - 0^, = 20 F =^ 2 OP tan 7P0. 

Let p be the radius of curvature of the evolute at 0, <r the distance 
of from a cusp measured along the evolute, \ff the angle between PO 
and the major axis of the ellipse; and let PO — r, dSien (r=r, and 

d<T dr 

Now let CA be the semi-major axis of the ellipse, and let the semi- 
axes be a, 6 ; let l PGA = tf, and let p be the perpendicular from G on 
the tangent at P. 

Then 

tani^ — 3,tan^ 

l+tan^tan«? TT^^n^ 

or ^ 

__ (a* - b') sin i^ cos i^ 
" «• cos'^ + 6* sin'?/r ' 

Agam r = — »- = r- , 

P (a«cosV + 6"sinV)* 
therefore 

^^ 3a-y(a'^y)sin^cos^ ^3^ (a'--5>in^cos^ ^^ 

# (a"cos> + 6'sin»^ a' cos* j/r + 6» sm« i^ 

therefore 3 {OQ^ - OQ^ = Qr tan VPO = 2p.' 

4. If ABG be a triangle circumscribing a parabola whose 
focus is 8, and if 8A, SB, SG meet EG, GA, AB in A\ B\ C 
respectively, shew that the lines drawn through A, J5, G per- 
pendicular respectively to the other tangents through A', B, C 
meet in a point. 

This may be deduced from the reciprocal of the following : 

If dhc (fig. 59) be a triangle, and a?, 6wt, en its perpendiculars meet 
the circumscribing circle in a', h\ d ; and if a be any point on the circle : 
then 8a' y 8h\ sd meet &o, ca, oh in points on a straight line which passes 
through the orthocentre of oibc. 
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Foi, let 8a\ sh'y «c' meet 6c, ca^ ah in f, g, h \ and join /o, go, ca\ cb\ 
Then ifoc=^ Lfa!c for tlie triangles ^bc, fcdc are similar. 
Similarly, l goc = l gh'c. 

Therefore ifoc + i goc = ifafc + / gh'c = 2 right angles ; 

therefore yb^ is a straight line, and similarly h lies upon it. 

Now, if we reciprocate with respect to a circle round S as centre, the 
circle and inscribed triangle become a parabola (fig. 60) and circum- 
scribed triangle ABC. The focus is at S, the point a becoming the line 
at infinity. The line al becomes a point on BG which with A subtends 
a right angle at S, i. e. A", Then the point a becomes the second tan- 
gent J."P through A" ', «a' becomes a point at infinity on this tangent; 
and f a line drawn through A parallel to A"P, Hence the reciprocal 
theorem is, that this line and those drawn like it through B and G meet 
in a point. 

Now, let SA meet BG in -4' and let A'P the other tangent from A' 
meet A"P in P, Then the circle through A'A"S passes through Py and 
A*SA" being a right angle, so is A'PA". Therefore the line through 
A parallel to A"P is perpendicular to -4'JP, and it has been shewn that 
this line and those drawn like it through B and G meet in a point. 

6. ABPGDQ is a twisted polygon all whose angles are right 
angles ; ABy GD lying on fixed straight lines. 

Shew (1) that if A, 5, (7, D be any points on their respective 
lines the locus of P or Q is an hyperboloid of one sheet ; and (2) 
that if A, B, G, D be so taken that P, Q are equidistant from the 
greater real and imaginary axes of the hyperboloid, and if the sides 
of the polygon represent forces, these forces have no moment about 
the lesser real axis of the hyperboloid. 

Let FGi of length 2c, be the shortest distance between AB 
and GD, F lying on AB. Take the origin at its middle point, and let 
OF be the axis oi z. If 2a be the angle between AB and CD, their 
equations may be written 

y = a,tan«J^^^ y=-'«^M for CD. 

Let a?, y, » be the co-ordinates of P, and let FB = h, GG=h 

Then the co-ordinates of B are h cos a, A sin a, c ; and those of G are 
k cos a, — A; sin a, - c. 

Then because the angles FBP, GGP, BPG are right angles, we have 
(a: - A cos a) cos a + (y - A sin a) sin a = 0, 
(aj - i cos a) cos a - (y + X; sin a) sin a = 0, 

< 

(x-h cos a){x-k cos a) -I- (y - A sin a) (y -i- A; sin a) + (« - c) (« + c) = 0. 
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The two former equations give 

h — x cos a + ^ sin a, 
h — x cos a — y sin a, 
as is evident also by projection. 

Substituting these values in the third equation, we obtain 
(a; sin'a - y sin a cos a) (a; sin'a + y sin a cos a) 

+ (y cos'a - oj sin a cos a) {y cos*a + aj sin a cos a) + a" - c* = 0, 
or (sin'a ~ cos' a) (a:* sin'a -^ cos* a) + «* - c' = 0, 

or - cos 2a sin'a . -, + cos 2a cos'a • ^ + -3 = 1, 

which shews that P and therefore Q lie on an hyperboloid of one sheet, 
of which FG is the lesser real axis, the other real axis lying in Ox or 
Oy according as 2a > or < tt. 

Let ajj, 2/,, 2?j be the co-ordinates of P, x^, y^, %^ those of Q, Then the 
components along the axes of the forces passing through P are 

ajj — {x^ cos a + ^j sin a) cos a, y^ - (aj^ cos a + y^ sin a) sin a, »j — c ; 

and 

(ajj cos a - ^j sin a) cos a — ai^, - (ay^ cos a — y^ sin a) sin a — y^, — c — ^^ : 

the sum of which may be written 

— 2^^ sin a cos a, — 2x^ sin a cos a, — 2c. 
Similarly the sum of the components of the forces passing through Q 
is 2^, sin a cos a, 23;^ sin a cos a, 2c. 

Hence the moment of the forces round FG is 

ajj (— 205^ sin a cos a) - y^ (- 2y^ sin a cos a) 
+ x^ (2ajg sin a cos a) - y^ {2y^ sin a cos a) 
= 2 sin a cos a (- aj^* + y^' + a;/ - y') 

= 2 sin a cos a {(2^,^+ z^^ - (y/ + 2/) - («/ + a;,') + («/ + a;/)}, 
and therefore vanishes if 

^i' + ^i^^yZ + C 

i. e. if P, Q are equidistant from the greater real and Imaginary axes of 
the hyperboloid. 

6. A rough rod AB, of length 26, whose centre of gravity is at 
its middle point C, rests upon the ends of a diameter LM o{ sl fixed 
horizontal circular hoop of radius a, C lying between M and the 
centre of the hoop. The rod is pulled by a horizontal force at B 
perpendicular to it, which is gradually increased till the rod begins 
to move. If k be the radius of gyration of the rod about (7, and 
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OG ==c; then if a* — c*<6c, the rod will turn about M; and if 
a*^c*== be, the rod will turn about a point P between L and G, 

where PG = t . 

o 

If a^ — c^> be, what will be the initial motion of the rod ? 

Let W be the weight of the rod. Then the pressures at L, M 

are -^r— W and —=: — W, Let F be the horizontal force at B, and G 
2a 2a , ' 

and H the consequent horizontal forces at L and M, Let /x be the co- 

efficient of friction between the rod and hoop. If then G < -^ — ftTT, 

^a 

the rod will not move at L ; and if H < —^ — ^TT, the ix)d will not move 

at M. If then the rod be about to move, one at least of these inequali- 
ties must be on the point of becoming an equality. 

So long as the rod is at rest, G and H are found by taking moments 
about M and L respectively. Thus 

2a 2a 

(1) Let a*—(f< be. Now the rod must be on the point of motion 
at Z, as soon as 

2a 2a '^ ' b + e-a ^ ' 

and, when F has this value, then 

b + c-\ 
6 + c — a * 2a 



„ b + c + a a-c ,_ 



, a + c , " 

and this is < -t: — . mTT, if 

2a 

(6 + c + a) (a — c) < (5 + c - o) (a + c), 

or a" < (6 + c) (?, 

or a^—c^ < be, which is the case. 

In this case, then, the rod will not move nor be on the point of 
motion at Jf ; but is on the point of motion at Z. Hence we infer 

that, in this case, if ^ be just > r . /xTT, the rod will turn about M. 

(2) If a'-(^ = be, the values of G and H in terms of F become 

c ___ 

Hence if F= - . /jlW, the rod is on the point of moving both at L 

and at M, The actual motion must therefore be investigated in this 
case, as a kinetic question, and we shall find about what point the rod 
wiU begin to turn. 
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Let vl be the initial acceleration of C, w' the initial angular accelera- 
tion of the rod about G ; and let m be the mass of the rod. 

c 
Since the rod will move at L and M. if F>-, uW, then 

and the equations of motion will be 

a '^ 
mI;^Q/ = Fb^G{a + c)--H{a--c) 



^b^F^^.fiWl, for a«-c»= 5c; 



therefore w' - t- <«>' = 0, 



therefore the point P in Z(7, such that GP = -j- , will be initially at rest ; 
i.e. the rod will begin 'to turn about P. 

(3) If a* — c' > he, a similar argument to that in (1) would shew that 
the rod will begin to turn about L. 

(4) In (1) the assumption is made that as soon as ^= -^ — fxW the 

rod will begin to move at L : this assumption would be correct were the 
portion of the rod at L to be an independent particle. As, however, 
this portion is part of a rigid rod, the objection might be raised that it is 

not necessary for it to move as soon as G becomes = -= — fiW, A similar 

remark will apply to the argument spoken of in (3). In each of these 
cases, therefore, the result may not be correct ; for each case, 'being a 
case of motion, is a kinetic question ; we shall however find, on investi- 
gating them, kinetically, that these results are correct. 

In both cases, if the rod initially turn about a point Q in LM, we 
have the same equations as in (2) : 

mu' = F--u.W, 

mJc'io'^Fb-^^aW, 

a '^ 

and the cases to be considered are those in which F< = or > -uIF". 

a 
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(a) If F<-iM.Wy u' is negative, ie. © lies in CM, If CQ=y, 
w'+ya)'*=0; hence 

or F^-i^W—ffA . 

a'^ Ar + by 

Since F is always <-fiW, and Ar' + fty is positive, we must have 

«• - c* < 6c, which shews that we are now considering case (1). 

Now the position of Q is given by that value of y which makes F a 
mimimum. 

Putting F in the form -u,W{ T^ + r--^7T — i J^t ^e see that 

a*^ ( DC be kr + by ) 

" F diminis hes as y increases ; L e. jP is a minimum when y = a''C its 

greatest possible value : i e. Q is at Jf ; the same result as in (1). 

(P) If F=-fiWf w' = 0, ie. (7 is at rest: the rod will then turn 

about C if tt)' be positive, i.e. if Fb>^^iiW, or ^^W>'^^ ijlW, 

Ck Of Cb 

or boa*- c*. But if this be the case, the rod will already have turned 
about Jf, as has been proved in (a). 

(y) K F>-fiWy v! is positive, i.«. Q lies in Z(7. If CQ^y^ 

Cb 

w'-yw' = 0; hence 

e ^'-^^ 
Since ^is always > - /nF*, ^ , > 1 ; and we have again to 

€b rv ~~ Oy 

distinguish between three cases : 

a' — c' 
\ (i) k*-by>0; thenl;^ y>^'-hy, or a* — c'< be, and the 

rod, as proved in (a), wiU already have turned about M. 

(ii) k''-by = 0, in which case the value found just above for F is 
inapplicable, and we must return to the preceding equation, from which 
we learn that a' — tf^^be; i. e. we are now considering case (2), the result 
of which is thus confirmed 

^ 
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a^-c' 



(iii) k*-bt/ <0 ; then y -k^>by- k\ or a' — c' > he : i. e. we 

c 

are now considering case (3). 

The position of Q is given by that value of y which makes F a 
minimum. Putting F in the form 

a^ \ be ""be by^h? ]' 

we see that F diminishes as y increases : 1 e. ^ is a minimum when 
y = a +c, its greatest possible value : Le. Q is at X; the same result as 
in (3). 

[The results of (ii) and (iii) have been obtained on the hypothesis 
that 6 (a + c) > A:*. This, though presupposed in the question, is not 
necessarily the case. If b{a + c)^ k', there need be no change in the 
results. If 6 (a + c) < k', we must take into account the portion of the 
rod outside the hoop beyond Z, as Q, the point round which the rod will 
turn, might be in that portion. If so, the equations of motion become 

mu' = F-G-M=F''fiW, 

mk^w=Fb + G{a-{-c)'-'ff(a^c) = Fh. 

Now w' - y<o = 0, therefore 

k^{F''ii,W)^Fby = 0, 

^=k^i^ 

I? 
which shews that y must be < -7- , and JP^ is a minimum when y is least, 

i. e. when y = a + c ; which confirms the result of (iii), but shews that the 
result of (ii) or of (2) is only true when 6 (a + c) > )b*. Accordingly if 
6 (a + c) < P, and if also a* — c* = 5c, the rod will turn about L and not 
about F\ or, in other words, the rod will not turn about F unless P be a 
point in Z(7.] 

7. Water is revolving with angular velocity o> In a smooth 
fine circular tube of radius a which it completely fills, and which 
rests on a horizontal plane. If the tube be made to revolve with 
uniform angular velocity w' about a pivot in its plane, shew that 
the absolute angular velocity of the water round the centre G of 
the tube is not altered. Also if «r be the average pressure of the 
water throughout the tube, shew that the mean presstire in the 
water for a section through any point Pof the tube is 

w + jiaco)* cos 0, 

and that the resultant pressure on the tube at P per unit length is 



+ TTioo)' + 2mcft)'* cos 0t where is the angle between CP and 

0(7 produced, c = OG, m is the mass of water which would fill an 
unit length of the tube, and fi that of an unit volume of water. 

S.-H. P. 9 



1 
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At any time t the velocity of every element of the water rela- 
tively to the tube is the same ; i. e. the ring of water is moving as a 
rigid ring. 

Now all the pressures of the tube upon this ring are normal, and 
therefore pass through its centre C, Hence there is no force to change 
the absolute angular velocity of the ring round 0, which therefore 
remains unaltered. 

The accelerations of the element at F are compounded of those of C 
and those of P relatively to C. 

The acceleration of (7 is ccd" along CO ; that of P reliatively to C is 
Oft)' along PC, 

Let p be the pressure of the water at P, i? that on the tube there. 
Besolving along the tangent to the tube at P we obtain 

Afiocio' sin ^ = — -4 ^ , 

A being the area of a cross-section of the tube ; 

therefore p = C-h fiac<i}' cos Oy 

C being a constant. 

But the average value of cos 6 throughout the tube is zero, therefore 
'C '=vry therefore j9 = -nr + fmcit/' cos 6, 

Resolving along the normal to the tube at P, we obtain 

Aon 

m (a<o* + cap cos ^) = jK 

^ 'a 

for m = fiA; 

Vjft/Tjr 

therefore R = — + ma<i? + 2mc<o'* cos &. 

8, A cylinder of small radius a, which will submit to flexure 
but not to torsion, has one end fixed in a horizontal plane, so that 
that end of its axis is vertical. The axis is now slightly bent and 
made to describe a surface of revolution, so that the cross section 
through any point P on the cylinder always makes a small angle a 
with the horizon. If Q be the point at which this cross section 
meets the bent axis, shew that the path of P relatively to Q is 
given by the equations 

(oj -f a cos* ^a)' + j^ = a^ sin* Ja 

«' = 2a cos' Ja (x + 

X, y, z being the co-ordinates of P referred to axes fixed in direc- 
tion. 



«)}' 
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Hence shew that, if the motion of the axis be so slow as to be 
imperceptible to the eye, the cylinder will present the appearance 
of rotation. 

Let the axes of x, y be horizontal, that of z vertieal ; and in 
any position of the axis, let & be* the angle between the plane ocz and 
that through the axis and the vertical. When ^ = 0, let P be in the 
plane ONi, its co-ordinates relative to Q being then — a cos a, 0, and a sin a. 

In the position ^ = fi, the projections of QF on the line in the ver- 

tical plane through the axis which makes an angle j: — o- with QZ and 

on a perpendicidar to this line in the cross section, which latter line is 
the intersection of the ci*oss section and the horizontal plane through Q, 
are a cos B and a sin B, This is seen most easily by supposing the axis 
first straightened from the position tf = and then bent into the position 

Hence the new co-ordinates of P are 

03 = - a cosfl cos a cosS — a sin sin ^, y = - a cos tf cos a sind + a sin costf, 

z = a cos 6 sin a. 
Therefore 

a; = — a cos a cos^d — a sin*^ = — Ja cos a (1 + cos 2tf) - J a (1 - cos 2tf) 

= - J a (1 + cos a) + J a (1 - cos a) coB 2tf 

= — a cos" ^ a + a sin' \ a cos 2^, 

y = a ( 1 - cos a) sin tf cos tf = a sin' | a sin 26, 

« = o sin a cos 6 ; 

therefore 

(x + a cos' J a)* + y* = a' sin* | a cos' 26 + a' mn* ^ a sin* 26 = a' «in* J a, 

X "^ Cb 

and «' = a' sin' a cos' 6 = a' sin'a —7^ r = 2a cos' A a (a + a). 

a (1 - cos a) ^ ^ ' 

If the motion of the axis be very slow, the eye will follow the lines 
in which a vertical plane through the axis cuts the cylinder and will 
suppose any point on either of these lines to be a fixed point on the 
cylinder. As these lines revolve, the point will seem to travel round 
the axis and the cylinder will seem to be twisting. 

9. A roll of cloth of the small thickness e, lying at rest upon 
a perfectly rough horizontal table, is propelled with initial angular 
velocity ft so that the cloth unrolls. Apply the principle of 
Energy to shew that the radius of the roll will diminish from a 
to r (so long as r is not small in comparison with a) in the time 



T\/^^("'-*')*-^''*-«*)*J' 



where ^((?-a')g== 3a*a*. 

9—2 
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Is the application of the principle of Energy to this problem 
correct ? 

At the tune t let the length of cloth nnrolled be aj, and let its 
radius be r, and its angular velocity 10. Then 

e8a; = ir{r«-(r + Sr)*} 

= -2ifr8r; 

- ^ dx 2v d/r 
therefore -5- = r -=- : and it also = rem. 

The equation of Energy gives 

Therefore ^^. f^' (§Y= |a*0«+2i7(a«-0, 

or -J (3^^^) =^a*0'+12^(«»-r') 

= 12(7(c»-r'), 

Hence ?^ [^^^^^J. = >/^ • ^' 



or 



<-Ty4{<'--'''-<---'>'}- 



If the cloth be the ideal mathematical cloth, all the forces except 
that of gravity pass through the instantaneous axis, and, since the 
motion is one of rolling, no work is done by or against them ; hence the 
principle of Energy is applicable. If, however, the cloth be supposed 
cohesive, so that each fold coheres to the rest \ or again, if the cloth be 
not perfectly flexible and elastic forces are called into play ; the prin- 
ciple is not applicable. 

10. The umbilical geodesies at the extremities of the mean 
axes of a system of confocal ellipsoids all touch one or other of two 
planes. 

a" v" «■ 
In the ellipsoid -> + ?« + -i = 1, we know that along any geo- 
desic i>d: = const. 

But at an umbilicus />6' = oihc^ therefore p= -j-^ and d—h', therefore, 
for umbilical geodesies, pd= etc. Hence d at the extremity of the mean 
axis for an umbilical geodesic is given hj bd=:(ic; therefore d=-j' . 
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If then 6 be the angle between this geodesic at the extremity of the 
mean axis and the plane through the two greater axes, we have 

_6^ _ coh'O sm'O 

or b' = c' coa'O + a" sin'tf ; 

6* - c* 
whence tan'tf = -= — ^-^ 

in which equation the right-hand side remains the same for all confocals 
to the above ellipsoid. 

Therefore the planes which pass through the mean axis and are 
inclined at an angle $ to the plane through the two greater axes are 
touched by the umbilical geodesies at the extremities of the mean axes of 
all the confocals. 

11. The polar equation of a nearly spherical surface is 
r = a-\-hP^, where P^ is a zonal harmonic of the nth. degree, 
and 6 is a small quantity whose powers above the second may 
be neglected. Shew that the area of the surface exceeds the area 

of a sphere of radius a by 27r6* —rr r— . 

The area of an elementary annulus of the surface enclosed be- 
tween two conical surfaces, whose common axis is the axis of the system, 
of harmonics^ and whose semi-vertical angles are 6 and d + hd, is 

27rrsinfl.|(^y+r»|*8d 

= -2^(a + 5i>j{a« + 2a6i>. + 6«.(p,»4.(l-;.-)(^y}*^/. 

(ja = cobO) 

,-*».{i4i>.}{i.|p..i^(i-.-)(f)}v 

(neglecting powers of b above ¥) 
.-w{.*2^i..4p>i|(I-.,(^)'}!^ 

Now the integration is to extend all over the sphere, i.e. from 0=0 
to tf = IT, ie. from ft= 1 to /Di = - 1. 

Also we have 
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- 2w+l • 
Therefore the area of the given surface 

(2»+ 1 2w+l j 

« ,. A »«w' + n + 2 

= area of a sphere of radius a + 2iro' —^ r— . 

^ 2w+ 1 

12. A uniform circular tube containing masses m^, m^ of two 
gases, which are separated by two adiathermanous pistons, is 
placed in a hot fluid. Assuming the flow of heat across the 
substance of the tube into the gases to be, at each instant, the 
same for every point, find the temperatures of the gases when they 
fill given portions of the tube. 

Prove that the absolute temperatures f^, t^ of the two gases are 
constantly connected by tbe relation 



/^yii*.-^*^ _ /^V 



where 2\, T^ are their initial temperatures, A^, c, and h^y c^ their 
specific heats under constant pressure and volume. 

Let tfj, 6^ be the angles subtended at the centre of the tube by 
the gases when at temperatures ^,, t i and let 2ir-4 be the volume of the 
tube. Also let 2irhq be the mechamcal equivalent of the amount of heat 
that flows into the tube in any unit of time, and let p be the pressure 
of the gases at that time, being the same for each. Then, since the flow 
of heat across the substance of the tube is assumed to be at each instant 
the same for every point, we have by Camot's Theorem or by Joule's 
result that in a gas no internal work is done except in raising its tempe- 
rature, 

Dividing these equations by O^y 0^ and subtracting one from the 
other, we obtain 

But by Gay Lussac's law, combined with Clausius' anci Bankine's 
Theorem, 
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Substituting these values for 0^ $^^ we have 

Also, by taking the logarithmic differentials of Gay Lussac*s equa- 
tions and subtracting one from the other, we obtain 

&. st,_w w,, 

and, multiplying this equation by^— ^ — and subtracting it from the 
last, we have 

and, since 0^-\-O^ = 2vy and consequently hO^ + 80^ = 0, this reduces to 
0_/_£! ^\!?, + _A_ 2,r80. 

Hence, integrating and writing a^, a^ for the initial values of tf^, 0^^ 
we have 

whence 






Similarly 






«8 K^,) _^ £i. 



These equations give the temperatures of the gases when they fill 
given portions of the tube. They also prove that 

13. In the case of steady rolling motion of two perfectly rough 
spheres of which one of radius a and mass A moves on a perfectly 
rough horizontal plane and supports the other of radius b and 
mass B, so that the line joining their centres makes an angle a 
with the vertical ; shew that the radius of the circle described by 
the centre of the lower sphere will be 

5^sin g {c (1 4- cos a) X' +^} 
{7^ + 5-8(1+ cos a)} X» ' 
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where c = a + b, and X is the angular velocity in this circle, being 
given by the equation 

X"(j cos a {49 JL + 105 (1 + cos a)'} 
'-2X(vb + nacoaa){ 7A+ 5£(l + cosa)} 

+ 5g{ 7A+ 5(5 + 2cos"a)}=0, 

n, V being the angular velocities of the lower and upper spheres 
about a vertical and the line joining their centres respectively. 

Let be the centre of the circle described by the centre of the 
lower sphere, and let r be its radius. Let OZ be the vertical through 
0, Let Py Q be the centres of the lower and upper spheres at any time. 
SiQce the motion is steady, Q also describes a circle round OZ, and the 
vertical plane through P and Q makes a constant angle with the plane 
POZ, Let this angle be y. Now let the axes at any time be OP, a 
line through parallel to the direction of motion of P at the time, and 
OZ, Then the angular velocities of these axes about each other are 
0, 0, X, Also let the forces exerted on this sphere by the plane at the 
point of contact be X, Y, Zin the direction of these axes. 

Let E be the point of contact of the two spheres, and let the forces 
exerted on the upper sphere by the lower be ^, G, H m the direction of 
the axes. 

The co-orduiates cl P eX any time are r, 0, ; therefore its veloci- 
ties are 0, r\, ; and its accelerations — rX", 0, 0. 

Similarly the co-ordinates of Q are 

. r - c sin a cos y, c sin a sin y, e cos a ;. 
therefore its velocities are 

-csinasiay.X, (r - c sin a cos y) \, 0> 
and its accelerations 

- (r — c sin d cos y) \', - c sin a sin y . X', 0. 

Then for the motion of P and Q we have, omitting unnecessary equa- 
tions, 

A (- rk') = X--Fy B {- (r -c sinacos y) \^) = F, 

O^T^G, = G, 

and = E-£g; 

which give 

JT = - X' {-4r + jB (r - c sin a c©s y)}, ^=0*; 

^=-X*.J5(r-csinacosy), G = 0, H==£g. 

Now, let Oj, a^, a^ be the angular velocities of the lower sphere ; 
Pv P^ Pb those of the upper sphere about axes parallel to Ox, Oy, Oz 
through P and Q respectively. Then, since the point of contact between 
the plane and the lower sphere is momentarily at rest, and its co-ordi- 
nates referred to the axes of this sphere are 0, 0, — a, we have 

— aa^ = 0, rX + aa^ = ; while a, = n. 
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Also, since the motion of the two points of contact on the lower and 
upper spheres is momentarily the same, and its co-ordinates referred 
to the axes of the lower sphere are - a sin a cos y, a sin a sin y, a cos a ; 
and referred to the axes of the tipper sphere are b sinacosy, — b sinasiny, 
— b cos a, we have 

— asinasiny.a, + acosa.a^ = ~csinasiny.X + (sinasiny./?3 

— b cos a , P^y 

rX>acosa. a^ -a sin a cosy. aj = (r— csinacos y)X + ftcosa. P^ 

+ 6 sin a cos y . jSj, 

asinacosy.a^ + asina siny .c4 = -6sinacosy.)5,-6 sina siny . P^ ; 

also — sin o cos y . )8^ + sin a sin y . jS, + cos a . ^83 = V. 

If we write in these ac4=-rX, ag = 0, Og = w, the three first equa- 
tions transposed become 

b sin a sin y . jSg - 6 cos a. p^ = c sin a sin y . \ — a sin a sin y . 7i, 

bcoaa.p^ + b sina cosy . P^ = (rcosa + c sina cos y)X — a sina cosy . w, 

b sin a cos y,p^-\-b sin a sin y . )3^ = r sin a sin y . X ; 

the fourth equation remaming unchanged. 

We might solve these equations for P^^ P^ p^ in terms of v ; but the 
work will be simplified if we first take into account the dynamical 
equations of angular momentum. 

Accordingly, taking moments about the axes through P, we have 
firstly, since the motion is steady, 

f Aa* {— a^X} = aF— a sin a sin y J7+ a cos aG^ 

which, combined with previous results, shew that Biny=0; Le. y=0, 
for if y = IT the upper sphere woidd fall off the lower. 

Secondly, using this result, we have 

f Aa' {ojX} = - aX— acos a -^ - a sin aZT, 

which, combined with previous results, becomes 

- f 4 a/r\' = aX* {^r + jB (r - c sin a) } + a cos a . X' ^ (r - c sin a) 

- a sin a Bg ; 

m 

hence r {| ui + jB (I + cos a)} X* = Be sina (1 + cos a) X' + Bg sin a, 

_ 5J? sin a (c (1 + cos a) X* + ^}; ^ 
^^ ^" {7.1 + 5^ (1 + cos a)} X« ' 

the first result given. 

The third equation for the lower sphere is not needed, but if formed 
will be found to be consistent with previous results. 

Again, taking moments about the axes through Q, and using previous 
results, we have firstly 

|56*{-)3,X} = 6cosa(? = 0; hence /?, = 0. 
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Secondly, we have | 

f ^6'{jSjX} = -6cosa^-6siiiaJ5r=6cosa.\'^(r-<Jsina)-6sinoL5^; 

hence 2bpiX ^ 6X* cos a (r - c sin a) — 5^ sin a. 

We must now substitute these values in the geometrical equations 
already found for )3j, )5,, ^83. Since i8, = 0, the first and third equations 
give no residt, because y = 0. The second and fourth become 

cos o {5X* cos o (r — c sin a) — 5^ sin a} + 2 sin a . hp^\ 

= 2 (r cos a+ c sin a) X* — 2 sin a . owX, 

and - sin a {5X' cos a (r — c sin a) — S^r sin a} + 2 cos a . b^^^X = 26vX. 

Multiplying the first of these by cos a and the second by sin a and 
subtracting, we obtain 

5X* cos a(r — c sin a) — 5g sin a «= 2X" cos a (r cos a + c sin a) 

- 2X siQ a(yb + na cos a) ; 

- {TX'ccosa — 2X(v6 + wacosa) + 5flr| sina 

hence r = ^ r-j ^--7= — ^ \ '- . 

X cos a (5 — 2 cos o) 

Now equating this value of r to that already obtained, we have 

5B {X'c (1 + cos a) + g} 7X* c cos o — 2X (v6 + wa cos a) + % ^ 
7-4 + 5jB(l + cosa) "^ cosa(5--2oosa) ' 

therefore 

X'ccosa{49ii +5^(1 +cosa)(7-5+2cosa)} 

- 2X (vft + 7W8 cos o) {7-4 + 5^ (1 + cos a)} 

+ 5g {7 A + 6-5 (1 + cos a) - J? cos a (5 - 2 cos a)} = 0, 
or 

X"c cos a {49^ + 10^ (1 + cos a)'} - 2X {vb + na cos a) {7-4 + 5-5 (1 + cos a)} 

-h5g{7A-^B{5 + 2 cos*a)} = ; 
the second result given. 

14. A string of natural length 21, and of equal elasticity for 
compression and extension, hanging in equilibrium under gravity 
over a small smooth pulley, is cut through at a point whose un- 
stretched distance from the nearer end is ^L Shew that during 

the time - (where a is the wave- velocity) the velocity of separation 

of the two new ends thus severed ia — , and at the end of that time 

a 

suddenly doubles. Shew also that the pressure on the pulley 

during the second half of this time ia half its initial value. 

(1) Let us first consider the portion of string that falls freely. 
Let its higher end be A and its lower end B, 
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Take the origin at the equilibrium position of A, and the axis of x 
vertically downwards. Let F be any cross section of the string, whose 
unstretched distance from Aiax, and let i be its abscissa at time t. 

Then the equation of motion for the element of string at P is 

and its solution may be written 

i=i9^ +/(« - at)-\-F{x^at), 

Hence the velocity of the element at P is 

d^ 
v = ^=gt + a[-f{x^at)+F'{x + at)] (1), 

and the stress at P is 

X=E(^^-iy=E[fXx-at) + r{x + at)-l] (2), 

where E is the coefficient of Elasticity or Restitution. 

The terminal conditions are : when x = and when as = ^Z^ X= 
always : therefore 

f{-at) + r{at)^l (3), 

f{il-at)+r(y-^a{)^l. (4). 

The initial conditions are : 

(1) when ^ = 0, v = for all values of x from to ^ ^ ; therefore 

^f(x) + r{x) = 0, x=Otoil (5); 

(2) when/ = 0, X=wt^(J^— a?) for all values of x from to |^, 
where F = ma' ; therefore 

f(x) + F'{xyi>=^,(^l^x), x = OtoiL... ....(6).. 

These equations and conditions enable us to find the values ot /{z) 
and F{z) for all values of «, a typical variable. 

Thus, from «= to J ^, we learn from (5) and (6) that 

/'(«)=^'(«)=j{i+|(n-«)}. 

Then (3) shews that, from » = to — J ^, 
and then (4) shews that, from z = ^lio l. 
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and, from aj = Z to f ^, 

Then (3), used once more with these two last results, shews that, 
from z= — ^lto —I, 

and, from « = — ^to-f^, 

3^ 
These results suffice to give the motion of A from < = to ;r- . 

Thus, from « = to - , 

a 

^3^ 
and, from t = - to -s- , 
^ a 2a 

f.=i^«+«[-i{l-f,(|^-a<)| + J{l^:|(|^-««)}]=^^ 

L e. at the end of the time - the velocity of ^ is suddenly trebled. 

(2) Let us next consider the portion of string that passes over the 
pulley. Let its end that was attached to Jl be C and its other end 2>, 
and let the cross-section that is passing over the pulley at time t be 
denoted by U, 

Take the equilibrium position of (7 as origin, and the axis of x along 
the string CE^ and suppose ED to be a continuation Of CJS so far as 
measuring distances from G is concerned. Let the unstretched length of 
CJS be y. Then the equations similar to (1) and (2) are in this case as 
follows, unaccented letters referring to C£! and accented letters to JEJ), 

For values of x between and y, we have at time t 
v = "gt + a[-<l> (x ^at) + ^ {x+ at)], 
X= E {4>' {x-at) + ^' i^x + at) - 1], 

and for values of x' between y and f ?, we have at time t 

t?' = ^f + a [-i/r' {x' - aO + ^' (a/ + at)\ 

T = E\xlf' {x' -«<)+*' («' + »0 - !]• 

The terminal condition at (7 is that when x = 0, X=0 always; 
therefore 

^' (- a<) + ^' (a<) = 1 (7). 
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That at E is, that when x=y,x' = y, v = v\ X=Z' always ; therefore 
-5r< + a [-^'(y-a<) + *'(y + a«)] = 5r< + a [-,^' (y- a<) +^ (y + ae)], 
^' (y - a<) + ^ (y + at) = ^' {y- at) + ^i'' (y + at) ; 
from which we obtain 

*'(y + af) = ^(y + a«)+?-* (8), 

a 

f (y-o<)=f (y-a<)-?f (9). 

The terminal condition at D need not be introduced, as it would be 
found not to interfere with the motion during the limited time in ques- 
tion. 

The initial conditions are : 

(1) When i = 0, t? = for all values of x from to | Z, therefore 

- <^' (aj) + ^' (a?) = 0, a;=Oto j; (10); 

(2) When / = 0, t?' = for all values of x' from ^ 2 to f Z, therefore 

-f(aj') + >ir'(a.') = 0, x' = llio^l (11); 

(3) When < = 0, X = mg{\l-\-ai) for all values of x from to J Z, 
therefore 

^'(a;) + ^'(a;)-l = 4(J^ + «), aJ = Oto JZ (12); 

a 

(4) When < = 0, X' = ^ (| Z - a/) for all values of a/ from | Z to f Z, 
therefore 

f (aj') + ^(aj')-l=4(t^-aO> a' = J^to|t (13). 

a 

From (10) and (12) we learn that, from » = to J ?, 

<^'(^)=*'(«)=j|i+^a?+*)} (u), 

and from (11) and (13) we learn that, from « = J Z to f Z, 

f (*) = *' («) = i|l+J(|^-«)} (15). 

Then (7) shews that, from « = to - J ^ 

^'(*) = l-i(l+J(ii-«)J = j|l-J(i?-*)} (16). 

Equations (14) and (16) suffice to give the motion of G from ^ = to 
^jforduri^thiBtuae 



' 



142 SOLUTIONS OF SENATB-HOUSE [WEDNESDAY, 

therefore during this time the velocity of separation of the two neu; ends 
A and C=t;^ + i?c= — . 

Now, initially y = J ^ and, by the principle of unique solution, ^ 
will continue to be ^ ^, so long as this value will make the equation 

v = = -^ + a[- 1^' (^l-'CU) + ^'(J i + at)] 

consistent with (8), (14) and (15). 

Equations (8) and (15) give, till < = - , 



= j|l+|. (/ + «<)} (17); 



and (14) gives, till « = ^ , 

-^'(ii-a«) = -j|l+J(|^+i?-o«)}=-j{l+§(^-«<)}; 

Of 

which is consistent with the above, making v^ = till < = ^ . 

Now equations (7) and (17) will give the motion of G from ^ = o" 
to s" } for we have 

= - ^< + a[- 1 + 2^' {a£)\ from (7) 



2a 



a I - 1 + 1 + -^ (J? + a^) for this period, from (17) 



Now, from ^ = «- to - , v^ = ?- : and from t^- to -^ v^=^-^ , 
' 2a a^ ^ 2a a 2a ^ 2a 

Therefore from ^ = ^ to - the velocity of separation = — , the same 

ZQt a a 

I I SI 

as during the first period < = to ^, and from < = - to ^ , the velocity 

^a a Za 

of separation = o- + ^ = — ; i.e, at the end of the time - the velocity 

of separation is suddenly doubled. 
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The initial value of JT at the pulley is clearly mgl = E^\ as appears 
also from (14), which equation shews further that this continues to be 
the value of X there till < = ^r- . When i5 = ;r- we have at the pulley 

x=i?[*'(0)+*'(o-i] 

= ^ [j (l - J (io} + J {l + J (? + 1)} - 1] from (16) and (17) 



=M^h 



and BO also till t = - we liave 

a 






from (16) and (17) 



i.e. the stress at the pulley, and therefore the pressure on it during the 

time ;r- to - is half its initial value. 
2a a 

A more concise proof from general reasoning would run thus : 
Equations (1), (2), (3), (5) and (6) ^ew at once that the initial velo- 
city of A and of each successive cross-section of the string is ^ , i e, 
that a wave travels down the string with velocity a, giving to each cross- 
section the velocity ^, and so leaving the parts over which it has passed 

at rest relatively to each other. Then equation (4) shews how this wave 
is reflected at B at time 2a, being the only wave generated in the string, 
and travels back with the same velocity, but doubling the downward 
velocity of each cross-section it passes over. Being reflected again at A 

J nl 

at the time - , it imparts an additional velocity ^ to each crossrsection 

Cb JiCb 

as it passes over it. Thus at time - , A begins to move with veiodty 

^ , having previously been moving with velocity ^ . 

Now the string at (7 is clearly in the same state of extension as that 

at A ; hence the cross-section there begins to move with velocity |-- , 

and so does each cross-section of CD over which the wave passes. Till 
the wave passes over a cross-section it is at rest ; i.e. 2> remains at rest 



^ 
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SI 
till the time ^ , and during this time C is moving with an upward velo- 

7 7 

city ^ . Hence at time - the velocity of separation of A and C is 

Z(X> (X> 

doubled. 

Again, during the time which precedes the arrival of the upward 
wave at the pulley, the state of strain there is unaltered, i. e. the pulley 
has to support the whole string. Directly the wave passes the pulley, 

the string begins and continues for a time exceeding — to move over the 

7 

pulley with velocity ^ : hence the pressure on the pulley is the same 

as if it were supporting a length \l of the string on each side of it ; i. e. 

I 
at the time r- , the pressure on the pulley is suddenly diminished by one 

half, and continues thus for at least the second half of the time - . 

a 

[For a different discussion of this question see Mr Niven's paper 
" On a case of Wave Motion," MeaacTiger of McUhematicSf Vol. viii. 
pp. 75—80 (September, 1878).] 

15. In the midst of an infinite mass of homogeneous incom- 
pressible liquid at rest is a spherical surface of radius a, which is 
suddenly strained into an equal spheroid of small ellipticity. Find 
the kinetic energy due to the motion of the liquid contained 
between the given surface and an imaginary concentric spherical 
surface of radius c ; and shew that if this imaginary surface were a 
real bounding surface which could not be deformed, the kinetic 
energy in this case would be to that in the former case in the ratio 

Let r = a(l + €Pj) be the equation of the spheroid of small 
ellipticity c ; F^ being a zonal harmonic of the second degree. Then the 
displacement of any point is given by a (1 + cP^) - a = aeP^, 

Let <f> be the velocity-potential in the liquid when its outer boundary 
is a fixed spherical surface of radius c. 

Then, since only harmonics of the second degree appear in the dis- 
placements, we may assume 

And when r = a, ^ = \ja^^y \ being a constant; when r = c, -~ = 0; 

ar or 



therefore Xac — 2A^a 



SB 



.9 



• a* ' 



.0 = 2A,c-^'; 
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therefore 


-Xa'c 


■^>"2(c*-a»)' 




^ "Xa'c't 




'~3{c'-a'y 



145 



Now the kinetic energy = J ///{(g)' .- Q . Q) ^dydz 

the integrationB extending over the spherical surfaces. 

But over the outer sur&ce -? = : and over the inner surface 

an 

an dr ^ 

Therefore the kinetic energy 

Stt ^ , f Xa*e fa* c" \\ 

"" 15 • c*-a* • 

If now the bounding spherical surface of radius c be removed and 
the fluid extend to inflnit j, we have 

where, since \a€ = -^ . B' = — s — . 

Hence, over the spherical surface of radius a, -^ = - XacP^, and over 

that of radius c, -^= — r-*- i^. 

an 6 ' 

Therefoiie the kinetic enei^ in this caee 

— i ^ ^ • -g- - * -r . -^ • -5- 

" 5 • t 3 3c' / 

_ 2<r\'aV c'-«* 
~ 15 • c" • 
S.-H. P. 10 
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Henoe the ratio of the kinetic energy in the first case to that in the 
second case is 



15 • e-a* • 15 • c 



> > 



or c^(3a* + 2c») :2(c*-a*)'. 



Wednesday, January 16, 1878. \\ to 4. 

Mr GBBESHnii, Aimbic numbers, 
lir NiYES, Boman niimbers. 

1. Define the terms invariant, covariant, and discriminant. 

Prove that, if / be any invariant of the binary qnantic (a^, a^, 
a.,... a^Ja?, y)* of the order p in the coefficients, the weight 
or each term of / will be ^np ; and that / wiU satisfy the 
equations 

dl « dl « dl ^ 

1 dT . -. dl . ^v dl . ^ 

Calculate the invariants of the quartic (a, 6, c, d, c^fi*?, y)* for 
which p is 2 and 3 respectively; and denoting them by 8 and 
r, prove that the discriminant is S' — ^HT^. 

(Salmon, Higher Algebra, §§ 52, 56, 5S, 137, 139, 203.) 

2. Prove that 

a + i — 2A cos q> ^ ah — h? 

r-= and ■ - . a 

c sin (0 c sm o) 

are invariants of the conic do? + 2Aa^ + Jy* + c = 0, the angle 
between the axes being a. 

Prove that, if w = be the rational equation of a conic in rect- 
angular.co-ordinates, the foci are given by 



Let 



fduS^ /duy du du 
\dx) \dy) _ dxdy g^ 

da? d^ dxdy 

X-aj 7-y 



I m 

be the equation of a straight line through a focus {ocy). 



\ 
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At the intersection with the conic w = 0, 

Now since the tangents to a conic through a focus pass through the 

circular points at infinity, we must have, putting ^ = 1, m = J-\y the 
equation 

a perfect square is r ; and therefore 



equivalent to 



fdu I — - duy ^ (d^u d?u ^ / — =- c?V \ 



/du\^ fdu\^ du du 



,dxj \dy) 



\dxj \dyj ^ dxdy ^ ^^ 
d'u ^u d^u ' 

doif d'if dxdy 

the required equations of the foci. 

3. Define the integral curvature, the horograph, and the 
average curvature of any portion of a surface, and the specific 
curvature at any point of a surface ; and prove that the reciprocal 
of the product of the principal radii of curvature at any point 
of a, surface measures the specific curvature. 

Prove that the area of the surface, of which the specific 
curvature at any point is constant and equal to — a"*, is 47ra*. 

(Frost, Solid Geometry, §§ 604, 605.) 

If dS denote an element of the surface, da- the corresponding element 
of the horograph; then 

dS , * 

therefore S=fTa^. 

And o" = 4'»r ; therefore S= iira^, 

4. Find the velocity of the liquid at any point in an elliptic 
cylinder filled with liquid and rotating about the axis. 

Prove that the stream lines of the liquid relative to the 
cylinder are similar ellipses for all axes of rotation parallel to 
the axis of the cylinder, and find the kinetic energy of the 
liquid. 

10—2 
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A pendulum with an elliptic cjlindrical cavity filled with 
liquid, the generating lines of the cylinder heing parallel to the 
axis of suspension, performs finite oscillations under gravity. 
If I he the length of the equivalent pendulum, and V the length 
of the equivalent pendulum when the liquid is solidified, find I 
and r, and prove that 

where M is the mass of the pendulum, m of the liquid, h the 
distance of the centre of gravity of the whole mass from the 
axis of suspension, and a, b the semi-axes of the elliptic cylinder. 

First suppose the cylinder to be revolving about its axis with 
angular velocity co, and let (fig. 61) represent the centre of a plane 
transverse section of the cylinder; 0^, Orj fixed rectangular axes in the 
plane, and Ox, Oy axes coinciding with the axes of the elliptic section. 

Then 

a* — 5" 
^ = <i) -5 — ^j (i cos tf + 17 sin 5) (- f sin tf + 1^ cos 0) 

where ^ and \fr are the velocity- and the current-functions of the liquid. 

« 

If X denote the current-function of the liquid relative to the cylinder, 

and therefore the relative stream lines are similar ellipses. (The motion 
of the Hquid will therefore be the same if the cylinder be bounded 
internally by a similar, similarly situated, and co-axal elliptic cylinder.) 

If the axis of revolution be parallel to the axis of the cylinder, then 
the motion of translation of the axis of the cylinder due to this motion 
will not produce any relative motion of the liquid, and the motion of 
rotation about the axis due to this motion will produce the same rela- 
tive motion as before. Therefore the stream lines of the Hquid relative 
to the cylinder are the same, that is, similar ellipses, for all axes of 
rotation parallel to the axis of the cylinder. 
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The kinetic energy of the liquid relative to the centre of mass of the 
liquid is 

where «» = i (a* + 6') ( J^!)'; 

K is therefore the effective radias of gyration of the liquid in the 
cylinder about the axis of the cylinder. 

If K denote the radius of gyration of the mass M of the pendulum 
about the axis of suspension; if c denote the distance between the axis 
of suspension and the axis of the cylinder; and if denote the angle the 
plane through these axes makes with the vertical; then the kinetic 
energy of the pendulum and the liquid 

= E+(M+m)ghcoa0f 

by the principle of energy ; and therefore 

« 

If the liquid were solidified, the kinetic energy would be 
and therefore 

Therefore 



M + m 4A I \a* + 6 V / 



_ m a'b' 1 
M+m a' + h'h' 

6. Prove that, if the space between two infinite coaxal 
circular conducting cylinders be occupied by a dielectric of specific 
inductive capacity K, the capacity of the inner cylinder per unit 

of length is J ■ , where a is the radius of the outer cylinder 



and b of the inner. 
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If a conducting circular cylinder of radius b be surrounded 
by an uninsulated coaxal cylindrical grating of radius a, formed 
of n thin wires, prove that the electrification at any point of 
the cylinder, of which the radius makes an angle d with the 
vector of a wire, is 

27r6 • a'* - 2a V cos w^ + 6^ ' 

where Q is the quantity of electricity per unit length of the 
cylinder. 

Suppose the potential of a single wire at a distance p to be 
Xlogp; then if we take the n negative images of the wires in the 
cylinder (Maxwell, Electricity, § 189), the potential of the wires and 
their images at a point whose co-ordinates are r, $ will be 

r=xiog-^A^ 

,^, r»" - 2aV cos n^ + a"" 
= i^^og ^^« jST, 

r** - 2 -— r" cos nO + -^ 

by De Moivre's property of the circle. 
If we put r = b, then 

F=wXlog^, 

a constant; and therefore if the cylinder r = 6 be electrified with super- 
ficial density 

4:7r dr ' 

the potential of the external wires and this electrification will be con- 
stant in the interior of the cylinder; and therefore this will be the 
electrification of the cylinder when insulated and surrounded by the 
grating of n thin wires. 

Now - -J ^(r = b) 

3L8«- 1 

n\ y-'-g-^-^cosn^ nk b^''--^coHn0 

47r6*"-2a"6"coswd-i-a*" "*"47r,, ^b^ ^ b*" 

b"*-'2-r cos nO + ^^ 



iirb »*• - 2a-6" cos nO + 6«" " 



n\ r^ a'" - b 



^"^ ^^h>l a" -2l'b' COB ne + b" "^ 
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therefore the electrification 

Q a^-b^ 



2irb a'" - 2a"6" cos nS + 6*" ' 

[This rider and the result were obtained as a generalization of § 189 
of MaxwelPs Electricity, but objections have been urged against the 
accuracy of the result.] 

vi. Find the expressions for the stresses at any point of an 
isotropic elastic solid in terms of the straits at that point, and 
deduce the value of Young's modulus in terms of the coefficients 
of rigidity and the elasticity of volume. 

A spherical shell of isotropic material and finite thickness 
expands under the influence of a gas of given pressure contained 
inside it ; prove that, if a thin shell whose unstrained radii are 
r, r + Sr be strained into a shell whose inner radius is r + t^, 
the work required to produce the strain in this part is 

per unit volume, where n is the rigidity and k is the elasticity 
of volume, and deduce from this result the strains and stresses 
inside the shell. 

How can the principal stresses at right angles to the radius 
be found ? 

One of the easiest methods of discussing the general problem 
of elasticity of solid bodies is the comprehensive method of Green. 

The geometrical elements of the strain in the neighbourhood of any 
point are completely expressed by means of the six strains. If uvw be 
the displacements of a point whose co-ordinates are xyz^ and if the strain 
be small, its components may be denoted by 

^"^' -^"^^ ^"dS 

_ dv dw . _ dw du _du dv 
dz dy' dx dz' dy dx ' 

Of which the three former are called normal, and the three latter the 
tangential, strains. The energy, W per imit volume, required to pro- 
duce the state of strain of the element dxdydz is, for an isotropic 
substance, a function of the invariants of the above system of magni- 
tudes which is of the second degree in 6,y...c, and is therefore of the 
form 

(see Thomson and Tait's Natv/rod Philosophy, Appendix C). 
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n is the rigidity of the substance, and m is connected with the 
elasticity of volume by means of the equation 

The value of W may be put into a somewhat more convenient form 
thus, 

2r=(A;-|7i)(e+/+^)" + 7i(2e'+2/»+2/ + a* + 6' + c»). 

To obtain the components of the stresses and the general equations 
of equilibrium, we observe that if XTZ be the components of the stress 
on an element dS of the surface of any portion of the body, 

[{X&u + rSt? + ZSw)dS-lw. dx dy dz = 0, 

no impressed forces being supposed to act on the particles of the body, 
and X, Yy Z being expressed in the usual manner in terms of the elastic 
stresses. When we substitute for Win terms of e,/... and integrate 
by parts, we may eqiiate to zero the coefficients of hi^ St?, hw in the 
different parts of the surface integrals and volume integral, we obtain 
the general formulae for the stresses and the equations of equilibrium. 

In the case of a spherical shell symmetrically expanded by a gas 
inside it, these formulae are greatly simplified, for there are no tangen- 
tial stresses, and the normal stresses are reduced to a stress R in the 
direction of the radius, and another S at right angles to it. 

Let a be the outer and 6 the inner radius, and let F be the pressure 
of the gas inside, P^ that of the medium surrounding it ; in ordinary 
cases Pq will be the atmospheric pressure, and may be neglected : we 
shall however, for the sake of generality, include it. 

When the shell is strained, let the radius r become r + u; the work 
done by the elastic forces in producing a small arbitrary strain of a shell, 
whose outer and inner radii are r and r^, is 

47r ( J^r'Sw - i^/i'Swi), 

E being reckoned as a traction, in the usual manner. 

Let us now consider any rectangular element of an indefinitely thin 
shell whose edges are dr, ra, r)3, a and j8 being two indefinitely small 
angles. 

It strains into a rectangular element whose edges are 

*('4)."('*").'4*;> 

and the three tangential strains are now zero ; that is to say, 

al=0, 6 = 0, c=0, 
, du J, u u 
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the work done in straining the shell is therefore ' 

^-j(*-j")(s*?)--((©'^^ («) 

per unit volume. 

The work done in straining the shell (r, rj is 

4ir ( r^Wdr; 

the general equation of equilibrium is, therefore, 

f^BSu - B^r^'&u^ =f r'SW.dr. 

, ^ du 2u 

where ^ = -r- + — , 

uT T 

and 

We see from these results that the condition of equilibrium is 

k 

and that 

J?=(A-|»)fl + 2n^. 

The solution of the former equation is 

and hence jB= (i^-§ vl)A — -j-.. ^ 

To find ii and B we observe that, when r»a, £ = P, and when 
r = 6, i? = P„; thus, 
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To find the other stress S, consider the equilibrium of a hemisphere 
of shell whose outer and inner radii are r, r + dr; it is acted on by a 
traction perpendicular to the edge equal to 

2'irrdr . S, 

while the resultant of the stresses perpendicular to its curved surface is 

"^ (27rr"i?), 



hence ^'^-:r (^^) i 



dr 
dr 



and thus, S=2 (A; - § n)Ar-\- —3- . 

vii. Describe and explain the appearances presented, with 
divergent light, by a plate of a uniaxal crystal cut perpendicular 
to the axis, placed between a polarizer and an analyzer. 

Describe the appearances presented when the plate is cut 
parallel to the axis. 

If n equal and similar plates of a crystal be laid upon each 
other with their principal directions arranged like the steps, of 
a uniform spiral staircase, and a polarised ray pass normally 
through them; prove that the component vibrations of the 
emergent ordinary and extraordinary rays have ea^h the form 

Xcos-2r+ Fsm-y-, 

where X and Y are each of the form 

A cos ny+ B sin ny, where cos 7 = cos S cos a ; 

a being the angle between the principal directions of two con- 
secutive plates, and 28 the difference of phase between the 
ordinary and extraordinary ray in passing through one plate. 
Determine also the condition that a ray originally plane polarised 
may emerge plane polarised. 

For the form of the lines seen with a plate of uniaxal crystal 
cut parallel to its axes, see Yerdet's Optiqus Physique, Art. 219, Yol. 11. 

To solve the second problem, let us first consider the relation between 
the components of the ordinary and extraordinary ray for the first two 
plates. 

If the component vibrations along the two principal sections of the 
first plate be 

x = a cos + 6 sin <^, 

2/ = ccos<^ + £?sin<^, 
being the phase of the ray. 
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After transmission through the plate, these become 

Qi^ =a cos (^' - 8) + 6 sin («^' - 8), 

y' = c cos {^' + 8) + <5?sin (<^' + 8), 

28 being the difference of phase established between the two rays by 
their passage throiigh the plate. 

Kesolving along the axes of the second plate, we find the components 

to be 

x' cos a + y' sin a, 

y* cos fk — od sin a. 

If these be written a! cos ^ + 6' sin ^', c' cos ^ + d sin <^', 
a' = a cos 8 cos a — 5 sin 8 cos a + c cos 8 sin a + c^sin 8 sin a 
6' = a sin 8 cos a + & cos 8 cos a - e sin 8 sin a.-¥d cos 8 sin a 
c' = — a cos 8 sin a + 6 sin 8 sin a + c cos 8 cos a + J sin 8 cos a 
c2' = ~ a sin 8 sin a - 6 cos 8 sin a — c sin 8 cos a + c2 cos 8 cos a. 

It follows from this that, if we put 
^ = cos8cosa) m = sin 8 cos a, jo = cos8sina, .^ = sin 8 sin a, 

the relations between the components of two consecutiye systems of rays 
which are given by 

x^ cos ^ + y„ sin 0, u^ cos <^ + v^ sin ^, 
are 

^'.^i = - ^«^. -i>y. - ^^» + ^^ J 

To solve these, let 

a:„ = Ze", y„= 7^, u^^ U6% v^= F(9-. 
On substituting, we find 

{-e + l)X -mT +pU +^F=0 (1), 

mX + (-tf 4-^)7 -qU +2?F = (2), 

-j^X +qT'^{-0 + l) V +wr = (3), 

-^X "pY ^mU+{-e + l)r=0 (4). 

If a; = -d + ;, wefindfrom(l)and (2) 

{p' + q')U+x(pX--qT)^m(p7-hqX) = (5), 

(p' + ^)r + m(pX-qT)+x(j)Y-^qX)=:0 (6). 

If we substitute these values in (3) or (4), we find that they are both 
satisfied by 

x' + m^ + p' + q' = 0. 



(a). 
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From which it results that 

a« = -.(l-^»)=-sin«y, 

$ = l^x = coay^ J— 1 sin y. 
x^ will therefore be of the form 

and we may put 

^^g»*y >^i + ^^e -«Y >^^ = Ccos «y + 2) sin »y, 
and, at the same time, 

In a similar manner we may take 

On substituting in (5) and (6), we shall obtain for U and V two 
complex imaginary expressions of the form 

The corresponding value of u^ is therefore presented in the form 

u^ = Hcoany + JTsin ny. 

This value may also be deduced from the equations (a), the first two 
of which may be solved for u^ and v^. 

We may also employ these equations to find the values of the con- 
stants C, J).., 



For, put 



and 



ttssO, (7 = a, J^ = 6, H=c... 

aj, = (7 cos y + 2> sin y = to - m6 + ^ + g'e?, 
yj = -^ cos y + jF sin y = ma + i6 - qc+pd, 
Wj = JJcosy + JTsin y = etc. 
v, = etc. 
The final expressions for the components are, theref ore, 

, . -. sinwy 

x^='aQOBny + {-^nU>+pc + qa) —. — - 

T t j\ sinny 

y^ = 6 cosny + (+??Mi-yc+j?a) -^ — - 

y 



, - -V sinwy 

w^ = c cos wy + (-jpa + JO + ma) —, — - 

m 

Sin 9lV 

v^ =(fcosny + (-3'a-jp6-mc) — ; — ^ 



m- 
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The general conditions that a ray may be plane polarised can be 
easily found, for the two components are of the form 

Pcos (<^ - A)y Q cos (<^ --4) ; 

the condition, therefore, plainly is 

a'»«^.-y»^. = ^ (7). 

In the present case, if we suppose a ray to enter plane polarised, wer 
may take a = cosj3, 6 = 0, c=sin)8, c?a=0. 

Upon substituting the values of a?^, y^ ... so found in (7), we shall 
find on reduction that 

tan (2B + a) sin y 

tanwy= ^ . -. 

' cos o sm a 

This is the condition that, after passing through n plates, the ray 
may be again plane polarised. 

viii. Prove that the complete solution of a partial differential 
equation of the first order containing two independent variables 
is afforded by the system consisting of a single complete primitive 
with its accompanying general integrals and singular solution. 

Find a complete primitive of the equation 

Present the complete integral of the equation 

1 cPu __ cPu 2du n{n + l)u 
c? df " dr^ r dr r* 

in the form „=..(! ;^y#:±^i±±(Lll^) . 

\r drj r 

To find a complete primitive of the equation 



(iy-^(iy='^-^'^^^- 



Consider x and y {ts the co-ordinates of a point, and turn the axes 
round through half a right angle ; that is to say, take 

V2 ' ^" V2 • 



By this transformation the equation will become 
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to find a complete primitiye of which, put 

where et is an aH}itra]y constant ; 

therefore ^^j . j ^{3^ - a') d$ + jjia' + iy") drj + 5, 

b being another arbitrary constant. 

These integrals belong to known forms, and may be readily found. 
To present the complete integral of the equation 

1 cPu _ d^u 2du n{n-^\) .- . 

a^~de~'d^'^r~d^ V^ ^ ^^' 

in the form 



u 



\r drJ ' r ^ '* 



Since the form given contains two arbitrary functions, it must be 
the complete integral if it satisfy the equation at all. This is analogous 
to the general principle that any solution of an ordinary equation which 
contains the proper number of iudependent arbitrary constants is the 
complete solution. We have therefore only to shew that u satisfies the 
equation. 

"' dr dr "' 

dr' dr' dr ^ ' '* 

On substituting, and throwing away the factor r", 

1 d^v^_d^v 2(n+l) ^, 

a' dt''" dr' r dr ^^' 

Operate with - -j- , and let — ^^ = w : 
*^ r dr r dr 

a' de " r dA^^"" r dr 

_ ^ 2 (w 4- 2 ) dw 

dr^ r dr ' 

1 J 
If therefore v^ satisfy (3), - ^ will satisfy the same equation when 

n + 1 is put for n. 
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But, when n = 0, equation (3) becomes 

a" dt^ dr" r dr' 
the solution of which is 

_ (r + a^) + j/r (r — aC) 

^0 - • 

The solution of (3) is therefore 

_(\ d\* €l>(r + at) + \l/(r-at) 






drj ' r * 

and, therefore, that of (1) is given by the expression (2). 

See also Mr Glaisher's paper ^^On a differential equation allied to 
Riccati's," Qua/rterly Jmimal^ Yol. xii. pp. 129—137 (1872). 

ix. Determine the general conditions to be satisfied in any 
problem of magnetic induction. 

Find the magnetisation of an infinite elliptic cylinder of soft 
iron placed in a uniform field of force. 

This problem may be solved in a manner analogous to that 
given in Maxwell's Treatise on Electricity and Ma^ffnetism, YoL ij., Art. 
437, for an ellipsoid. 

Let the equation of the cylinder be 

a' ^ b' ' 

and let the components of the external magnetic force be X, Y, Z, and 
K the coefficient of induction for soft iron. 

It may be shewn that all the conditions of the problem will be 
satisfied by supposing the cylinder magnetised uniformly. 

« 

Let us assimie that this is so, and that the components of the magne- 
tisation are L, M, N ', then, since the potential of a uniform elliptic 
cylinder of unit density is 

F= - 27r =-^ + const. 

a + h 

the potential, due to uniform magnetisation LMN^ will be 

4ir 

The total magnetising force will therefore have for components 

~a + 6' "" a + 6 ' ' 
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and X, Jf, iiT are given by the equations 

\ a + bj 



^iraM\ 



m=k(y ^) 

\ a + bj 



whence we obtain 



1+ ^ 1 + ^ 

These expressions, as well as the potential of the cylinder, may also 
be derived from the results given in the article referred to above, by 
putting 

andJr/=jr;=^; = o. 



Thursday, January 17, 1878, 9 to 12. 

Mr GiiiiBHEB, Arabic numbers. 
Mr Febbebs, Boman numbers. 

1. Define Bernoulli's numbers, and calculate the values of 
the first two. 

Shew that, when n is very great, the n^ Bemoullian number is 
very nearly equal to 

sm qx 
Obtain the development of -t ; — s- in ascending powers bf 

flj, the coefficients being expressed in Bemoullian numbers. 

(i) B^ denoting the rfi^ Bemoullian number, 
- 2(2n)!A 1 1 ^ \ 

and n being large, (2w) ! = ^(2ir . 2w) . (2w)»"e"*" 

whence ^, = 2 . 2*"+ V*e"'" . n""+* . 2-**w"'" = 47r"»"**e-""n'"** 

when n is large. 
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(ii) -; ; — — - = cotaj + cot2aj . 

^ ' sina:sin2a3 

and cot a; = ^. * x -r oir - -x-p x* - &c. 

a? 2! 4! 6! 

2, Write down the formulsB giving 

sn {u + v), en {u + v), dn (^ + v) 
in terms of sn u, en w, dn t^, sn v, en v, dn v. 

Pr6ve that 

sn w _ en 1 1* dn ^ M . en f t^ dn J 1^ . en J w dn ^ t/. . . 
. 'w"'"(l-A;*sn*j2^)(l-A?8n*iw)(l-A;*snrju)...' 

and that 

l-sn^ __ 1 en'^(^ + .g)dn'^(^+^ 
l + snw'"F sn*i(« + ^) 

Assuming the j-series for ©f J and Hf J, prove the 

relation 

(i) The equation is obtained by repeated use of the formula 

observing that, when n = oo , 

2 sn^, cn^i, 6ii^ = u,l,l 

in the same manner as Euler's formula = cos A a; cos i a:.. . is ob- 

X 2 4 

tained in Trigonometry. 

(ii) Writing x for snu, we have (Cayle/s Elliptic Fwnctiona^ 
N^ 100, p. 72) 

„ l-2aj" + A;V - „ l-2Fx»4-A^a:* 



whence 



dn2M4-cn2t* 1 - aj' - ^"0;' + A; V 1 cn*wdn*i* 



dn2w-cn2w A/V ^" sn*w ' 

and the result in the question follows at once on substituting 4 (w + JT) 

i. . ^ f Tr\ ^* / Tr\ 7/Snw 

for u, smce dn (w + a ) = r; — , en m + A) = - « t — . 

' ^ ' dnu . ^ ' dnu 

S.-H. P. 11 
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(iii) Put =a?, then 

IT 

0aj = 1 - 2g' COS 2w + 2q* cos iu - 2g* cOs 6tz + &c. 
= 1 - ^ (e"- + e-«") + q^ (e*'" + e"^) - j* (e«* + a^*") + to. 

Change x into x + iK\ then w becomes w + -^^ and e'* bedomes e « , 
viz. 2'*e'". *We thus have 

e (« + 1^') = 1 - g (g«"" + ^"^c-"**) + q^ (^e*^ + g- V**-) - &a, 

viz. gie^ © (a; + tZ') = qi {^ - e'*") - q^ (e«" - e"'"-) + &c. = iHa?, 
which is the theorem in the question. 

h 
3. Assuming the law of facility .to be -t— e"^'^, determine how 

n direct, and presumably equally good, observations of the same 
thing are to be combined so as to afford the most probable result. 

Ay By G, D are four places in order in the same straight line, 
AB is measured a times, BO fi times, CD y times, AC S times, 
BD € times, and AD f times ; and the respective means of the 
measures are, for AB, a; for BC, b; for CD, c; tor AC, d; for 
BD, e; for AD,f. Find the most probable value oi BC\ and, in 
the case of a = yS = . . . = f , find its probable error. 

It will be useful to give here a brief statement of the process 
of the solution of equations by the method of least squares, and then to 
work out the above question as an example. 

Suppose that we are given m equations connecting the /i imknown 
quantities x, y, 2;, . . . t, viz. 



a^ + J^y + Cg« ... + \t = w. 



(1), 



wherein the coefficients a^, 5,,... ^j, a^, h^y,,.h^ are supposed to be 
known accurately by theoretical considerations or otherwise, and 
n^n^i,,.n^ are m quantities which are obtained by observation (either 
directly or indirectly) and are therefore liable to error. If m, the 
number of equations, were equal to ft the number of unknowns, these 
equations would determine uniquely the values of the unknowns x,y,z,,,,t] 
but the case contemplated in the method of least squares is when m is 
greater than fi, and in general much greater. The object is to obtain 
from the given system of equations (1), called the equations of condition^ 
the values of x, y, z,.,.t that are to be adopted as the 'most probable' 
values of these quantities. The process is as follows. Form the system 
of fi equations called the normal eqiuztions, 
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[aa] X + [ab] y -I- \ac 
[6a]«j + [6ft]y-f[5c" 



«.*. + [a^] « = [an] '^ 
«... + [6A;]«=[6n] 



(2), 



\ka\ X + [kb] y + [^c] « . . . + \klc\ t = [Atj ] . 

where [oa] denotes a^* + a/* . . + a^*, [ad] denotes a^ft -f a^^ . . . + a^5^ &6.| 
so that [?>?] = [?i^]- ^0 solution of these equations gives the most 
probable values of o^ y, «*.J. 

The normal equations are derived from the equations of condition by 
multiplying each equation by the coefficient of x in it, and adding all 
the equations so formed ; wb thus have the first normal equation (the 
adequation) : similarly multiplying each equation by the coefficient of y 
in it and adding we form the y-equation, and so on. Practically how- 
ever when m does not much exceed /x and both are small, it is often con- 
venient to obtain the normal equations by differentiating the expression 

with respect to x for the aj-equation, with respect to y for the ^-equation, 
<&c. The method derives its name from the fact that the most probable 
values of a;, y, «,...< are the values that reader this expression a 
minimum. 

The next step is to form [in?], the sum of the squares of the residuals. 
Substitute a;^, y^,, «o>*--^o *^® most probable values of the unknowns 
found by solving the normal equations, in the equations of condition, 
and let 

«i«o + ^1^0 + c,«o • • • + KK - -^i = «^l» 



then \yv\ = Vj* + 1?^" . . . + vj^. 

Now let e be the mean error of an observation (i.e. of Wj, n,,... 
or 71^), €,, €y,... the mean errors of the values of a;, y,... found from the 
normal equations (i.e. of a;^,, yo,.--)» ^^^ -^> -^v* tl^© weights of x^^ y^i"* 

then . = y(M.)and.. = -^, c, = JL,&c. 

The weight X is the reciprocal of the value of x obtained by solving 
the system of equations 

\aa\ X + [aft] y + \ad\ » ... + \aJc\ « = 1, 
\ba\ X + [66] y + [6<j] « ... + \hk'\ « = 0, 



[A»]a? + [^6]y + [^c]2; ... +[A;A;]« = 0, 

viz. these are the normal equations except that in the aj^equation the 
right-hand member is unity, and in the other equations zero. Similarly 
Y is the reciprocal of the value of y obtained from a similar system of 
equations, the right-hand member in the y-equation being unity and in the 
other equations zero ; and so on« 

11—2 
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The probable error of any quantity is derived from the mean error by 
multiplying it by the constant '674489 ..., this being the value oi fji, 

where/ is given by the equation 1 e~^dt = \ ^ir. 

It has been hitherto assumed that all the equations of condition are 
of the same weight (unity). If the weight of the first equation be p^^ 
of the second, p^y <kc., then the process is exactly as above, except that 
the equations of condition are to be taken to be 



(3). 



The square roots disappear from the normal equations, as for example 
the coefficient of y in the adequation is [p*a . jt)*5] = [pab]. We may also 
obtain the normal equations by differentiating with respect to a;, y, ... 
the expression 

and the sum of the squares of the residuals by substituting the most 
probable values of x, y, z, ... t in this expression. It may be observed 
that, although in finding the values of x, y, z, ...t we may replace an 
equation w = n of weight p, by p identical equations* each of which is 
Uz=n, the probable error will not be the same in the two cases, as in the 
former case the denominator of the value of c is ^(m — /a), and in the 
latter J(p^ +^^ . . . + ^^ _ ^). 

If X, y, z, ... t are known to be connected by one or more relations 
which must be exactly satisfied {e.g. if x, y, z are the angles of a 
triangle so that a; + 3/ 4-^ = 360°), then the most probable values of 
X, y, z, ...t are the values that render (4) a minimum subject to these 
conditions, and the rest of the process is as above. 

It is also to be observed that if pp stand either for the mean error of 
p or the probable error of jo, then 

As an example, 

a?, + aj ... +aj„ //I 1 1\ px, .j. 

An observation has a weight p if its mean (or probable) error is 
equal to the mean (or probable) error of a result derived from the combi- 
nation of j9 standard observations, i.e. of the arithmetic mean of the 
p observations. Thus the weight of an observation varies inversely as 
the square of the mean (or probable) error. 

1 We can assume p^, Pr-Pm* to be integers, as we may multiply the system of 
equations of condition by any the same arbitrary quantity throughout. 
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Applying the method to the example in the question, let 

AB=-x, BO-^y, CB^z, 

then the equations of condition multiplied by the square roots of their 
weights are 

a* a? =o*a, 

From these, or by differentiating the expression 

a (a; -of +fi{y-hY -^y{z- cf 

+ S (a; + y-cf)* + e (y +.«- 6)* + £(«+ y + « -/)', 

we deduce the normal equations 

(a + 8 + i)a; + (8 + (;)y + {« = aa + 8rf+i/ 

(8 + O«+03 + 8 + € + O3/ + (€ + O» = i86 + 8rf+€e + {/ 

£K + (i + €)3^ + (7+6 + f)» = yc + €e+f/ 

P 

whence, working out the two determinants, we have ^5= ^ , where 

P = aa ()3y + i8€ + )3£+ y8 + 7€ + y2+ 8€ + 80- 6)8 (y8 + y£ + 8c + 8£) 

+ cy (8€- /?f) + (i8(j8y + i86 + )8C+ yc) 

-.6€(/5i + y8 + y£+80+/i(i3y + )3€ + y6 + 8e), 
Q = aj3y + ajSc + a)3 J + ay8 + ay€ + ay£ + a8€ + 08^ 
+ )3y8 + )8yC + i38€ + j88f + jScf + y8€ + y ci + H. 

When a= P = y = 8 = € = 4 the factor a*, which is common to all the 
equations of condition, may be thrown out, and the normal equations 
are 

3aj + 2y+ z = a-hd+/, 

2x + iy + 2z = b + d+e+/, 

x + 2y+Zz-e + e +/y 

whence a;«i (2a-6 + c?-e+/), 

y = J (- a + 26 - c + rf+ «), 

« = J (- 6 + 2c -rf + 6 +/). 

Therefore «- a = i (-2a-6 + c^-e+/), 

y - 6 = J (- a - 26 - c + c? + e), 
»-c = J(-6-2c-c^ + e+/), 
aj + y-rf=:i(a + 6-(J-2c? +/), 
y + «-e=i(-a + 6 + c-2e +/), 
.. a + y +»-/=i(a + c+(i + 6-y), 
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« 

and adding tb^ squares of these six expressions we find 

[w] = |(a" + 6' + c' + ^ + ^ +/• -\-ab-ad+ae-a/+hc-bd 

= i Q say. 
The equations giving x\ the reciprocal of X the weight of x, are 

2i^j' + 4y + 2«-0>.. (5), 

from which X = 2, and therefore the mean error of x 



= ^^<^)V(2(6^)) = *^^^^^• 



and the probably error is found by multiplying this quantity by 
•674489... viz, it = -674489... J V(^0. 

Whenever we have, as in the above example, the most probable 
values of a;, y,... given in terms of letters representing the results of 
the observations, it is unnecessary to write down and solve the systems of 
equations such as (5) in order to obtain the weights of aj, y, ... for we can 
write down at once the probable error of x in terms of the probable 
errors of the observed quantities by means of the formula for 

Thus in the present case we have, ft*om the value of a?, . 

and therefore probiable error of x 



as before. 



= -674489.. V(i),y(^)) 



The method of least squares (including under this term all the pro- 
cesses described above) is due to Gauss, and has retained the form and in 
all essential respects the notation in which it was enunciated by him. 
Gauss's description of the method is given in the Theoria Mottis, 
§§ 182—186 (Wet'ke, Vol. vij. pp. 237—241), the Theoria ComUnationis 
Observationum and the Supplementum to it (Werke, Vol. iv.), and the 
Disquisitio de Elementis EUipticis Pcdladis (Comm. Soc. Gott., Vol. I. 
1801 — 1811) in which his characteiistic notation and algorithm first 
appeared. The most complete and systematic account of the mode of 
solution of equations by means of the method was published by Encke 
in the Berliner Aatronomisches Jahrbtich for 1835. An abridgement of 
Encke's paper is given in Chauvenet's Astronomy, Vol. ii. pp. 469 — 558, 
and to this work the reader is referred for further information upon the 
subject. In the present account the notation employed in these works 
has been very closely adhered to, the chief difi*erence being that the 
signs of Wj, n^,.,,n^ are changed so that the equations are written 
ttjX ..» + k^t = Wj, &c,, instead of x»,aj. . . + k^t + n^ ==. 0, &c. For practical 
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applications of the method the reader is referred to Merrimaii's Elementa 
o/ihe Method of Least Squares. It may be observed that it is usual to 
employ probable errors and not mean errors in the statement of results. 
The probable error conveys a definite idea to the mind, viz. it is the 
quantity such that it is an even chance that the error falls short of or 
exceeds it; also, there is a risk of confusion between the mean error and 
the mean of the errors (see Chauvenet| pp. 490, 491). 

The method of least squares presupposes that the law of facility of 
error is — ^ e"*'*^, viz. that the probability of an error lying between x 

and x + dx\a-T- e^^^^dx. Thus the law of error is assumed to be always 

of this form, but ^ is a disposable constant which is larger the better 
the observations. The parameter h is called the measure of precision, 
and might be used in place of the mean or probable error to express 
the degree of excellence of the observations, results, &a: the con- 
nexion between these quantities is mean error = 7— y^ , probable error 

f 
= J , (/being as above). If we suppose a standard observation to be 

h. 

one for which the law of facility is —7- e"*'*', then an observation of 

A In 

weight p is one for which the law is — y^e~pA***. Gauss does not prove 

that the law of facDity is of the form — — e***** ; his reasoning seems to 

have been of the following kind. We know that if we have n direct 
and presumably equally good observations of any quantity, we obtain a 
very good result and one that has been generally adopted, by taking the 
arithmetic mean of these quantities as the most probable value of the 
quantity observed, and it is required to extend this principle so as to 
obtain corresponding values of aj, y,... when given by a system of linear 
equations such as (1). To effect this extension, assume that the arith- 
metic mean is really the most probable value of the quantity observed 
in the case of one unknown, and determine the law of facility which 

this implies; this law is found to be — ,— «-****. Assuming now this to 

be the law of facUity, determine the most probable values of a;, y... from 
the system (1): this gives the method of least squares, which may thus 
be considered the generalisation of the method of the arithmetic mean. 
The analysis by which the extension is made is very simple. Let 
x^y x^f ... a;^ be n observed values of a certain quantity; we assume that 
the most probable value of the quantity is (aj^ + a;^. ..+ a?^) -r n. Let a be 
the true value of the quantity, then x^ — a, x^-a,,..x^--a are the errors, 
and if ^ (x) be the law of facility the ^ priori probability of these errors 
is proportional to ^ (aCj — a) ^ (aj, - a) . . .<^ (x^ — a) ; whence it follows 
that, after the observations have been made, the probability that a was 
the true value is proportional to this same expression; which, therefore. 
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in order to find the most probable value of a, must be made a maxi-* 
mum. Differentiating with regard to a we have 

or, say, i/r (x — a) + «/r (oj^ - a) . . .+ i/r (o;^ — a) = 0, which by hypothesis is to 
be satisfied by a = {x^ + x^, . . + oj^) -s- n for all integer values of n. Put- 
ting x^ = x^= ,.. = x —x^ — na we have a = aj^ — (ti - 1) a, and therefore 
^ {(n - 1) a} + (w - 1^ i/r ( - a) = 0, viz. 

iU»^lM ^ tizf) f or all values of a ; 
(n — 1) a — a 

therefore if/ (x)-^n is constant and <f> (x) = ^c*^**^. Clearly m must be 
negative, = — 2h' say, and since the integral of ^ (x) dx between the 
limits — 00 and oo is unity (for the error must lie between — oo aud oo ), 
we find A = hi- J try and thus obtain Gauss's function. 

Assuming this to be the law of facility of the observed quantities 
Wj, Wj,... in the system of equations (1), we see that the most probable 
values of 05, y,... are those which render 

a maximum, that is which render 

a minimum. 

Various ineffectual attempts have been made to prove the 'principle 
of the arithmetic mean' without reference to how the errors are sup- 
posed to arise, and the principle has even been regarded as an axiom. 
If the principle of the arithmetic mean could be proved, it would be 
proved at the same time that the values of a;, 2/ ... given by the method 
of least squares ai'e really the most probable values. 

It follows from Laplace's analysis in the TJveorie des ProhabUites, 
that if an actual error be supposed to be made up by the addition of a 
great number n of small errors c^, e^, ... c^, then whatever be the laws of 
facility of €j, c^... (viz. if the law of c^ be 0, (x), of e^ be <l>^ (x), &c.) the 
law of facility of c, = €j + e^ . . . + c^, will be of Gauss's form if w- be very 
great. The analytical statement of this is that the value of the integral 
///... ^j (cj) <3^a(€j) ... ^^ («„) de^ d€^..,d€^ subject to the condition that 
/ii€j + /Xj,€jj... + /i,^€^ lies between c and e+de is of the form -4e"^*c?€, 
when n is very great, viz. this is the limiting form towards which the 
integral approaches as ri is increased, whatever be the fijnctions 
<^j, </>g, ...^„. Considering now the manner in which an actual error is 
in reality formed, it appears that it is probably due to the combined 
action of a great many small causes, which may be regarded as indepen- 
dent and each of which produces separately a small error of varying 
amount ; so that we thus have an dt priori reason why the law of facility 
should be represented by Gauss's function. 
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Although Laplace's analysis admits of the application that has been 
just mentioned, this is not the use that he makes of it himself. In 
order to solve the system of equations (1), Laplace multiplies them by 
ftj, /A^ ... /x^ and adds them; his object being to find the values of 
ft , fi^.,, fi^ which give the most advantageous values for a;, y, ... the laws 
of facilities of n^, w^, ... being unknown functions ^, (a;), <^, (^•), .... 
When m the number of the equations is very great, we obtain the 
method of least squares; but it is to be observed that it is assumed that 
the equations are to be combined linearly. It ia readily seen that the 
analytical investigation is almost identical whether we combine linearly 
a number of observations n^, n^, ... subject to arbitrary laws of facility, 
or regard the error in each observation as having arisen from the ad- 
dition of a number of smaller errors. Laplace's investigation is very 
condensed and difficult ; and the reader who wishes to study it will 
derive great assistance from Leslie Ellis's paper On the method of least 
squares in Vol. viii. of the Transactions of the Cambridge Philosophical 
Society/ (reprinted in his Writings, pp. 12 — 37) and Todhunter's History 
of the Theory of Probability (1865), Chapter xx. pp. 560—588. The 
article on Probabilities in the JEncyclopcedia Metropolitana contains a close 
reproduction of Laplace's work with comments by De Morgan; and the 
difierent investigations of the law of facility are discussed in the Memoirs 
of the Royal Astronomical Society, Vol. xxxix. pp. 75 — 124. A very 
valuable and complete bibliography of the subject is contained in Mr 
Mansfield Merriman's paper, " A list of writiags relating to the method 
of Least Squares, with historical and critical notes " (Transactions of the 
Connecticut Academy, Vol. iv. 1877). 

iv. Prove that, along a geodesic line on an ellipsoid, pd is 
constant, p being the perpendicular on the tangent plane, and d 
the semi-diameter, parallel to the tangent line to the geodesic. 

Prove that, if \, /tt be the elliptic co-ordinates of any point on 

2 2^ 

the surface of the ellipsoid -g + ^ + -a = 1, the geodesic line for 
which pd = -^is represented by the equation 

\ (dxy ji (d/iy 



(a'+ \) {b'+ X) (c^ + \) (f+ X) (a»+ fM) {b'+ fM) (c^+ fi)(f+fiy 

If X, y, z, be the co-ordinates of a point on the geodesic line, 
X, Y, Z those of an extremity of a pai-allel diameter, whose length is 
%R, we have 

dx _dy _dz _^ds 
'X"'Y"Z~'R' 



^"fcU)"*-6'-(i) "■?(■£)}= 



1. 
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a;* ^ «* 
And, since ~. + ^. + ^ = li 

a^ V* «" , 



a'+X 6*-fA c* + A 
g^ ,J^+-— =1 

we obtain »» = ^/ < t«\/ ? J t > 

- dx ^ / d\ diJL \ 

whence '~=i(-g — r+Ti-^-)^ 

therefore ^= J^-,_^;^-,_^(«.+X)(«'+,x)(^ + -^y j 
therefore (^y+^^J+^^y 

, {(c-->-)^.(»--.-)^;.(>--^)^}^-^... 

( 6'-c')(c'-a')(«'-6' ) 
^"^ (a' + X)(6' + X)(c' + X) • 

(f)v(f)'.(ty 

-tVM ^^\(a» + AJ(6» + A)(c» + A) (a" + ft)(6» + /x)(c« + /x)j ' 
Also cfo:* + di^ + ds? 

iL. (<^-6')K+m) \____^^L___ 

*r a' + ^ "7(6'-c')(c'-a')(a'-6') 

ra'(c'-6') 6'(«'-c') c'(«'-6') ] dX' 

~*\ a' + X * 6' + X c' + X J^ ^(6'-c^(c'-a')(»'-6') - 

, a* (c* - b*) + b' (a* - c«) 4- c* (6* - a*) (ft - X) dX.' 

~* (6* -c") (<;•-»•) (a* -6') (a' + X)(6' + X)(o' + X) 

(\-fiL){\.dX'- f>..d,i*) 
-* (a' + X)(6' + X)'(?+X) • 



« • • 
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Hence since /t = , . , ^/. , , '^ , 

we obtain 

X d\' fidfi,' 

p, (a' + X) (6' + X) (c' -f X) (g^ + fi) (6^^ + ft) (c'* + /a) 

dk' dfi^ "" • 

(a» + X)(6* + X)(c' + X) (a' + /i)(6' + fi)(c» + /i) 

Ai . «'*V 
Also p =-T — . 

Aft 
And, along a geodesic, pR = —^ , hence 



Xft 



r x.cgx' ft. dfA* ^ 

{(a' + X) (6* + X) (c' + X) " (a» + ft)(6' + fi)(c' + ft)/ 



^'6V r d\' d^* ) 

/* ((a«+X){6^+X)(c' + X) (a* + fi)(6» + ft){c« + fi)J"""' 

c?x' /I 2\ dfi' /I 2\_A 

(aVX)(6» + X)(e» + X)VV/ («' + ft)(6* + fi)(c» + /ii)UV/ ' 



or 
therefore 



X . <7X* ft . dfji' __ ^ 



(a« + X)(6''+X)(c«+X)(/«H-X) (<»' + /^)(«>' + ft)(c» + ft)(/' + fi) 

5. Integrate : 

^+w = ulcos(5-isr), 

and explain why, in the lunar theory, Clairaut substituted c0 for 0. 

If QQ' be a small arc of an orbit described under a central 
force P tending to and a perpendicular force T, and if ^JV be 
drawn parallel to OQ and intersecting the tangent at Q, at iV, aild 
NE be the perpendicular on OQ produced, then in the limiting 
position 

Qlff P+rtany 

;^ being the angle between 0^ and the normal at Q. 
If « = 7 sin (w — 0) satisfies the differential equation 

in which 7 and are functions of v, and ;t- = 1 — 2 , c being a con- 
stant, obtain the most general value of 7. 
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(i) Let QQ^ (fig. 62) be described in time ty and let S be the 
position wMch the body would have occupied at the end of the time ty 
if the velocity and direction of motion had remained the same as at ^ 
during the time U Draw SV parallel to RN. Then i QNR =■ \ and 

also ^=2^, r=2^; 

therefore |^ = j(P+rtanx);^ (1). 

Also -^,-=^-whereZr* = A' + 2 /4idtf ...(2) 

and the result follows at once from (1) and (2). 

-rr-i = 34sin(T7-tf) + -r-cos (v~6) .-t- -z-r cos(t?-fl) — sm (v-O) . -j =0 : 
dir dvr ^ ' dv ^ ' y y* at? ^ ' y ^ ' y* 

therefore -r^ — 1 = 0, whence v=aj{y'- aV)+6, a and 6 being arbitrary 

y 

constants ; and therefore y* = aV + ( j . 

[On the conditions in order that 8 = y sm (v - $) should be a solution 
of the differential equation 

fjpg 

_+5 + Pysin(t;-^)=0, 

F and y being functions of v, see Plana, TA^orie du mouvemerU de la 
lime, t. I. pp. 230 et seq.] 

6. Prove the equation 

da __ 2/ia* dR 
dt fjL de ' 

If Z be the mean anomaly, v the true anomaly, g the angular 
distance of the "perihelion from the ascending node, h the longitude 
of the ascending node in the fixed plane of reference, 

L = {jm)\ G = {^a(l-0}*, ir={/ia(l-e»)}*cost, 
the other letters having their usual meanings, and if R denote the 

ordinary disturbing function + the term -^ji , prove that a?, y, z, the 

co-ordinates of the planet, referred to the fixed plane as the plane 
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of xy and to the line from which the longitudes are measured as 
the axis of x, are given by the equations 

Ox = Or cos (v + g) cos h — Hr sin (v + g) sin A, 

Oy = Orcos (v + g) sinh + Hr sin (v -i-g) cos A, 

Oz = {G^^H')ir sin (v+g), 

and, taking I, g, h, L, (?, H, as the six elements, prove that 

dL^dR dG^dR dH^dR 
dt dr dt" dg' dt ^ dh ' 

-^ - da 2na' dR , . u^ da ncfi dR 

Now rfcf — iLy and since c never occurs except through ^ in the 
equation Z = w< + €, -s~ = -jT > ^i^d we thus obtain the first equation. 

The projection of the radius vector upon the line of nodes is 
r cos (v + g\ and on a line perpendicular to it in the plane of the orbit, 
is r sin {y + g)) and projecting these on the axes of a;, y, z, 

x = r cos iy + g) cos A — r sin (y + g) cos i sin A, 

y - r cos iy + ^) sin A + r sin ( v + ^) cos i cos A, 

« = r sin (i? + ^) sin *, 

and substituting for i its value in terms of G, H these become the 
equations in the question. 

The quantity H is double the areal velocity projected upon the plane 
of ajy, therefore 

dH _ dR dRdR^ dR dy dR dz dR ^ 
dt ~ dy ^ dx~~~(ibi dh dy dh dz dh dh ' 

for, from the equations in the question for aj, y, «, we have 

dx _ dy _ ^^ _ A 

^"'■"^' dh'""' dh"^' 

The quantity G is. double the areal velocity, and therefore — = -7- 

where R is supposed to be expressed in terms of r, v, G, ff, g, h. Now 
g does not occur except in combination with v in the form v + g, so that 

-^- = -J- , and this equation is not affected when for r and 1; in i? their 
av ag 

values in term3 of Z, G^ I are substituted. We thus obtain the third 

equation. 

[The results in the question are three of Delaunay's equations, the 
other three being 

dl dR dg dR dh dR ^ 
di^^dZ' di'^^dG' ^"""S^* 
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the term ^^ is added to i? in order that the first of these may hold 

good. The above proof is that given by Mr G. W. Hill in the Analyst^ 
Vol. III. pp: 65 — 70 (1876), where the other three equations are also 
obtained in an elementary manner.] 

vii. Prove that any function of a sidgle independent variable 
may be expressed by a series of zonal harmonics^ 

Prove that the series 

2^.+x::r(-i)'c«+i)|f|f|;«i'» 

is equal to — /a for all values of /i from — 1 to 0, and to ii for all 
values of 7A from to 1. 

Apply this formula to calculate the potential of a hemisphere, 
whose density varies as the distance from a diametral plane, at an 
external or internal point. 

Let the required series be 

Multiply by P^ and integrate from /x = — 1 toft = + l, then 

2G. 



27i+l 



^J\PJI,--^ ^^PJlL. 



Now, if 71 be odd, I /aP^ dfji,= l /xP^ dfi; and therefore CI « 0. 
But if 71 be even, / /* P^ c?/a = - I fiP^ dfi; hence writing 2t for n 

C^=(U+l)ffJiP^dlJL 

Jo 

= (2t + 1) f P,^, df^ + 2t \p^^ dfu 

Jo Jo 



'^^-.i . 



therefore (2» + l)j>„„d,i = ^^(l^/*')^^, 

therefore (2» + l)£p„„rf,i = ^^ ^> = 0. 

SimUarly 2t £p^, <^/* = giTl ^' /» = 0- 
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And when /a = 

dfJL 



3.5...(2t-Kl) 
^P'>-^^, ,x.-. 3 .5. ..(2^-1) . 



c//* ^ ^ 2.4... (2i- 2) 

therefore C - f- 1 V /3:l^:i_(?i±lL . ^'^ ■ (^^'-l) ) 

theretore C«-C-l) jg . 4 ... 2i(2i + 2) 2 . 4...(2i-2)(2i- 1)/ 

. 3.5...(2t^3)f(2i^l)(2t-^l) ^ 
"^ ^2.4... (2i- 2)1 2i(2i + 2) 7 

^ ^ 2.4... (2i- 2) 2i(2i + 2) 

-( A) (**+a;2^4^^^(2*+2)- 
And, if t a» 0, we have 

C^=^4 f lidfi = 2. 

Jq 

K »-l, C, = 3 \ P^diL + 2 Tp, rf/* = |. 
Hence the required series is 

Hence the potential of such a hemispherical shell (radius a) will be 
for an internal point, and 

for an external point. 

viii. Prove that the potential of an elliptic ring, cut out of a 
lamina of uniform thickness and density by two consecutive, similar, 
similarly situated and concentric ellipses, at a point whose co-ordi- 
nates, referred to the axes of the ring, are a?, y, z is 

Jlf being the mass of the ring, a, h its semiaxes, and ii the positive, 
A*i> Ma> the two negative, roots of the equation 

9 9 9 



a' + /i J' + /* /* 



^smmm 
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If the point be situated on the hyperbola 



[Thuesday> 






prove that the potential varies inversely as the mean axis of the 
ellipsoid, passing through the point, of which the elliptic ring is a 
focal conic. 

The mass of an element of the ring being M -^ , the potential 
will be expressed by 



M 



/•2ir 
Jo ' 



dO 



{(aj-acos ey+{y-bsm6y + z'}^ ' 



We shall now change the eo-ordinates, by taking the attracted point 
as origin, and the axes of the cone, of which the attracted point is the 
vertex, and the ring a section, as co-ordinate axes. 

If I -q, t be the current co-ordinates of the new system, and if 
p, Pj, jt?j, be the perpendiculars from the centre of the ring on the 
respective principal planes of the cone, the cosines of the angles between 
the old and new axes respectively will be expressed by the following 
scheme. 





X 


y 


z 


■ i 


px 


py 

b' + fi 




■n 


a' + fx^ 


p,y 


P? 


i 


p,x 


v^ 

&^+^. 


/^2 



where 



as" 



■it 



p: 
1 






(«' + M)' (6' + /^)' 1^ 



a? 



9? y* «• 



K'K + /*.)* (6'+^.)' ^.'* 
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Hence, the co-ordinates of the element, referred to the new system 
of axes, are 

. pa cos 6 ©6 sin ^ 

p,a cos pfi sin 6 

^ »-» COS tf «. 5 sin tf 

p if p 
We shall next shew that — + -^ + — = 0. 

For, we haye in the first place 

a + /i a" + /Xj » + /*g 

^ + ^ + ^ =1 (A), 

Hence, A; being any line whatever, 

therefore 

!>' , P.' , p: (y-af)(P-6') . 

/*(** + /*) fi.(*' + M.) /»,(*' + /»J (*' + /')(*' + /*,)(*' + /*.)' 
whence^ differentiating mth respect to i^, and then patting Jf = a', we get 

/*(«•+/»)• /»,(«' + /».)• /*,(«' + /*,)* (a' + /t)(»'+/t,)(a'+yi^' 
Now, from the equations, 

+ ir7T + r = l. 






+ irT— + - = 1. 



it follows that, being any quantity whatever, 

S.-H. P. 12 
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whence, putting 6 = ^a% 

(a* - 6") aV = (a" + ft) (a" + /a J (a' + ft,) ; 

therefore ^nrjUf' + ^^ («« '+ ^ j. + ^, («« + ^^. = " ^ ' 

Similarly 

«* t) * t) * 1 

^ ^' r . 

Hence, when the expression — + ~ + — is formed, it follows that the 

coefficients of cos' and sin" 6 are each equal to - 1, and that the term 
independent of ^ is unity. Hence, the sum of these three terms is 0. 

Again the coefficient of cos ^ sin will be 0, as may be seen by 
multiplying the equations (A) in order, by h' — a' and a' — b% and 
adding. 

And the coefficients of cos 6 and sin are separately 0. 
Hence L+^+i.^0. 

"We may therefore write yf = ~yi^=- cos" T^ J* = - /x^ — sin" T. 
Hence the potential becomes 



M n 



^ (ft - ft, cos" r- ft, sin" T)* ' 



, . pa cos $ pbsmO 

where i = P-^ a^-Si V' 

^ a^' + fx 6" + ft^ 

Now, since 

/- a cos tf 6 sin ^ \ .„ / ft \^ /- a cos tf h sin \ 
pll g aJ-Ti y)cosr=(-^) p.il — 5 aJ-ii y] 

and 

/- acos^ 6sin^ \ . ^ / ii\^ /- acos0 hsinO \ 

we obtain, differentiating these equations, and squaring and adding, 

,/- acos^ 5sin^ V^ma 

p"{l 5 «^-Ti — y) <^^ 

^ \ a" + ft b' + fi^J 

- /a sin d 6 cos tf \' .^ 
^ \a" + ft 6"+fi V 



+ 
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p' /asinO bcoaO Y) ,^ 
»■ /- a cos 5 sin \* ._., 

_ jp' /a sin ^ b cos ^ X' 
(ft \a* + /A ~ a' + fjL^J 

p'/asinO bcoaO V 
+ — (-5 «^"ii 3/) 



/rtsin^ 5cos0 \') ,^a 



p.* /» sin ^ 5 cos 



On the right-hand side of this equation, it will be seen as before, 
that the coefficient of (sin Oy is 



-{; 



Similarly, that of (cos ^)' is 1, and that of cos sin is 0. 
Hence, 

ft \ a' + ft 6* + ft ^/ ^ 



therefore 



pa cos 6^ jE?6 siD Jfjt,' 



therefore the potential is 77- / ? 

2ir;o (ft-ftjcos'l'-ft^sin'r)^ 

IT 

_2M n dT 

'T Jo (ft - ftj cos' 5^- ft, siQ"I')i * 

Now, putting tan r = Oj^^) » 

the limits of ij/ will be ft and 00 ; also 

cos'r=^, sin'r-^P^; 
therefore 

12—2 
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therefore 

therefore c^l^. ^ i _pf^_ #. . 

therefore 



/t-/l,008'r-/A,8ill»r *(^-f*)(lA-/^i)(^-/*,)' 

Hence the potential is reduced to the form 

Mr # 



-/ 



Now, for any point on the hyperbola 

we have f^i^/^g^-i** 

And the potential is 

Mr d^ 






or, putting ^ = fi -f v*, the potential becomes 

w Jo t^ + fi+6* 

2Jf 1 IT 

if 

i. a varies inversely as the mean axis of the ellipsoid 

If in the result of question viii we put ^ - fi ~X' ^^ becomes 



IT Jo 



'« {x(X + /*-Mi)(x+/*-A*.)}*' 
Now, the potential of an ellipsoidal shell, whose mass is Jf, whose 

least semiasds is 0, and whose other two semiaxes are j^ft— /Aj, <y/x — /x^, 
at any point on its surface, is 

j^ r dx 



5f 

2 io 



« {x(x+/»-/',)(x + ^- /*.)}*" 
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Hence, the potential of the ring mentioned in the question is to the 
potential of such an ellipsoidal shell in the ratio of 2 to ir\ 

In connexion with the subject of this question, Gauss' Determinatio 
attractiania (Gauss, Werke, Band iii. p. 351) should be referred to. 

r-D ±4^ f fA-/A sin'^ 
[Putting ^ ^^, 

we shall find the potential to be 

2MK' 



where ir= f *'__^*- ^»=(VlM,. 

yo V(l-Aj'sin>)' M-f*a 

At a point on the focal hyperbola, /"•] = ft, = - 6'; and therefore 
A;" = 0, K= ^ir, and the potential is 

VfL+6-*-* 

ix. Ka cgrlindrical surface filled with water revolve with angu- 
lar velocity a> about a fixed line parallel to its generating lines, 
prove that the component velocities parallel to the axes of x and y 

respectively of any particle of the water will be -p , — -^, where 

'^ is a function of x and y, satisfying the equation -v^ -f -t-t = 0, 
and whose value at every point of the cylindrical surface is 

ia)(a?« + y»), 
the fixed line being taken as axis of z. 

If the cylindrical surface be the sector bounded by the right 
circular cylinder r = a, and the planes d=a, ^ = — «, prove that 

, , , cos 25 

(rY-^^^cos(2i4.1)g 
+ 6'^a. a Z,_o (~ I) |^2i + 1) tt - 4a} [(it + 1) tt) {(2»' + 1) tt + 4aJ * 



Adopting polar coordinates, we have to find a function ij/ which 
satisfies the equation 



(• 



1 For another solntion of this question, Bee Quarterly Journal of Mathematies, 
Vol. XIV. p. 21 (December, 1876). 
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,and which is equal to ^o>r*, when 0=Aa and r i» less than a, and also 
when r = a, and lies between a and - a. It also must not become in- 
finite for any value of r less than a. 

Now, putting i/r — J<i>r" = ;^, we see that x must be = 0, at every point 
of the boundary of the sector. Also we shall have 

Hence if we conceive a sector of uniform density ^ , surrounded by 

a film of repelling matter which will make the potential at the boundary 
everywhere zero, the potential of this sector will be the required value 
of X. 

Now, the density of such a sector is expressed by 

4 wf ird , dirO / nw 1 (2*+l)ir^ ) 

-.^•(oos^--Jcos-^- + ... + (-iy^ri — =^cos^ — ^ ...>, 

IT 27r{ 2 a ^ 2 a ^'2i+l 2 o J 

2(0 _j, ,., 1 (2t+l)irtf 

or —a 5 (- Ir 7p — T cos ^^ — ^ — . 

It' ^ ' 2i+l 2 a 

Now, the potential of such a sector as this is 

(2t + l)ir^ 



--7^S(-l)*2ili 



cos 



For this satisfies the equation 

AVdr)'''^Wr'^'''2^^ 
and is also *=■ when = ds a. 

We have now to add a series of terms which shall makethis equal 
to when r = a, and shall themselves satisfy the condition 

These will be 

,^^,, 1 (2* + l)7rtf 

(21+1)5 _ -COS^^ K-^- 

T«2(-^)'W , |(2^+1)V ' 

Hence, the required value of x ^^^ly ^ expressed as 

1 (2i+l)7r0 

2i+l n — ; COS ^ TT-^ 

^2 -a) 
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or 32a>aVS (- 1)'+1 



2t + l ^ 

W+l IT .... COS 



""((«/ * * W ] {(2i+ l)7r-4a}(2i+l)ir{(2i+l)ir+4a}' 
or 32o)aVS (- 1)*+^ 



2t + 1 Trtf 



{(J * * Wl{(2t+l)^-4a}(2i+l)ir{(2i+l)ir + 4a} ^^^* 

The coefficient of (- j may be summed. For, putting 



2*+l Tr9 
cos— ^— — 

^^" ^ {(2i+ l)7r-4a}(2i + l)7r{(2i + l)7r+4a}"'^' 
we get 

r 4-4M 

dff" 

2i ■¥ 1 ^Y 



-a 



V 2 g/ , ,,, 2^ + 1 irg 

"""^{(2i + 1) IT- 4gi (2i + 1) IT {(2i + 1) TT + 4g} ^ A;cos~2~ « 

- C0S(2i+ 1)77 - 

- - — ^ r- 1 V ^ ^ 

~ 4g»^^ ' (2t + l) 



IT 



1 TT 

= -- TT- . T > for values of between — a and a, 
4g IT 4 



S 9 



16g' 
therefore w = - ?n + il cos 2tf + J? sin 20, 

D4g 
^ and ^ being arbitrary constants. 

Now ^ = 0, since the value oiula unchanged by a change in the sign 
of ft 

Also w=0 when = '^a; 

1 

therefore = - ^-j-j + -4 cos 2tt ; 

64g 

, ^ 1 /; cos 2^ 

therefore '* = "cT~5ll o")* 

64g' \ cos 2g/ 

or 

2t + 1 irtf 

Y=32cogVS(-iy+M-) ^ ^,o- IX .« W.>' i\ ?/o'-.i\ -.^ i 

^ -'V / \^^y {(2i + 1) IT - 4g} (2t + 1) ir {(2i + 1) ir + 4g} 
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Hence, aince ^ ^ X '^ h^* 

we obtain 



COS — s— — 

+ 32««V2*:r(-l)<+»7-r ^ ° 



e) 



•<-0 V / |(2i + 1)^_ 4a}{2i + l)ir{(2i + i)ir+4a} * 

[In a qnadrantal sector a = ^tt, and the first two terms in the value 
of if/ assume the indeterminate form oo — oo , and must be evaluated, by 
putting a = ^'7r — ij>y expanding on the supposition that ^ is so small 
that its square may be neglected, and finally putting ^ «= 0. Or, we 
may take the first term of the expression (1) for \ which assumes the 

form rr , and evaluate it as an indeterminate fraction. 

It will be found that the remaining terms of the series for ^ can be 
summed, and we shall find finally that for a quadi*antal sector 

^ = -.?!?r»cos2«log-+ — r'sin2tf.fl 

X. If Vj, Vj be the velocities of propagation through a biaxal 
crystal, of the two waves corresponding to a plane front whose 
direction-cosines are I, m, n, prove that 

_ (a'-0(a'-0 _ (b'-v,') (y - v ^) 

If a plane be drawn, parallel to the axis of y, intersecting the 
planes of xy and yz in straight lines, each of which joins two 
imaginary conical points of the wave-surface, prove that this plane 
will touch the wave-surface along a circle. 

Any one of the four planes, mentioned in the question, meets 
the wave-surface in a curve of the fourth degree with four double points, 
which must therefore break up into two curves of the second degrea It 
remains to consider the nature of the intersection of these curves with 
the line at infinity in their own plane. 

Now any one of these four planes is represented by the equation 
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and therefore the four planes together are represented by 
(a* - c«)' ft* + (6» - c'Y z* + (a" - by x" 

The planes parallel to them through liie axis of y are therefore repre- 
sented by 

(6» - d'y z* + (a'- byx* - 2 (6" - (f) (a" - b') z'x' = 0, 

or {(6'-c«)«»-(a»^-6')a;»}* = (2), 

and these, of course,^ intersect the plane at infinity in the same lines as 
those above mentioned. But since the left-hand member of (2) is a 
square, these four lines become two double lines, and therefore each of 
the planes (1) meets the wave-surface in a cursre which has two double 
points at infinity. 

Therefore the curve of the fourth degree has six double points, and 
must therefore degenerate into a double curve of the second degree, i e. 
each of the four planes touches the surface, along a curve of the second 
degree. But this curve meets the wave-surface, at infinity, in the points 
determined by the equations 

from the latter of which it appears that the curve is a circle. 



Thursday, January 17, 1878. IJ to 4. 

Mb Febbebs, Arabic numbers. 
Mb NiYEir, Boman numbers. 

1. If a curve of the fourth degree have three double points, 
prove that it will have four double tangents, whose points of con- 
tact lie on a conic section. 

If the curve be represented by the equation 

{A, B, (7, A\ ff, CJ^yz, zx, xy^^O, 

prove that the equation of the conic will be 

BCa?+CAy^-\-ABz''^{A'x'{-By + azy^O, 
Hence deduce the equation of the four double tangents. 

Write, for shortness, 
S = (^, B, C, A\ B\ C\Jyz, zx, xy)% 
S = BCx' + CAf + ABz'^ (A'x + B'y + C"«)', 
jBCx = i, JCAy=^rf, JlBz = iy A'x + B'y + C'z^w. 



\ 



p 
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Then ^--4^J5C2 

Now this vanishes ifw = f + i7 + f, for it then becomes 

= 8fV + 8i7»ff+8rfi7-8^f(f + 17+0 = 0. 

Hence f+iy + ^-wisa factor of S* - iABC^, 

And the expression S^ - A:ABC^ involves f, 17, i^, co, symmetrically. 

And the coefficient of f* is unity. 

Hence 
^«-4^^(72 = -(-^ + i7 + £+a))(|-i7 + £+a,)(i + i7-f+o,)(^ + i7 + ^-o>) 
identically. 

Therefore, where any one of the four straight lines 

-| + iy + ^ + ci)=0, ^-i7 + f + a) = 0, ^ + i7-^ + o) = 0, f + i; + £-a) = 0, 

meets the quartic S = 0, it also meets the conic S=0, That is, it 
meets the quartic in two points only, and therefore is a double 
tangent. 

2. Integrate the following diflferential equations : 
(i) z^px+qy-sxy, 

(u) z = -f^- 

(iii) 2' (z-^px — qy) + {qs — pt) zx = 0. 

(i) z =px + gy -jMsy. 

Differentiating with respect to a, we get 

ds 
p^p + Tx + sy-sy-^xy, 

da 



rt-^^ 



or o = rx~' -T-. xy; 

therefore y^-r = 0, Le. y^ — r=0; 

therefore ^ =/'(«), or ^ = «/"'(*) ; 

therefore p = 3^'(^) + ^ (v)- 

Similarly, q = x<f/(y) +/(«) ; 

whence s =/Xx) + 0'(y) ; 
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therefore z^px + qy-- sxy 

= ^ W\^) + <A (.y)} + 2^ {^4>\y) +/(aj)} 

-xy{f{x)^4>\y)) 
= x<l>{y) + yf(x), 

pqa 



(ii) 



rt-^' 



Putting P-^9 ^-^9 px + qy — z^Z, 

we obtain (see Boole's Differential Equationa), 

dY^ 

daf dr \dXdY) 
whence the equation is reduced to 



dx dy dXdY ' 

which is of the same form as (i). 

(iii) ^{z-px — qy) + {qs — pt) zx = 0. 

Adding and subtracting yzqt, this becomes 

9* {z-px- qy) + z{q{x8 + yt)-'t{px + qy) } = 0, 

or qz {oca + yt + q) -' (px + qy) {q^ + zt) = 0; 

therefore S'«^ (^^ + ^) " (i^ + ^y) ^ (^«) = ^ i 

therefore — — = a function of a?, ^(a;) suppose ; 

qx 

therefore ® J^"*" {2/-«^(^)}^=0> 

or, changing the dependent variable from « to y, 



or ^ (A- ^^^^ ' 
dx\x) Q^ ^ 



therefore |"""^ y^^^fk^)'i 

therefore writing - x I ^^r- dx = ^ (a?), 

y=^z^{x)+x/{z). 



I 
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iii. State and prove Lagrange's Equations for the motion of a 
dynamical system. 

Shew that the kinetic energy of a system of mutually attracting 
masses wi^, m,,... is 

^M(u^ + v' + w') + ^. ^j^ , 

where u, v, w are the velocities of the centre of inertia of the 
system, M its total mass, and F^, is the relative velocity of the 
particles m^, m^. 

Thence obtain the general equations for the relative motions of 
the system. 

Let the masses of a system of particles be m^ m,, tti, ..., and 
their co-ordinates x^y y^^ z^.,.^ the kinetic energy of their motions is 

J2m(a6" + 3^ + «'). 

But, on expansion, it will be seen that 

(wij + m, + Wg + . . .) (mjAc/ + Wgflc/ + . . .) 

= (m^aSj + wi^, + ...)* + m^m^ (ac, -a&,)* + m^Wg (aft^ - aCg)* + ... 

If therefore u^ v, Wy F^ have the values stated in question, 

if = Wj + wi, + Wg + . . . , 

Mu = m^aCj + m^x^ + ... , 

»'..'=(*.-*J'+(y.-3>.)*+(^. -«.)'. 

and the kinetic energy 

If there be n masses, the 3w co-ordinates of the system may be 
represented by the three co-ordinates of the centre of gravity and 3w - 3 
other generalized co-ordinates $, ^, tf/ .., expressing the relative motion ; 
the kinetic energy due to the relative motion is that given in the 
second member of the equation ; let us call it T, 

The equations of relative motion are then of the form 

dt' de ^^ ^ ' 

iv. Prove that the vibrations of any dynamical system moving 
under consei-vative forces about a configuration of stable equilibrium 
may be resolved into a system of normal types, whose periods are 
real. 

Investigate the effect on the normal vibrations of introducing 
(1) small variations in the constants which determine the constitu- 
tion of the system, and (2) small frictional forces on the particles 
of the system proportional to their velocities. 
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If a system primitively free be restricted by constraints to r 
degrees of freedom, prove that the periods of the constrained system 
are all intermediate between the greatest and least periods of the 
free system, and that the sums of the products s together of the 
squares of the new periods lie between the greatest and least values 
of similar functions of the original periods, s being any number 
less than r. 

The effect of a small alteration in the constitution of a con- 
servative system has been analysed by Lord Kayleigh {Theory ofSotmd, 
§ 190). To trace the effect of introducing small frictional forces. 

Let the generalized co-ordinates of the system be a;^ a;,..., and let 
the kinetic and potential energies be reduced to the normal forms; 
that is to say, 

When the frictional forces which act on the particles of the system 
are proportional to their velocities, there exists a dissipative function, 

^=HKA" + M.' + 26„(«A +...). 

The general equations of motion are of the type 

d dT dF dT dV ^ 
dt' dx dx dx dx 



are 



For the case of small motions under contemplation, the equations 

a^x^ + CjO;, + (6„ A^ + ^i. a6. + • • = ^> 
o^, + <J,a?, + (ft.i a&i + ^„ ac, + ...) = 0« 

When the Mctional forces are altogether neglected, the motion 
consists of a series of normal types of which the periods are given by 

Let us consider the effect of friction on the type />,, and put 
therefore 

Where friction is neglected, A^^ A^, ... vanish, and therefore A^,,,/ are 
of the order of the small coefficients (&). 

Neglecting, therefore, squares and products of small quantities^ we 
obtain 

^A (-^1* + P,') +Pi'/^ • ^^. = OJ 
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from these we obtain 

The real system of vibrations which these indicate is 

x^^ A , e~~^^ C0& p^ty x^ = A, — 5^-^ — ^ -^ e" m ^mp^ty &c. 

P% ~P\ a 

Each normal vibration, therefore, gradually dies away, and is ac- 
companied with other normal vibrations which are each a quarter of a 
phase in advance or rear of it^ according as j9,> or < jo^. 

To investigate the motions of a constrained conservative system, 

let y^, y^, ... y„ be the new types in which the system can vibrate ; 

then we must put 

a^i = ^1^1+^2/.+ ••• 

where A^y B^ are new constants. 
The kinetic energy 

and the potential energy 
where 

The equations of motion are 

<fec. = 0. 

^o solve these, put 

y^ = Fj" cos pty y^ = Y^ cos jt><, . . . 

On substituting, and eliminating Fj", . . . , we obtain for p the fol- 
lowing determinant, wherein a,j, )8j,... are replaced by their proper 
values, 

(-ay+Cj)il,'+(-aj?»+c,)i/+..., (-ay+c,)/ij^, + (-ay+cJ^,5,+..., &c. 

<&c. , (&c. , kc, 

= (I). 
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This determinant may be split up by columns, and it will be ob- 
served that any one of the new determinants found by taking two cor- 
responding parts out of any two of the columns must vanish. To see 
the law of decomposition let us take the 1st part of the 1st column, the 
2nd part of the 2nd, and so on; and let us introduce the original 
periods for (c) by means of the equations c^ = aj>\,... The partial 
determinant required is 

»i» A • • • »r iPi' - P') (P2 -P') --iPr" P') 






A^B^ ,,, K^, 



But each constituent of the determinant A consists of n terms, and 
the determinant itself has r rows ; and it is evident that the result of 
the decomposition is the following equation : 

SK«. ... «>'-;>.•) (P'-P.') ... X (^„ B„... K)' = (II). 

In this result {A^^ B^, ... K^) represents the determinant on Sylves- 
ter's umbral notation, and the summation denoted by ^ is extended 
over combinations r together of the n symbols 1, 2, 3 ... w. 

From this form of the equation in p^ it is obvious that no value o£p 
can be gjreater than the greatest of the original periods p^p^ ... or less 
than the least of them, it being remembered that a^, a^..» are essentially 
positive. 

Let the roots of the above equation be v:^, ^a*--, and let ('cr'), 
denote the sum of the products 8 together of these quantities, (/>*),,< the 
sum of the products s together of the squares of any i of the original 
periods 

6j, e^ ... being the coefficients of the equation forp in its form (II). As 
Cj, Cj ... are all positive, it follows from a known theorem in Algebra 
that (zar*), is intermediate between the greatest and least of the series 

(P\iy {P\2-' 

5. Assuming the following equations for the determination of 
the motion of the Earth about its centre of gravity, as affected by 
the action of the Sun, 

A -J- f -^ sin Oj — Cn-j-^^ — Sn^{C — A) cos nt sin nt sin 0, 

A^+Cn^sme = -3n'\G-A)sm'n'tsm0cos0, 

prove that the pole of the earth, in consequence of solar nutation, 
describes an ellipse with an acceleration tending to its centre, the 
absolute acceleration being 4n'^, and the semi-axes being 

Sn'G--A . ^ .SnC-A . ,. , 

7 p — sm 0, and -j jy~ ^^^ ^> respectively. 
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vi. Investigate the conditions necessary that 

may be a maximum or minimum, discussing the conditions which 
may be imposed at the limits. 

Uniform elastic wire is held bent by proper forces between two 
points A and B so that, the area between the wire and AB being 
given, the work expended in bending the wire may be the least 
possible. Shew that the curvature at any point varies as r* — a*, 
where AB=:2a, and r is the distance of the point from the middle 
point of AB. Shew also that, if the wire be bent completely round 
to satisfy the same conditionSi the form of the wire will be given 
by 1^=0' cos 3^. 

The work W done i& bending tbe wire will be 
where p is the radiiis of curvature and 

The area A enclosed between iihe curve and AB 

We have, therefore, according to Ohm's rule, to put 

8Tr-X8^ = (I). 

Now 

cC8 da da da 

The second term of the value of STT may therefore be put in the 
form 

dy 

~ J \d? dx d^j da 
da 



.1 
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dy dy 

dt ds 
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U = \%^^lyZ^d. 



dy 
ds 



= Jg8y<fo-y|8y + J| 



ds 



r ^' 

ds 
ds. 



ds . 8y. 



Substituting in equation (I), and equating to zero the parts under 
the sign of integration, 



a 



d 
ds 



'dx d^y dy d^x n 
ds ' ds^ ^ ds * ds^ 



dx 
ds 



.dx ^ d 
ds ds 



dx 



r ^1 

ds 



= 0. 



Integrating and multiplying up by ^ , 

dx d^y dy (Px _ v / dx dy\ __ 
disd?''dsd?'' yds^^dsj" 



dx 

ds ' 



Integrating again, 

dx d^y dy d^x , . , . -v , 



or 



r 



.(II). 



Let us return now to equation I; the terms outside the sign of inte- 
gration are of the form 

^(d^x ^dx d'y ^dy\^ ,^^ .b 

where Q ia the coefficient of 8y, and the integration is taken between A 
and B, 

This may also be written 

where 6 is the angle which the tangent at any point makes with the 
axis of OS. 

Now 8y = at both limits, and S$ is perfectly arbitrary ; therefore, 

at both limits, - = 0. 

P 

S.-H. P. 13 
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Let us introduce these conditions in equation II, and suppose 
AB = 2a, the origin being at A ; 

— ;r4a' = 2ca; therefore c = — Xa. 

Hence -=iX{(a!-a)'+y-a'} = |\(r'-a''), 

as in the problem. 

When a=0, the wire is bent completely round, and we may put 

for - its value -^, 
p rar 



therefore ^ = JXr", 

hence p = |Xr*, 

no constant being necessary because, when r = 0, p = 0. 

Put I^X = -5 , and remember that 
c 

I I I /dr-^ 
we thus find 



1-1 1/^^V 



a ji 



30 



\de) " r* ^' 

== I'-TT-e 5\ = Sin ( -3 J + const. 



and this may be put into the form 

r^ = <j"c0s3ft 

vii Determine the permanent temperature in a uniform plane 
plate which extends to infinity in one direction and is bounded by 
three straight edges two of which are parallel and at right angles 
to the third, the parallel edges being kept at temperature and 
the remaining edge at temperature 1. 

A plate extends to infinity in two directions and is bounded by 
two straight edges which meet at right angles in A. Both edges 
are at temperature except a portion AB of one edge which is 
kept at temperature 1, prove that the temperature at any point P 
of the plate is given by 

- tan"^^S and by- (lAPB-lAPC), 
where a^, b^ are the axes of the ellipse, and a^, 6, those of the 



Jan. 17, IJ to 4] problems and riders. 195 

hyperbola which can be drawn through the point having A as 
centre and B as focus, and where C lies in BA produced so that 

AC=AB. 

Fourier, in his Theorie de la Chaleur (p. 208), has given an 
expression for the permanent temperature at any point of a rectangular 
table infinite in length in one direction (that of x), of which the two 
parallel edges are kept at temperature 0, and the third edge at tempera- 
t\u:e 1. 

If 2a be the distance between the two parallel edges, and one of the 
angles be taken as the origin, the temperatiu'e is 

2 Bin — - 
vsz- tan — 



^ 2jrX 2itX * 



€•» — e 



a 



Let the edges of the plate be AX and A F, and let the confocal system 
be drawn of which B is one focus and A the centre {^g, 63). Let 
a, p be the thermometric parameters of any point in the plane. 

Then the semi-axes of the ellipse and hyperbola which pass through 
any point are, respectively, 

c cosh a, csinha; and ccos^ csin^. 

The temperature satisfies the equation 

da' "** d/i" ' 
and also the following conditions, 

along AB a = 0, V=l; at the infinite boundary a = oo , F= 0; 
along ^Z, i8 = 0andF=0^ along ilZ, /? = ^and 7 = 0. 

The problem is therefore, analytically, the same as that of Fourier. 

Therefore F = Htan-f^?ii^^^ = ^tan-f^i'V 

IT \cosh a Sinn a/ ir \^A/ 

The second form of the result may be thus derived. 

Let XA be produced indefinitely to X\ and take AC = ABy and suj)- 
pose AG kept at temperature - 1. 

Then the expression, 

F= i (z APB - I AFC), 

expresses the temperature in the infinite plate bounded by the edge 
XX'; for (1), the angle AFB, being = i FBX- z FAX, satisfies the 

equation ^ + ^ = ; (2) within AB, l AFB = it and l AFC ^0, 

13—2 
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and therefore r=l, (3) the temperature in AG is similarly =-1, and 
(4) in ^X and CX; V=0. 

The above expression for V therefore expresses the temperature in 
the plate, and since F = for all points m AY, the expression represents 
the temperature at any point of the plate bounded hy AX and A F, 

It is easy to prove, geometrically, that the two expressions are 
equivalent. 

8. If r, a, i8 be three functions of x and y which satisfy the 
equations 

dx^ "^ rf/ ■" ' da?^ df "' d!^^ df^^' 
and if 

dadfi ^d% d/3 



dj? dy dy * \dxl \dy) \dx) \dy) * 



d^V cPF ^ 
prove that -^^ + ^^ = 0. 

A plane area is bounded by a semi-ellipse and its axis major. 
The elliptic boundary is maintained at the uniform temperature 
unity, and the axis major at the uniform temperature 0. Prove 
that the temperature at any point within the area is 

4 /sinh6 . ^ .1 sinhScf) . «/, \ 

where ccosh<^, csinh<^; ccos^, c sin ^, are respectively the semi- 
axes of the ellipse and hyperbola passing through the given point, 
and confocal with the elliptic boundary, and \ is the value of at 
that boundary. 

We have .first to -shew that ^ wid 6 satisfy the equations 

daf'^dy'' ' dx^'^df'^' 
Now, a; =■- c cosh <^ cos 0, ^ = c sinh <^ sin 0, 

therefore x + ^^ y = | (c* c^^^ + €"*€- '^^^% 

s=ccosh {fl> + J^6). 
Similarly x - ^/^ y = c cosh (^ - J- 1 6); 

therefore <^ = J |(cosh)-» x + J-ly ^ (^osh)'* ^zVulyj . 
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and therefore satisfies the condition -=-5 + -7-^=0: 

doir dy 

similarly = -^ f (cosh)"* ^'^'^^ - (cosh)"* tzJzly\ , 
and therefore also satisfies this condition 

Now, if F be the temperature at any point, we require that 

d6^'^ d4,* ^ ^' 

also r must be equal to 1 throughout the elliptic boundary and = 
throughout the axis major.. 

Now, consider the series 

4 /sinh <^ . >! . 1 sinh 3<^ . «^ \ 
- ( -7-T-Y sm tf + 4 . , ^ ; sin 3 tf + . . . ) . 
ir\sinh A ^ sinh 3A / 

This evidently satisfies the condition (1) for every term separately 
does so. 

Also, throughout the elliptic boundary, ^=X, and the above ex- 
pression therefore becomes 

4 

-(sinfl + Jsin35 + |sinW+ ...), 

IT 

which is equal to unity. 

With regard to the axis major, we must consider separately the 
portion included between the foci, and the two portions between the 
respective foci and vertices. 

For the former of these, ^ = 0, and therefore every term of the 
above expression vanishes separately. 

For the latter, fl = Q, or tf = ir, and therefore also every term vanishes 
separately. 

Hence, all the boundary conditions are satisfied.. 

[The series for the temperature expressed by elliptic functions is 



? taji-» \k sn (^e, k\ tn^y <j[r, k^ , 



, K w 

^^^^ F = 2X- 

It can be readily verified that this expression satisfies all the 
required conditions. 

The expression for the temperature is also the expression for the 
current function of electricity flowing in the semi-elliptic area, the elec- 
trodes being at the vertices of the major axis of the ellipse, and the 
strength of the current being unity.] 
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ix. A mass of fluid of variable density revolves uniformly 
round an axis under the influence of its own attractive forces ; 
assuming the layers of equal density to be surfaces of revolution, 
investigate the equation which determines their form. 

What external phenomena, due to the earth's attraction, are 
independent of its internal constitution? 

If the earth consisted of a nearly spherical mass of fluid of 
density a, and mean radius 6, surrounded by a mass of fluid of 
density p, and mean thickness a — 6, shew that, on the equilibrium 
theory, the tides of the two fluids, due to a distant body situated 
in the equator, would have constantly the same ratio at two places 
in the samB radius, and that that ratio is 

0(55 + 2 + 30") : 55 + 5c', where g= ■ , andc=— . 
^ <r — p a 

Let the axis of z coincide with the axis of rotation, and the axis 
of X pass through the moon, whose distance suppose to be Z>, and mass M» 

Let a' + y* + ss' = r', and X = - , M = - ; and let 

T T 

These are the two spherical harmonics upon which the forms of the outer 
surface of the earth and its fluid core will depend. 

For the potential at any point due to rotation 
and the potential due to the moon is 

The first two terms of the latter expression will not affect the form 
of the earth, but merely the position of its centre of gravity ; .we shall, 

therefore, neglect them, and consider only the third term - g S\ 

Let the form of the outer surface be given by r = a (1 + T^)^ ,- . 

and that of the fluid by r = 6 (1 + Z^),)'"^ '' 

Y^ and Z^ being two surface harmonics of the second degree. 

If we put 8 = o" — p, we may consider the attraction of the earth as 
due to two solid masses of densities p, & 

The potential at any point of the outer surface consists of two parts 
Tj. Fg, due to the outer and inner spheroids 
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Putting, in the first terms^ 

r-'=a-'(l-FJ, 
we find for the potential at the outer surface, 

= const. + 4iro' {AZ, - BY,), 
where A = ^, 5 = ^ (2). 

The equation of equilibrium of the outer surface is 



. «» 

or 



o>- „ 3M 



^^.-5F. + ^^.-g^.^-0 (3). 

The potential at the inner surface will also consist of two parts 
Fj and F^, where 

Fj = const. -^irpr^ + ^TTpra F„ 

- _^4ir6»8 47r6»S 

Putting now r = b{l+Z^)y we obtain t(x the con^lete potential at 
the inner surface 

r= const. + inV (B'T^ - A'Z;^, 

where ^' = tt (28 + 5p), 5' = |p, 

and the equation of equiUbrium of the inner surface is 

^r.-^'^.+^^.-^.^',=o.. (4). 



If we solve (5) and (4), we See that F, and Z^ are each the sum of 
multiples of S^ and S\. The former of these terms express the forms of 
the surfaces when the moon's action is altogether neglected : the latter 
give the tidal efiect of that action. 

Considering only these, we find the parts of F, and ^, due to 
them to be given by 

(Aff-A-B)7,' = ^{B+B'), 
(Aff - A'B) Zi = 8^. (^ + n 



i 
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It is clear, from these results, that the two tides have constantly the 
same ratio at points in the same radius, and that that ratio is 

b(A + A'):a{B + By 
Now ^ + ^'=^{5p + 8(2 + 3^.)}, 

and -B + 5' = ^ ^5/) + 68.-3). 

If, therefore, c=-, and«s=^ = 



a' 8 cr — p' 

the ratio becomes c (5« + 2 + 3c*) : Sa + 5c\ 



Friday, January 18, 1878. 9 to 12. 

Mr Febbebs, Arabic numbers. 
Mr Gbeenbill, Roman numbers.. 
Mr NiTBN, Greek numbers. 

1. Enunciate Sturm's Theorem. 

Prove that, if a, )8, 7... be the loots of the given equation, the 
successive functions are of the form 

each with a constant multiplier. 

(See Salmon's Modem Higher Algdyra, Arts. 47 and 48, p. 45.) 

ii. Define the elliptic functions sn a?, en a?, and dn x, and solve 
completely the diflferential equations 

(i) ^ + n»u + att» = 0; (ii) ^ + w»z* + /3w» = 0. 

Prove that, if a uniform chain fixed at two points rotate in 
relative equilibrium with constant angular velocity about an axis 
in the same plane with the line joining the two points, the form 
of the curve assumed by the chain will be given by 

V = 6sn jST- , 
^ a 

the axis of rotation being the axis of x. 



Jan. 18, 9 to 12] problems and riders. 201 



If X 



=/: 



then 4> is called the amplitude of x, the modulus being k, and is denoted 
by am {x, k), and sin <^ is the sine of the amplitude of x and is denoted 
by sn 0? ; cos xfi is denoted by en aj, and ^/(l — ^*sin*^) by dn x. 

Consequently if y = sn «, then 



"^ /o N/{(i-2/')(i-^y')r 

if y = en a?, then 

_^ fi dy 

and if ^ = dn re, then 

(i) If -^+w*w+aw* = 0, 



df 



multiplying by -^ and integrating, 



*(sy-'^'''«'+^*"'=^' 



'du\ 
or 



jQ=c-i«v-W- 



9i 



1. If G is negative or greater than ^-5, the right-hand side has 
only one real linear factor, and we must put 



W' .. ^ . ' 7i® 



where a is greater than -^ if C is greater than ^ , and is less than 

- -jr- if C is negative. 

We must now put 

, 1 — cos 4* 

1 + cos ^ 
and therefore 

/ \« . « / , 1 - cos <^\" , 

^ ' \ l+cos<^/ 

/ \« fl ftz/ vl-cosA -,/l-cos<&\* 

^ ' ^ ' 1 + cos <^ \1 + cos </>/ 

.-,l-_^Mn^ 
■" (1 + cos «^)« ' 
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if 6' = (a-m)' + < Ji^^^fl+'t^y 

. , du 25 sin 



therefore (^y = foi (1 - A'ain'^^), 

-fp(t-T)yk>f where — = |a5: 

1-ciiJ(<-t) 
and therefore u = a — o •-— ^^-^^ . 

l + cnji(<-T) 

II. If (7 lies between and ^, the right-hand side of the equation 
will break up into three real linear f actors, and we mnBt put 

and the limits of u are therefore either - oo and — a, or — & and c. 

First suppose w to lie between - oo and - a; we must put 

w + a = — (a — ft) tan'^^ 
and then w +6 = - (a -6) sec* ^, 

^ ' cos <fi a -he 

A 1 ^** o / r\ sin <k 

Also :jt = - 2 (a - 6) — ^ ; 

therefore \-^) = ^a (a + c) (1 - ^'sin*^), 

(K '\ K' 

and therefore <^ = am J^(<-t), A;!-, where ^ = ^a(a + c)j 

K 

therefore « = - a - (a - 6) tn" = (< - t). 

Secondly, suppose t^ to lie between - h and c; we must put 
u = c cos*^ - b sin*^ and then w + a = (a + c) (1 — ^sin'^) ; 
M + 6 = (6 + c) cos' 4>, c - tt = (6 + tf ) sin' «^ ; 

where >fc" = , 

a + c 



or 
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and then (^ = ^a{a + c)(l -;fc«sin"</>), 

andtherefore <^ = am | j^(^-t), A;>, where ^ = |^a(a + c) : 

K K 

and therefore w = ccn*^ (^-"''') "^sn"^ (<-t). 

(ii) If ^ + w»w+/3u»=0, 

multiplying by -j- and integrating^ 

etc 

C must therefore be positive, and the right-hand side of the equation 
wiU spHt up into two factors, so that we may put 

K 

and therefore w = a en ^ (< - t), 

[The approximate solution of these differential equations when u is 
small is considered in Lord Bayleigh's Sound, § 67.] 

Suppose the chain to be revolving with angular velocity oi, and let 
m be the mass per unit of length of the chain, t the tension at any 
point. 

Then the equations of relative equilibrium are 

5(4)-«. s('l) V 

Therefore t-j-=T, s^ constant, and 






Therefore, integrating, 



^=1 + ^(6'-^ since ^=1, when y = 6. 
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Therefore (1)'= ^'(S'-s^)!! .f^(6'-j^)}. 



OS 

and therefore y = bsTiK -^ 



where at = -r^ =75 , and. —g- = -==- 1 1 + ■• ^ ) ,. 



or 



~25» — 



iii. State and prove Green's theorem, and deduce with the 
usual notation that 

///(Fv«cr- uv^v)d.dyd^=ll{v^^-u'l) dS. 

Hence prove by putting Z7= - , that if an equipotential surface 

be coated with matter so that at each point the surface-density is 

7— , where R is the resultant force due to the original matter 

acting outwards from that point of the surface ; then the potential 
of the coated surface at any point of the outside of the surface 
will be equal to the potential at the same point due to that part 
of the original matter which was on the inside of the surface ; and 
the potential due to the coated surface at any point of the inside 
added to that due to the part of the original matter on the outside 
will be equal to C, the potential at the surface. 

Putting 17=-, where r is the distance of any point xyz from 

a fixed point 0, and first supposing outside the equipotential surface; 
then VU=0 inside the surface, and over the surface 



iK^'^m^'^- 



dV 
Also V* 7= - 47rp, and -7- = - -^ ; 

therefore Green's theorem becomes 



IJj^d.d,d.= fj?dS, 



fj^dxdydz^fj^dS, 

which proves the first part. 

Secondly, supposing inside the surface, then V*Cr= inside the 
surface except at the point 0, and /// VV'Udxd^dz^" iwYo, where F„ 
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is the value of V at the point 0; also 

Therefore Green's theorem becomes 

- 4n-F, + jjj^dxdydz = - 4irC' + jj^ dS, 

jj^'^^*^'- jjjr ^""^y^' = ^' 
which proves the second part. 

4. A material system in stable equilibrium, under the action 
of a conservative system of forces, is subjected to a given displace- 
ment. The kinetic energy of the actual motion will be less than 
that of any other geometrically possible motion by the energy 
of the motion which must be compounded witb the actual motion 
to produce the other motion. 

(See Thomson and Tait's Natural Philoaophy^ Art, 317, p. 225.) 

v. Prove that the velocity U of propagation of waves of small 
displacement of length \ in water of depth h is given by 

If liquids of densities p and p and depths h and h! be con- 
tained between two fixed horizontal planes at a distance h-\-h\ 
prove that the velocity U of propagation of waves of small dis- 
placement of length X at the common surface is given by 

( i7 — Fcos a)' p coth -r- 

+ (C^ - F' cos OV coth ^ -|^ (p -p) = 0, 

where V and F' are the mean velocities of the currents in the 
liquids, and a and a' the angles the currents make with the 
direction of propagation of the waves, the currents slipping over 
each other. 

Reducing the motion to plane steady motion by applying at 
every point of the liquids the reversed velocity of the cross currents 
and the reversed velocity of the wave propagation, and supposing the 
equation of the surface of separation to be y = 6 sin wio?; then if i^, i/f' 
denote the current functions of the liquids, 

, irr XT vf , sinhm(A + y) . ) 
^ = (£r- reos a) |y - 6 -^j^5^' sm m«} . 

./ /rr TT/ i\{ ,sinhm(A'-y) . ) 
f = (Cr- F cos a') |y - 6 ^^^'" sin mx j . 
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For \p and ^' satisfy the equation of continuity and the conditions 

that v=-^ = when y = — A, and v = ^ = when y=h; also when y = 

in the coefficient of ft, that ij/ and xj/^ both denote the same stream line 

y = 6 sin mx. 
The dynamical equations are 

where y, g'' denote the velocities in the liquid, and H^ H' are constants. 
Neglecting 6*, 

,-.(|y.,r-ro...,.{i-2™.2^5&l>!)^^}, 

At the common surface of the liquids p=p\ 

^' W^'^-p^) -9(p - p')y ^ps- p'ff\ 

or, putting y = in the coefficients of b, 
ip'{U^ rcosa7-|p(Cr- Fcosa)" 

+ w{(C^- r cos a)ycothm^' 4- (CT- Fcos a)"pcoth mh}b sin wwc 
-9(p-p)bBiD.mx = pH-pI{'; 
and equating to zero the coefficient of b sin wio;, 

m{(i7-r'cosa')p' cothmA' + (CT- rcoso)pcothmA.} -g{p-p)^0, 

and m«^, 

A 

giving the required restilt 

If we put p'=0, F=0, F=0, we obtain 

fthe result of the book-work. 

Suppose however the motion not to be reduced to plane steady 
motion; but denote by 0, 0' the velocity functions of the actual motion 
of the liquids; then if 

4> = Fcos a.a;+ Vsiaa ,z +A cosh m{h + y) cos (mx - nt), 
^' = F'cos a' . a? + F' sin a'. « + A' cosh m (A'- y) cos (mx - 7i<) ; 
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then ^ and <[/ satisfy the equation of continuitj and the conditions that 

-^ = when yr^-^h, and -7- = when y = h\ 
dy "^ ' ay "^ 

At the surface of separation the direction of motion of the liquid 
relatire to the moving surface of separation y^h sin (mx — nt) must be 
a tangent to the surface, and therefore 

d<fi d<l> 

dy dy dy 

d4> jj" d<f> dx' 
dx dx 

or, neglecting A^ and il", 

mA sinh mh cos (mx — nt) __ — m^l'sinh mA'cos (mx - nt) 
rcosa-i7 "" rcosa'-^ 

=3 nib cos (mx — nt), 

A sinh mh _ — A! sinh mk* ^ . 
^' rcosa-C7'""rcosa'-Cr"'^^ 

and therefore 

. ^ TT - /xr rr\ T OOShm(A + v) / 

<^ = Fooso.a:+ rsino.« + (rcosa-c/)6 — . it cos (wia? - n^), 

<^'=F'cosa'. aj+Fsina'. ;»- (FcoSa'-Cr)6 '^'^^]!^^^^^ cos (7na:-n<). 
The dynamical equations are 

and at the surface of separation p =p\ 

iW-P^ + P'^-P^-9(P-P')y = P'B'- pH. 

Also at the surface of separation, neglecting 5', 

q*= r* - 2Fcos a(F cos a - ?7)m& coth mh sin (mx - n«), 
Y«=F'» + 2F'cosa'(rcosa-. U)mh coth mh' sin (mas -nt); 

and therefore 

+{ F'cos a'( F'cos o'- ?7)p'cothmA'+ Fcos a(Fcosa-Z7)p coth mJi}mJimn(mx-nt) 
-{(F'cosa'- Cr)p'cothmA'+(Fcosa- U) p coth mh] nh Bm (mx - nt) 
-9(9 — p)b sin (m>x — nt) = p'W - pH\ 
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and equating to zero the coefficient of sin {mx — rU), 

{r'cosa'(F'coso'- C^)p'cothmA'+l^cosa(Fcosa- U)p coth mh]m 
- {( V cos a- U)p coth mh'+ (Fcos a - U)p coth rnh] n 

2ir 2irTT 

and m = -r- , n= -r- : leading to the same result as before. 

A A 

6. If a uniform horizontal bar, both of whose ends are fixed, 
be so displaced longitudisally that, initially, one-half is uniformly 
extended, the other uniformly compressed, prove that the dis- 
placement (y) of any particle (x) at the time t will be 

21 being the length of the bar, the middle point being origin, and 
nl the initial displacement of the middle point. 

The value of y must be such as to satisfy the equation 

^ = a»^ (1) 

dt' "^ daf " ^^^• 

It must also, for all values of ^, be equal to zero when x = ^L 

l—x 
And we require that, initially, y shall be equal to nl—y—f for all 

values of x between and l, and to rd --^ for all values of x between 
— I and 0. 

Now it is known that the expression 

. irx ^ . 3irx 1 . (2i + l)irx 

"^ 2 7 "■ ^ "^T I •" - -^ 2?Tl """ 2^ Z •*• - 

is equal to j from x=0 to x^^l, and to - j ^^°^ aj = -^toaj=0. 

Hence, integrating with respect vto x, we see that 

2l( irx I Sirx 1 (2i+l)iraj ) 

is equal to j (?- oj) from x =0 to a? = ^, and to j (^ + a;) from a? « — ^ to 

x = Oy — the arbitrary constant being determined by the fact that the 
series vanishes when x = ^l. 

Hence, multiplying by - -=- we obtain, for the initial value of y 

IT C 

i ^S*--.^— cos i?i±il5? 
^•"^ *<- (2t + 1)« "'^ 2 I ' 
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and therefore, for the general value . 

8 - _,i=« 1 (2i +1)^01 (2i + l)ir x 

since this satisfies the differential equation (1). 

f. Describe and explain the phenomenon of external conical 
refraction. 

If one of the directions of vibration in a plane wave inside a 
crystal make angles a, fi with the optic axes, and the other make 
angles 7, 8, prove that 

cos a cos 8 +<50s ^ cos 7 = 0. 

Prove also that, if a ray be incident on the face of a crystal in 
a plane passing through one of the optic axes, the directions of 
vibration inside the crystal will be either perpendicular to this 
axis, or will lie on the surface of a cone of the. second degree. 

Imagine a unit sphere drawn with centre at the origin 0, 
and let the mean axis of the ellipsoid of elasticity be chosen as the axis 
of z, and let its two circular sections be denoted by 

y = -a;tanu4, y = +a;tan-4. 

Suppose, also, that any third central section DCI/ (fig. 64) meets the 
first circle in Z>, B' and the second in <7. Let Fj, F, be the middle 
points of CDy GU then OF,, and OY^ are the two directions of vibration 
in the wave. 

Let ZG^d^, ZD = 6^, ZU^it-'O^y CD = ^. 

The co-ordinates of G are sin 0^ <50s A, sin 6^ sin A^ cos 0^ , 

D ... sintf^cos^, — sintfgSLn-4, costf^, 

..- />'... —sin tf, cos ui, sin^jSin^, -cos^,. 

Those of F, (^„ m^, w,) by 

2?, cos Ji/r = (sin fl, + sin B^ cos -4,] 
2mjC0S J?^ = (sinflj-sin^Jsinil,L.. (1). 

2WjC0sJl^= COS ^,4- COS tf, j 

Those of F, (^„ ?»„ n^ by 

21^ sin Ji/r = (sin 0, - mn 0^ cos Aj 
2w, sin J^ = (sin fl, + sin fl,) sin i4, 
2w, sin |i/f = cos 0^ — cos 0^, 

The optic axisO,, perpendicular to^C is given by sin -4, -cos-i, O^.^v 
0„ ZD sin^ cosii,OJ^ ^' 

S.-H. P. 14 
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It is obvious from these equations that 

cos F^ cos F^O, + cos T^O, cos F^O, = (a). 

Let X, jii, V be the direction-cosines of the normal to the wave; then, 
since it is at right angles to 00 and OB^ 

X cos il sin 0, +/1 sinii sin0^ + VCOS0J = 0, 
X cos ^ sin 0, - /Di sin il sin 0, + V cos ^, = 0. 

From these equations we obtain 

2XC08-4 sin flj sin tf, + V sin (flj + tfj = ^ .«. 

2/isin^sine,sin^, + Fsin(X-tfj = 0J ^ ^* 

But^ turning to equation (1), we see that 

^^ ^ *' WCOSul' 

XT. r • //I /j\ ^InGOBA .g. -. w'cos'-i-Z" 

therefore sm(g.+g.)= ^^^.^^ , cos (0. + <>.) = „. eosM -t- f ' 



m 



^ ^ * ■' ji Bin A 

., - • //J /I 2mnsin^ ,^ ^. w»sinM-m" 
therefore sm (^,-fl,= -= , . , . , cos (tf, - gj = , . , . » , 



(^)- 



From these we also derive 
2sinfl,sin tf,(w*cos»^ + Z») (n'sinM +«»•)= 2w"(^«sin'^ -m» cos" il)... (5). 

Suppose now the normal to a wave, incident upon a given face of a 
crystal, to lie in a given plane; the normal to the refracted wave will 
also lie in the same plane ; suppose, therefore, that we have 

aX + )8/x + yv=0 (6), 

where a, j8, y are the direction-cosines of the plane of incidence ; the 
above equations (3), (4), (5) enable us to determine the conditions 
thereby imposed upon the directions of vibration. 

We obtain, on substitution, 

a^ (m" + w' sin* J) — j3ww (P + w' sin" ^) 

-yn»(^«BinM-m»cos»^) = (7). 

Rejecting the factor n from this equation, we see thisit, when the 
normal to the incident wave lies in a given plane, the directions of 
vibration lie on the surface of a cone of the third degree. 

Let the given plane contain the optic axis 0^ , 
then a sin -4 -j8 cos -4 = ; 

we may therefore take a^c, cos Ay 

p = c . Bin A, 
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The cone (7) now takes the form 

elm (mcoaA-lsinA)- en' sin A cos A {m cos A — lemA) 

+ yw (w' cos" -i - ? sin'il) = 0, 

which breaks up into the plane 

I sin A—m cos A = 0, 
and the cone 

c {Im — n' sin AcoaA) + yn{l sin A-hm cos -4) = 0. 
The plane is evidently at right angles to the optic axis 0^* 

rj. Obtain the general equations of equilibrium of an elastic 
plate of small thickness, under given forces. 

A thin uniform spherical shell of isotropic material, whose 
weight may be neglected, is made to perform vibrations in the 
direction of the radius, symmetrical about a diameter. Shew how 
they may be found. 

Prove that they are given by 

. Sr = a sin ntPi (/»), 
where ?i*= (i-1) (i + 2) {A (i-1) (i4-2) -5}, 

A and B being constants depending on the radius, thickness and 
substance of the shell, and i a positive integer, and the other 
symbols having their usual meanings. 

In the case of a strained pla^, which-was originally plane, the 
work done to produce the state of strain is ^see Lord Bayleigh, Theory 
of Sounds Art, 214) of the form 

}tA. ( — a + — 5 ) + \B. per unit 4>f area; 

or, as we might write it, 

p^ and p, being the principal radii of curvature of the surface. 

It is an obvious extension of this residt that, if the plate were 
originally spherical and- of radius a, the work necessary to strain it is of 
the form 

-^^^J^-vij- : <». 

where — = , — = . 

o-j Pi a <^, p« a 

Here — and — are the changes of curvature at any point of the plate. 



O-j CTg 



14—2 



I 



1 
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The kinetic energ7 of the plate for transversal vibrations will be j 

p being the surface-density. 

The equation giving the transversal motions will be 

fpr&rdS+SW=^0 (2), 

and we may suppose p to be incorporated with A, B, and so to be 
put=l. 

We have now to find cr^ and cr, in the case where the sphere is 
deformed into a surface of revolution. 

Let pi be the radius of curvature of a meridional section, p^= the 
normal FG (fig. 65), and let the equation of the surface be 

r = a(l + w) (3), 

treating te as a small quantity of the first order, and neglecting its 
square. 

To the same order of approximation, 

umSFG=:^i QOS/SPff = l, and da = a {I + u) dO. 

K ^ = FGSf sin^aBsinfl-costf^, cos^ = cosd + sinfl^, 

p, = a(l+ u) sin fl-r-sin^ = a (l + u + cotO ^j . 

If we put ft = cos 0f 

-a du / J V 

^rT^-"* (*^' 

Moreover, 
therefore >^^=(l_^^-^«-^^+„ ..(5). 
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We have now to substitute these values in (1); and, before pro- 
ceeding to take the variation of W, we shall integrate as far as possible, 
because any variation of the terms which appear outside the sign of 
integration will not affect the equation upon which the vibratory motion 
depends. 

Now ■ dS='- 2ira'd/i, 

and the constant part of this expression will disappear from equation 
(2) ; so we may neglect it. 

If we put 

du d'u d(o 

But 

J'^dfidfi' '^ 2\dfjLj /^J\dfi/ ^ 

f d^u , du f/du\' - 
and , r^«'''* = «^-JV^j'''^ 

and I fM)d(a = ^ -^ — J j<ifd/A, 

We observe, further, that the term under the integral contains a 
term 

J2p.u^d,., 
which may be written 

fiu*- ju'dfiy 

hence -a'j-^^d^=[...]+^j{{l-,^)(^'-2u^d^ 
hence -a'8./^^rf^ = /((l-M')|^-2«8«}«^^ + [...] 

the expressions [ ... ] denoting terms outside the symbol of integration. 
We bave next to find the variation of 
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Henoe, 

On substituting these expressions for the variation of 8 IT in equa- 
tion (2), we may evidently write the equation of vibrating motion 



^+(AM'+BA)u = 0, 



.(8). 



where A = |{(1-/)|}^2 

We may satisfy this equation by patting 

u = Fi (ft) sin nty 

for AP< = -(i' + i-2)P^ = -(i-l)(i + 2)P<, 

and hence 

w»=(i-l)(i+2){^(i-l)(i + 2)-i?}. 

ix. Define the potential function ^ and the current function 
•^ of electricity moving in a uniform conducting plate ; and prove 
that, if the specific resistance of the plate be taken as unity, they 
are conjugate functions and satisfy , the same differential equation 
of the second order. 

Verify that, if the electrodes of a current G be placed at 
opposite comers of a imiform conducting rectangle, 

S= log ^^i^— ^ 
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yfr=z — tan ^ > . , 

'^ sn (^ ^ , A; j dn (^ ^, kj en Ck''^, k'j 

where ;^ = r 5 ^> ^ being the sides of the rectangle, B the specific 

resistance of the plate, and the axes of co-ordinates being two 
^ adjacent sides of the rectangle meeting in an electrode. 

To verify the theorem we must prove that 

dx~ dy^ dy dx ' 

and that the value of ijf along the edges a; = and y = b must be constant 
and exceed the value of iff along the edges y = and x=a by c, the 
strength of the current. 

Now, since -^ sn a; = en 05 dn a;, 

putting snJ2'- = a, snJE''| = j8, 

and therefore 

_ ECK l-2k"^+k"^ , • , 

# _ 2(7 Z' ^/(l - jS*) ^/(l - jS*) ^(1 - kffi^ * (l _ ff.)' 
<iy w 6 , ff- (1 - A;"j8') (l - g*) ~~^ 

■*'a'(l-A'a'')(l-i8') 

_ 20 Z' (l-^'j^) (l-j80 -^''yS' (l-^4-i8'(l-ri8') . , „ -. 

IT 6 o''(l-A'o')(l-i3')+i3'(l-A"/8*)(l-a') '^^ ^'^^^ ' 

2CZ' l-2k''^ + k"P' ... .. ... ,„,. 

"T T(a'+j8'-a'j8')(l-AV-ft''/8')*^^^""'^^^~* *^' 
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and therefore j^ = -^ ~j- • 

ax ay 

Similarly it may be found that 

dy dx' 

20 
Also when y = 6 or a5 = a, \ff ^ — tan~*'0; 

2C 
and when a?=Oory = ft, ^ = — tan"* oo : 

IT 

and within the rectangle the numerator or denominator in the expression 
for j/r do not vanish; therefore, when y = or ic = a, we may put i^ = 0, 
and when a; = or y = b, we may put il/ = Oj and therefore C is the 
strength of the current crossing any line joining the sides y = orx = a 
with the sides x = or y = b; and, since on the boundary ^ has a constant 
value, therefore xj/ satisfies all the requii*ed conditions. 

The values of ^ and if/ can be found synthetically by supposing the 
plate to be infinite, and positive electrodes placed at the points 2?raa, 
27nfb; and negative electrodes at the points (2w + 1) a, (2w'+ 1) t; when 
m and m' are any integers, taken between the values — oo and oo . 

Then at any point of the plate 
, . „ . 2RG , «»'^'= « (oj - 2ma) +i(y-' 2m'b) 



'^ m,i»'^-oo {« - (2m+ 1) a} + i{y - (2W+ 1) b} 

2EG, «(^^^1) 

log 



TT 



!.(^l-^'l) 



fT n 

where -^z =t (Cayley, MUptic FunctionSy §39); and therefore, omitting 



constant terms, 



2i?(7 ^^ 
^ + tiJi^ = log ^ 






[; 
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J/iO , a a a 

'^ dn'K- + dn'i^' I - 1 + k'm'K^ sn' iK' % 

a ah 

2R0 



IT 



log U^ where U=; 



sn 






and therefore 



, -aO y a a o h a 

9=-— log I 

IT 



(A:»cn«Z%rcn»ir'|) 



= - -log 



a 

„ sniT'ldnZ'^cnZ- 

2C/ . _, a 

^= — tan ' 

"" snZ-dnZ-cnJS:'! 

[If the sides of the rectangle ^ = and a; = a be maintained at the 
temperature zero, and if the other sides as = and ^ = 5 be maintained 
at the temperature unity, then it is obvious that «/r denotes the per- 
manent temperature at any point of i^e rectangle]. 

t. Obtain the general equations of electromotive force in the 
electromagnetic field. 

What modification^ do they undergo when the axes of referenco 
are moving in any manner ? 

If a circular plate oscillate normally in front of a magnetic 
pole A very near its centre (7, prove that, if the mutual induction 
of the currents be neglected, these currents will be given by the 
equation 



1 Jx^ 



PA a' 



const., 



where a is the radius of the disc, /the projection of CA upon it, x , 
the abscissa of any point P of the disc measured along/. 
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If the pole of the magnet be in the centre of an induction coil, 
shew how to find the currents which will be induced in the coil, 
and shew that they are approximately of the same period as the 
vibrations of the plate. 

The general equations of electromotive force are (see Maxwell, 
Electricity and Mc^netism^ Vol. ii., Art. 598), 

p^ dy ,dz dF diff 
dt~ di'"di''^' 

^~^di''^dt'"dt''d^' 

Ji^b — ^a^- — -^ 
dt dt dt dz ' 

The first two terms on the right-hand side express the inductive 
effect due to the motion of the conductor across the lines of force, 
the third terms that are due to variation of the currents, and the last 
give the force due to the variation of electric potential^ In our case, 
when we neglect the mutual induction of the currents, we may neglect 
the third terms and put for a, 5, c the components 

_^ _^ ^d^ 
dx* dy^ dz 

of force due to the external magnetism. 

Let us choose the axis of » in the direction of the normal to the disc, 
and the axes of x and y as indicated in the question, and let the normal 
velocity of the disc at any time be 

dt 

also ■ji=^9 a^d -K = 0. 

dt dt 

It is manifest that the currents are entirely in the plane of the disc, 
and we may therefore put 

B=0, ^ = 0. 

dz 

K <^ be the current function, 

dy 
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and the equations of the currents become 

dj/^ dy dx dy^ ^ 
d<h rrdO dilf d , . 



-^0) = -^ 



dx 



-^>-l 



(')• 



We must also remember that, since there is no flow of electricity 
across the boundary, 



(2), 



dd> d<b d<h ^ , 

where aj = rcostf, y = rsinft 

If we put X = ^^"" 1^^> 

the conditions to be satisfied are 

da* d^ ' 
But, if il be a pole of unit strength, at a distance h from the plate. 



(3). 



Q = -^ = 



for points not near the centre ; and when r = a, 

dth -/sin , 

dO "c? — ' ^®^ ^^ ^' 

The general value of x from equation (3) is 

X = S/* (-i cos tfl + J5 sin ifl). 

The solution to be chosen is, therefore, 

X = -4rcostf, 

where 



-ila = ^. 



The value of ^ is, therefore, 



.»• 
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If tlie magnetic pcde be aornranded by a coil, tbe Taiiadon of strengtii 
of the carrentfl in the plate will induce cnrrents in the coil ; bnt these 
carrente, being of the first order <^ small quantities, will not indace 
sensible changes in tbe cnrrenla of the plate. 

Let S be the resistance of the coil, £ its coefficient <^ self-indnction* 
if the coefficient of mntoal indnctioD between the coil and unit current 
established in tbe plate according to the geometrical law (i). Let the 
current in the coil be y,, and that in the plate t/^ the equation of in- 
duction will be 

Bnt M may be treated as s^tsibly constant, and therefore this 
equation may be written 

And 2/t ^ (>f ^^ torm A aunt, 

hence y, = — j . Mn Actxrit 

= ~jw — Ti-i-{^«»'»' + «-iMn»rf). 

If we neglect Ly the currents in the coil are a quarter of a phase in 
advance of tboee in the disc 



FkidAY, January 18, 1878. 1| to *. 



1. Ip the orbit in which a body moves revolves round the centre 
of force with an angular velocity which always beai^ a fixed ratio 
to that of the body ; prove, by Newton's method, that the body 
may be made to move in the revolving orbit in the same manner 
as in the orbit at rest by the action of a force tending to the same 
centre. 

If the orbit at rest be an equiangular spiral, shew that the 
orbit in sp^ce of the body moving in the revolving orbit is also an 
equiangular spiral, such that if /j^, ft be the absolute forces of the 
centres, a, a the angles of the spiral in the two cases, 

fi cos* a' = f- C09* a. 
If in the case of the orbit at rest the particle be moving from 
rest at infinity in a smooth spiral tube, and if, when it is at dis- 
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tance a from the centre, the tube begin to revolve with a uniform 
velocity ©, shew that the orbit in space of the particle will be 



ae^fxiia 



^ Jft,y> 4. c« + 7a,V^ + 2q>cV + 4* 
1 toa' j 



ooseoa 



where 2c' = 2>//* sin a — ©a" cos' a. 

(1) At any time let r be the distance of the particle from the 
centre, v its velocity in the orbit at rest, kv the angular velocity of the 
orbit; also let 1/ be the actual velocity of the particle, and <^' the angle 
between the radius vector and its actual direction of motion in its orbit 
in space. 

Then we have 

., t?sina + Xv sina + X 

tan 6 = = = const. : 

vcosct cos a 

hence we learn that the orbit in space is an equiangular spiral, and 

sina + X 



cos a 



= tan o'. 



Now, since each orbit is an equiangular spiral, the forces tending to the 
centres vary inversely as the cubes of the distances; hence, if />, p' be the 
radii of curvature in the two spirals, we have, 





'if 
P 


= -^ sm 0, 


V 


= ^smtt; 
r 


while 


P = 


r cosec a. 


p=r cosec a\ 


1 Therefore 






_ h 




But the radial velocity = ^ cos a and also = t/ cos 


therefore 




V 
V 


cos a' 

• 




cos a ' 




therefore 




cos' a' 
cos" a ~ 






or 




/a'cos'o' = 


/I cos' a. 





(2) Since, as the particle moves from rest at infinity to the 
distance a from the centre, the pressure on the tube is zero, we have 



— = S sm a, and p=:r cosec a, 



therefore v* = ^ ; 

therefore at distance a v* = ^^ . 

a 
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At any subsequent time, let u be the inward velocity of the particle 
relatively to the tube, and r its distance from the centre; then the velo- 
cities of the particle in space are, along the tube outward 

o>rsina — te = tr, say, 

and perpendicular to the tube in the direction of revolution, 

<i>rcoscu 

« 

Also, to find the motion relative to the tube, we may reduce tiie tube 
to rest by giving to every particle an acceleration coV along the radius, 
and a velocity tar perpendicxdar to the radius in the direction opposite 
to that of revolution. 

Accordingly we have for the moving particle, 

du u 
1* -}- = — ^ COB o + tar cos a, 

(18 T 



du fJL 



.«>, 



or «^=-p+a,-n 

therefore w"= 3 + wV + 2<i)c', where c is a constant 

Therefore w=uor sma — */ (« V + 2(i)C V + fi). 

But when r=^a, w = - '^ , for the impiQse upon the particle due to 

the starting of the tube is normal to the tube, and therefore makes no 
change in the velocity in space along the tangent to the tube : 

therefore J^jl + coa* sin a = J{io'a* + 2o)C*a' + /x), 

or 2c' = 2jfi sin a — (oa' cos* a. 

Now, if be the angular co-ordinate of the particle, we have 

dO w sin a + uyr cos' a iijr — u sin a 

r_^ ^__ . M , • 

dr~ w cos a ~ (DT cos a sin a — it cos a ' 
therefore tan a — r -1- = 



dr u cos a ' 

1 ^ dO ct> corcoseca 

or — cota-7- = 



Therefore integrating 
the constants being inserted in this form for consistency of dimensions. 
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2. Explain the nature of the superficial tension between fluid 
surfaces in contact; and find the height to which liquid rises in 
a capillary tube. 

Shew that the potential energy of the liquid produced by the 
capillary action is (to a first approximation) independent of the 
size of the tube. 

A drop of oil is at rest in the midst of a liquid of the same 
density ; assuming the form of its surface to be a surface of revo- 
lution, prove that it will assume the form of a sphere if either end 
of the axis be free in the surrounding liquid ; but that, if both 
ends be held, it may assume a tubular form: and reduce to inte- 
gration the equation of the surface, 

(1) Let Z be the vertical capillary force, exerted on an unit 
l^igth of the edge of the liquid in contact with the interior of the tube 
supposed vertical : let r be the radius of the tube, h the height to which 
the liquid rises in it, and p the density of the liquid. 

Then 2TrrZ = ir7^h.gpf 

, 2Z 1 
or A = — . - . 

gp r 

The potential energy thus produced is measured by irr*A . gp . |A, for 
the. mass, as a whole, has been raised to the height of its centre of 
gravity ; hence the potential energy 

, , 4^' 1 2irZ^ 
^^TTT^gp 



9 9 1^ 99 



which is independent of r. 



(2) Let P be the pressure in the oil at a given level, P' that 
in the surrounding liquid at same level; then the pressures at a depth 
z below this level are respectively F + gpz and P' + gpz, where p is the 
density of the oil and liquid. Hence the resultant pressure outwards on 
the surface, per unit area, =P~P' everywhere. Also if T be the surface 
tension of tiie oil in the liquid, the component of the surface tension 
inwards, per unit area, 



-e^?)' 



p, p' being the principal radii of curvature. The form of the surface is 
therefore given by 

1 1 P-jP 

~ + "7 = — 7n — = a constant = K (say). 
p p' T ^ ''' 

Now let the axis of revolution of the surface be that of «; let a: be the 
perpendicular distance from this axis of a point on the surface, <^ the 
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angle between the normal at the point and the horizon, and 8 the length 
of the meridian-arc measored from the highest point of the surface : then. 

p =x sec ff}f 

, _ ds _^ ds dx ^ \ dx 
'^ ^ d^" dx' difi" mi<f> d<f>' 

Hence the above equation of equilibrium becomes 

- + -J- = K, where c = cos di; 
X dx 

therefore the equation of the surface is 

ex = JJr»* + constant. 

Now, if it be possible to have aj = 0, that is if the axis of revolutiou 
cut the surface, the constant = j then 



Hence 



c = ^Kx. 
dz c X 



^ n/(1 - O n/{^ - ^) ' 



where ^~lt'^ 

therefore z-a^- JiJ^ -ct?)^ or {« - a)' + a* = A;' ; 

therefore the surface is a sphere. 

In general we may write the equation of the surface in the form 

a" + 6* - -, 2 constant 

ex = — = — , where o = = — , 

k K 

which may be really negative. 

Then dz^ a^^h^ 

da xk * 

dz af + b' 



dx {af^-^{o^ + by}i^ 



This may be written 



dz a^ + a,a„ 



dx {(«»-a/)(a/-a«)}i' 
where a^o,, = h% Oj«+a,»=*«- 25". 

This shews that the generating curve lies between the lines 

x-a^, x = a^. 
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Further -y-^ = ^^-^ — ^^ ^ ^ ' S , 

d^ {(a;*-a/)(a/-a^)}i' 

which shews that there are poiats of inflexion on the line x = Ja^a^ = 6. 
Hence the generating curve is undulatory, and the surface generated 
by it may be called tubular, since it may be described by a horizontal 
circle whose centre moves vertically, and whose radius alternately 
expands and contracts between the values a^ and a^. 

The integral of the above equation is 

which reduces to 

where F and JS are the elliptic integrals of the first and second kind, 



tt- — ft 



c* = -^ — j-?- , and «* = ftj* sin^ ^ + a' cos' <^. 



% 



[It is clear that the pressures at a given level in the oil and the sur- 
rounding liquid must be different, otherwise no curved surface of equili- 
brium could be possible except one belonging to the series of surfaces 

-+- = 0, 
P P 

which are essentially anticlastic everywhera 

For a full discussion of this question, see Beer's EhsticUat und 
CapiUa/rUat (1869), pp. 161 ff.] 

3. The potential due to any attracting masses cannot have a 
maximum or minimum value at any point of space unoccupied 
by matter. 

If in the midst of any attracting masses a closed surface be 
drawn, in some parts cutting the masses, and in some parts free, 
and be covered with a surface density p : and if V be the potential 
due to the attracting masses and this surface density, and U a 
function having arbitrary values at all points of the surface : then 
in order that F— U may have a constant value for occupied parts 
of the surface and not have a less value at any other part of the 
surface, shew that if the whole quantity of matter on the surface 
be constant, its distribution must be such as to give 

//( F— 2 U) pha a minimum value. 
S.-H. p. 15 
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Hence, or otherwise, shew, that Green's imaginary distribution (p) 
may be defined as a solution of the equation 



// 



( — p)S(r 

^ — — — = a maximum, 
r 



subject to the condition that fJpBo' +1 = 0. 

(1) This is virtually a proposition due to Gauss, Werke, Band v. 
pp. 232 — 234. See also Thomson and Tait*s NatwrobL PhUosophyj pp. 
410, 411. Gauss' method of proof may be thus applied to the ques- 
tion as stated. 

Let TF = F- CT, and let A be the constant value which TT is to have 
at occupied parts of the surface, the value of W at unoccupied parts 
being not < A. Also let O = //( T— 2 C^ pda-, so that 

SO = //8 VpdiT 4- //( V- 2 U)hpd(r, 

where 8 refers to any arbitrary variation of p. Suppose the distribution 
such that 12 is a minimum, and if possible let there then be two points 
on the occupied parts of the surface at which W is not = A : viz. at one 
point P let W<A, and at the other point Q let W > A: then at P, W—A 
is negative, and at ^, W—A.ia positive. This supposition may be justi- 
fied by observing that, unless W = A at all points of the occupied 
parts of the surface, W must have a minimum value at some point 
wliich may be taken as F and a maximum value at some other point 
which maybe taken sisQ; A being then some value between these maxi- 
mum and minimum values, or, it may be, coinciding with one or other of 
them. In this latter case W-A may be at jP or at ^, but the following 
proof will remain valid 

Now let the operation 8 mean, alter the distribution arbitrarily by 
taking a quantity of matter Sp from round Q and place it round P : 
then fJ{W-A)Spd<r is negative, for 8p»0 at all points except F 
and Q, 

Also JJASpd<T = AJJSpd(T = 0; 

therefore adding we learn that 

JJWSpda- is negative. 
Further, we have 

where r^, r^ denote the distances of F and Q from the element d<r. 
Also, remembering that S/a = except at F and $, we have 

Therefore, //8 Vp da- = // V8p do-. 
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Hence 812 = 2 //( T - U) Spda = 2 J J WSp da = a.negative quantity. 

By this arbitrary change therefore we can diminish O, i. e. the sup- 
posed distribution is not such that O is a minimum unless W=A a.t all 
occupied parts of the surface. 

A similar proof will apply, if P be a point on the unoccupied' parts. 

(2) Let us now take the particular case in which 27= — , 

(r being measured from a point ^ not on the surface,) and V is due only 
to the mass distributed on the surface. 

Then W = F- U is the potential due t® the mass on the surface and 
an unit mass at E, If then the distribution over the surface is to be 
such as to make it an equipotential surface for the potential W, W is to 
be constant, and therefore by the proposition, O is to be a minimum, i. e. 



//( 



2\ 
F + -Jpc^ = a minimum. 



Now Green's (p) {Matliematical Papers of the late George Green, 
p. 32) refers to the distribution over « surface joined to earth 
produced by an unit mass at U: therefore in his case ^=0 over 

the surface, i e. V= — over the surface. This gives jj^^ — = a mini- 
mum, or - 1 1 ^^ — = a maximum, (p) being a negative quantity restricted 



by fj{p)d(T 



+ 1=0. 






iv. Investigate the expression for a tesseral surface harmonic ; 
also find the integral of the square of a tesseral hannonic over the 
surface of the unit sphere. 

If the general expression for a tesseral harmonic be of the form 

^(l-/)^S^<"»',cosm^, 

where the coeflScient of the highest power of /* in y*"^^ is unity, prove 
that 

3 S 

'^ «+i "~ A* '^ ft ^« — 1 "-1* 

In Todhunter's treatise on the functions of Laplace, Lame and 
Bessel, Art. 150, we find the following expression for the part of the 
tesseral harmonic depending on /a, 

0*' - 1)' ^"'. = - ^ ^yrj -j^ {fi + Jil^' - 1) COS f }" cos mfd^l^. 

15—2 



228 SOLUTIONS OF StNATE-HOUSE [FRIDAY, 

Let us write w ^ == / (/a + ^(/m" - 1) cos ^)" cos m^lfd^lf, 

Jo 

and put M^fjL + J(fi' - 1) cos i/r, 

and let us find the relation between w^^^, w^, tt^_,. It is clear that this 
relation will lead to the corresponding one for (d), since m is the same 
for all three. 






= I'm**' cos mj/dil/, 



and, integrating hj parts, 
w+1 



I M*^(jj? - 1) sin ^ sin m^f/d^y 
Jo 



m 
and, integrating again by parts, 

= !?±2[eosmi^{V(/*"-l)cosi/rif--«(^«-l)sinV-^"-^}#^ 

Now ^(fi'-l)cos^ = if-fi, 

(^•- 1) sin> = 2/tJf - if*- 1. 

Substituting these ralues, we obtain 

whence 

(n + 1 + «>) (ii + 1 - m) w^+, + (2w + 1) (w + 1) fiu^ - w (n + 1) w^_j = 0. 

Beplacing w^+j.-by the corresponding expressions in (^), and 

n 

rejecting the common factor (ft* - 1)* ir and other common factors, we 
obtain ^e relation in the problem 

For the purpose of obtaining the relations of this sort, the 
expressions in terms of definite integrals are extremely convenient. 

[The result may also be obtained by starting from the known 
equations 

(n+l)P,. + «P_. = (2»+l)^., 



^...-^.-, = (2n+l) ^Pd^ 

Jo 



^P" 
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Differentiating both of these m times and eliminating ^_^ , 
the result follows at once by means of the general relation 

/I «xim s^^^n 2. 4. 6. ..271 . , , 

(1 - u')3- cos in4 -j-m- = o-To vv 7 TTT ^. •] 

^ ^^ ^ dyr 2w(2rj- 1) ... (71 — m+ 1) " -^ 

V. Obtain the equations of motion of a vibrating string, and 
explain the reflection of a wave at a fixed end, 

A string is stretched between two points, and, being displaced 
from equilibrium, is allowed to vibrate ; prove that it will subse- 
quently consist of three straight parts, of which the middle part 
preserves a constant direction, and the two end parts are constantly 
parallel to one or other of the initial directions of the string. 

Find also how the points of intersection will run along the 
string. 

The method of determining the vibrations of a plucked string 
-4^ is explained in Lord Rayleigh's Treatise on Soimd, Art. 146. Two 
infinite trains of waves start to move along ABva opposite directions 
with velocities which are each equal to c, the velocity of transmission 
of sound along the string. The waves are initially coincident, and the 
displacement at right angles to AB in any point of eith-er is- initially 
half that in the string ; and the lengths of ike waVes are each double 
-4^. The initial position of either train is shewn in ^g, (66). At any 
subsequent time, the form of the string will be found by adding the 
displacements in -4^ due to these two waves. The one which moves in 
the direction AB may be called the positive wave, the other the negative 
wave. 

We shall consider the changes which take place in half a period, 
these being simply reflected in the other half; and shall divide this 
time into three intervals corresponding to the times when CD in the 
positive wave crosses B, and when CD in the negative wave crosses A . 

Let AD = ay BD = h, CD = h, and suppose a >■ b. 

(1) In the first interval, the string will consist of three pieces, of 
which the first is formed by the superposition of t Wo linos parallel to AC, 

and whose equation is therefore y = — x; and similarly the last piece 

24 
will be given by y = -^ (a + 6 — 05). The middle piece will be the result 

of superposing a line parallel to -4C and a line parallel to BC : its 

equation will therefore be of the form y=h( — t)*' + function of t 

(2) In the second interval, that is from t = - to t = -. both the end 

c c 
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pieces are evidently parallel to y =-- — x; and the middle piece, being 

still compounded of two waves one of which is parallel U} AC and the 
other to BG, will still have an equation of the form 



y<-'i) 



X + function of t. 



(3) From ^ = - to t — , the part c^c^ of the positive wave is 

c c 

passing over A, and the part cc' of the negative wave is also passing 

over it; hence through this interval the form of the string at ^ is 

y = —^ X, The form of another portion through B, being derived from 

two waves parallel U> AC, will have, for its equation, y = 2 - {a;— (a + 6)}. 

The intermediate portion will be compounded of a line parallel to AG 
and a line parallel to BG, and its equation will therefore be still of the 



form y=^h( — t) ^ ■♦• fimction of t 



These results coincide with the statements in the first part of the 
question. 

To solve the latter part, let (fig. 67) A MB be the initial position of 
the string, and let the parallelogram AEBW be completed. 

Consider any position of the string AFQB in the first interval ; in 
this interval,, the middle portion of the string is made up of the lines 

y = -(aJ-c«) 

y == T{a + b " (x-^ ct)}. 
Its equation £b, therefove, 

and the intersections of this line with AE, EB are given, respectively, by 

aj = 5 - ct, a* = 6. + ct 



The velocities of P and Q are therefore uniform, and their compo- 
nents along AB are each = c. 

The same resxdt obviously holds during the second and third 
intervals. 

P and Q therefore run round the parallelogram AEBE\ in opposite 
directions, with velocities whose components along AB are constantly 
equal, numerically, to c. 
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6. In the case of sound waves travelling along in a straight 
tube of finite length without change of type, prove that nodes and 
loops occur at equal intervals. 

If the tube be of infinite length and adiathermanous and no 
conduction of heat take place through the air, prove that the 
equations of motion may be accurately satisfied by supposing a 
wave of condensation to travel along the tube with a velocity of 
transmission which at each point depends only on the condensation 
at that point, and which for a density p is 




where p^, p^ are the pressure and density at each end of the wave, 
and 7 is the ratio of the specific heat of air at constant pressure to 
its specific heat at constant volume. 

Explain the consequent tendency to a bore in the fore part of 
such a wave, and the gradual prolongation of its front. 

This result and its explanation were given by the Rev. S. 
Eamshaw in the PkUoeophical Transaciiona for 1860, Vol. 150, pp. 137, 
144 ff. See also Lord Rayleigh's SouTid, Vol. ii. Arts. 250—252. 

The result may also be obtained as. follows. Let the axis of the 
tube be taken as the axis of x and let u be the particle-velocity at 
time ^ at a point whose abscissa is x. Then by the equation of con- 
tinuity, 

|-|<'-)=« • (!)• 

Also if <l>^(py be the velocity of transmission of the wave of con- 
densation for a density p, which is the density of the toave of condensa- 
tion which we are following, and which is occupying the place x at time 
t, we have^ because this p remains unaltered, 

therefore Ai'^^' (p) Tf^ ^ i^)' 

From (1) and (2) we obtain 

therefore pu=<t> (p), u = ^-^- . 

P 
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Now the equation of variation of pressure is 

1 rfp_ du du 
p dx" dt dx* 

therefore^ * * — ^^u— ^ 

p dp ax dp at dp dx 

^du d{pu) dp^^^du dp 
dp ' dp ' dx dp ' dx ^ '^ 

. _ \ dp du du ^, ^ \ dp /du\* ._. 

therefore -•-,- = -r- • Pt-, theref ore -j -/-=(-=- ) (3). 

p dp dp '^ dp p dp \dpj ^ ' 

Now Z=z(£y. or p = Apy where A = ^, 

Po W Po^ 

Henoe (3) gives 



Aypy-9=(^ 



duV 
dp) 



therefore ^= ^^ffl {p « -Po^^ }, 



Y-i v-i 



therefore ^ (p) = ^-l^JM {p 2 . ^/a }, 

therefore ^' (p) = M^> {^^ p"^ - pM 



- //^\ |Z±i/£V"^ LI 

~VVp./'ly-iW y-li 

7. Define the tortuosity of a curve, and fleicnal rigidities of a 
wire. Prove that if one end of a wire originally straight and of 
equal flexibility in all directions be held fixed, and a couple be 
applied at the other end round an axis inclined at an angle to 
its length, the wire assumes the form of a helix on a cylinder of 

radius — jy — , where B is the rigidity of flexure of the wire. 

If A be the rigidity of torsion of a wire originally straight, 
which is twisted and strained and then has its ends fastened to- 
gether so that it assumes the form of an endless spiral round a 
tubular core: shew that the stress at every point of the spiral is 

T 
always perpendicular to some one plane, and = A -^ , where T is 

the integral twist of the wire, and Q the area enclosed by its pro- 
jection on this plane. 
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It appears fi^om symmetry that the axis of the tubular core or 
ring round which the wire appears to be spirally coiled, lies more or 
less in one plane and is of a more or less circular form round a centre. 
Take this plane as that of xy and this centre, 0, as the origin. 

Then 'at any point a:, y, «, the direction-cosines of the tangent are 

dx dy dz 
da' da' Js' 

and if p, T be the radii of curvature and of torsion at this point, the 
dii'ection-cosines of the normal to the osculating plane there will be 

{dy d*z dz d^y\ (dz d'x ^ dx d'z) (dx d^y dy d*x) 

d^' dP'd^'d^i' ^\dB'd?'"d^'d?r ^\d^'d?'"d8'd?j' 

which we shall denote by X, fi, v. 

Let the components of the stress at the point be X, Y, Z, 

Then, since no external forces act on the wire, the components of the 
couples round the axes due to the curvature, the twist and the stress at 
any point must be constant throughout the wire. Call these components 
X, Mf N ', and we have 

Z^-X + ilrJ + y^-^r, 
p da ^ 

p '^ da 

iV=- v + Ar-r+xY-yX, 
p da 

Let F, H be two points in which the wire cuts successively the 
plane scy, F being further from than II, so that a point moving along 
FH would at first rise to the positive side of this plane, then for a 
moment move parallel to the plane at a point G, and afterwards drop 
towards the plane again till H : and throughout FGH the point will 
approach 0, 

Let the axis of x pass through F, and let 0F= a, OJB[= h. 

dos diM 

Then, at F, by symmetry, ;7- = 0, -~ = cos a (say), therefore 

-5- = sin a, A=0, /A = -sma, v = cosa. 

Hence the above equations become at F^ if suffixes be used to 
restrict the quantities to their values at F^ 

Z = 0, 

M -■= sin a + AxpOM a — aZ^^ 

Pf 

y z= — cos « + A'Tf, sin a + aY^, 
Pf 



234 SOLUTIONS OF SENATE-HOUSE [FRIDAY, 

Now let F be the poiat in which the wire after ZTnext cnts the plane 

2ir 27r 

try. Its co-ordinates are a cos - , a sin — , 0. if n be the total number 

of turns of the wire. 

The direction-cosines of its tangent are 

. 27r 2ir . 

- cos a sin — , cos a cos — , sin a : 
71 n 

and those of the normal to its osculating plane are 

. 2w . 2ir 

sm a sin — , — sin a cos — , cos a. 
n n 

Also the stress at F' is, by symmetiy, the same as that at F; 
hence at F^ 

jr« = X, cos 2% sin — , 

f^ = Xf, sin — + i>cos — , 
n n 

Zf,, = Zj, , 

Thus the general equations become at F\ 

r. B , . 27r , . 27r . 2* -. 

= — sm a sin At, cos a sin — + a sin — z -, 

pj, n n n 

,, J5 . 2ir . 27r 2ir ^ 

Jffl = sin a cos — - 4- -4t-cos a cos — ■ — « cos — Zp. 

Pj, n n n 

N= — cos a + -ir^sin a + aFp, : 

md it ij» plain that similar equations hold when — or — - &c. are written 
* ^ n n 

- 2ir 
for — . 
n 



The two first equations shew that 



jy 

sin a + Ar^ cos a = aZ^y M= 0. 



But, considering the equilibrium of a length FP of the wire, and 
resolving along the axes, we obtain 

Xp =^ Xjrj Yp t= Ypy Zp~Zp\ 
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and, if we take P at F', and combine with these equations the values of 
X^, and Yf, in terms of X,, and Yg, written above, we find that Xj,= 0, 
Fj^=0; and therefore 

Xp = 0, Yp-0, Zp- — ■!— sina-ulT^cosa[' = constant, 

which proves that the stress at every point of the spiral is always 
perpendicular to the plane xy. 

Further, our original equations now become 

^ B ^ J dx — 
p ds ^ ^ 

P ^ 

p as 

Multiplying by ^ , |, |, and adding, we have ' 



as 



f dx dy\ 



Integrating round the spiral, we obtain 

or AT=Z{2'Qy, 

« AT 



therefore 



2Q^ 



viii. If a number of sets of elastic spheres be moving in any 
space underthe action of a system of conservative forces, determine 
the conditions to be satisfied when the distribution has become 
permanent, and state any conclusions which can be drawn from 
the result. 

If the containing vessel move uniformly along a screw, prove 
that a permanent distribution will also take place, and that the 
pressure in the fluid will be the same as if it were acted on by a 
centrifugal force from the axis of the screw in addition to the other 
forces of the system. 

See review of "Watson's Kinetic Theory of GaseSf hy Pk'of. 
Maxwell, in Nature, Vol. xvi., p. 244, (July 26, 1877.) 



236 SOLUTIONS OF SENATE-HOUSE [FRIDAY, 

ix. Define the thermometric parameters (a, /8, 7) of a confocal 
system, and prove that, if a be the parameter correspoDding to an 
ellipsoid which lies in an electric field, the surface integral of 
electric induction over any portion of it is of the form 

where V is the potential at any point due to the electricity : and 
deduce from this result the transformation of Laplace's equation 
to ellipsoidal co-ordinates. 

If Bv be the conical volume which an element of the ellipsoid 

round any point P subtends at its centre, v the whole volume of 

f ydy . 
the ellipsoid, prove that^^^ is the same for all confocal ellipsoids 

which enclose no electricity; and that the value of this expression 
for any ellipsoid (a, b, c) which encloses alt the electricity is 






00 



d\ 



where E is the total quantity of electricity in the field. 

The result in the first part of the question is the same as that 
given in MaxwelFs Electricity and Magnetism^ Vol. i. Art. 148, wherein 
it is shewn that 

^,<^.'^o.=^-^dpdy (1). 

the meaning of the symbols being there explained. We observe that 
the surface ind\ictioji= I jR^ds^ds^^ and that i>/ = V""V> ^^ which 
Xg is a function of fi only and \^ of y only. 

To prove the second part of the question, we may also express the 
above result in the form 



//i?.cfeA = -//f^^^ (2). 



where dS is an element of the surface of the ellipsoid, and D^, D^ are 
the semiaxes of the central section parallel to dSy c is defined by the 
condition that the confocal system is 



0/** y^ ^* _ 1 



and oh. 
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It is obvious, from these two forms of the surface induction, that it 
may be also written in the third foim 

If p be the perpendicxdar on the tangent plane to the ellipsoid, 
pD^Dg = ab'c'j ipdS= dv and v = ^irdfh'c^ 
where a'Vc' are the semiaxes of the ellipsoid (a). 
We may therefore transform (3) into 

//irA<i..-4~|(itI*) (*). 

If the ellipsoid enclose no attracting matter, jlE^(ls^ds^ = Oy 
therefore ^-^ = eon0L (A). 



If the ellipsoid enclose all the attracting matter Uy 



jJE^ds^ds, = ^i7rE, 



hence Ea = cM — - ft (5), 



where a is supposed to Tanish when X = oo , and where therefore F= 0. 

and ft'» = a"-6', c'» = a'«-c". 

If, therefore, we put 

X» = \, + a", X«-6« = \ + 6'", X*-c" = \+c'», 

and the above integral becomes 

d\. 



c r d\ 
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and iheref 01*6 

a'6V being the semiaxes of the ellipsoid. 

Bj supposing the ellipsoid a sphere, we obtain Gauss' Theorem. 
[The integral in the question may be reduced to the standard form 

as on p. 111.] 
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